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W = AX.XX

Q=0w

0 = Axy.y(xy) = SI, Smullyan’s Owl
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Henk Barendregt, spring 1971

Parallel Reduction a la Tait and Martin—Lof

M—— M

M——> M
Ix.M—e— Ax. M’

M—— M’ N—— N’
MN—— M'N’

M—— M N—— N’
(AX.M)N——> M'[x:=N'"]

We use the notation —— for parallel reduction. In the style of Tait and Martin—
Lof, it is defined by the inductive clauses in Table 10. It characterizes complete
developments, in the sense that M —— N if and only if there is a complete develop-
ment from M to N.

In Aczel [ Acz78] the last clause is replaced by:

M—— x. M’ N——> N’
MN —-> M'[x:=N"]

Now there is a complete f-superdevelopment form M to N if and only if M —— N
according to Aczel’s definition.

ExampPLE 12.1. In the first definition, due to Tait and Martin-Lof, we do not
have I1II1—— I (with I= Ax.x); in Aczel’s definition we do.
Likewise (Axyz.xyz) abc—— abc and even II(Axyz.xyz) abc —— abc.

Dear

I would like to mention you a strikingly simple proof of the
Church-Rosser theorem for the A-calculus, due to Martin-L&f |in his
unpublished paper 'A theory of types' ,Stockhoim 1971 , In this paper
an extension of the A-calculus is considered. However the proof of

the Church-Rosser theorem immediately carries over to the A-calculus
itself. The idea of the proof arised from cut-elemination properties
of certain formal systems. In fact the Church-Rosser theorem is a
kind of cut-elemination theorem, the transitivity of = in the A-
calculus corresponds to the cut.

The trick is to define a relation 2 between terms in such a way that
1) The transitive closure of 2; is the (classical) reduction
relation ().
2) If M, =; M,, My =2, M3, then there exists a term M, such that
M, 2, My and M3 2 M.
From 1) and 2) the analogue of 2) for = can be derived,
From this the Church-Rosser theorem easily follows.

Now =, is defined as follows:

M 2 M.

If M =, M', then AxM =, AxM'.

If M =2 M', N =2; N' then MN =2; M'N',

If M >; M', then AxM = Ayl x/yIM', where y § FV(M'").
If M > M', N2 N' then (AxMIN =; [x/N']M' if

FWN') N By(M') = @

([ x/N]M stands for the result of substituting N in the free occur-
rences of x in M ;3 FV(M) resp. BV(M) is the set of free resp. bound

variables of M).

It is clear that =; satisfies 1). A simple inductive proof shows

that =, also satisfies 2).
In the same way the Church-Rosser theorem can be proved when

n=-reduction is included.

Sincerely yours,

Henk Barendregt.
Mathematisch Instituut

Budapestlaan 6

' Utrecht- De Uithof

Helland



1924. "Uber die Bausteine der mathematischen Logik"

Moses Schonfinkel



History of Lambda-calculus and
Combinatory Logic

Felice Cardone * J. Roger Hindley T
2006,

click to LOOK INSIDE!

HANDBOOK

THE HISTORY
OF LOGIC
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Ever since the original proof of the confluence of A\3-reduction in [Church and
Rosser, 1936], a general feeling had persisted in the logic community that a shorter
proof ought to exist. The work on abstract confluence proofs described in §5.2
did not help, as it was aimed mainly at generality, not at a short proof for A3 in
particular.

For CL, in contrast, the first confluence proof was accepted as reasonably simple;
its key idea was to count the simultaneous contraction of a set of non-overlapping
redexes as a single unit step, and confluence of sequences of these unit steps was
easy to prove, |[Rosser, 1935, p.144, Thm. T12].

Then in 1965 William Tait presented a short confluence proof for CL to a sem-
inar on A organized by Scott and McCarthy at Stanford. Its key was a very neat
definition of a unit-step reduction by induction on term-structure. Tait’s units were
later seen to be essentially the same as Rosser’s, but his inductive definition was
much more direct. Further, it could be adapted to AG. (This possibility was noted
at the seminar in 1965, see [Tait, 2003, p.755 footnote|). Tait did not publish his
method directly, but in the autumn of 1968 he showed his CL proof to Per Martin-
Lof, who then adapted it to A3 in the course of his work on type theory and included
the A\ proof in his manuscript [Martin-Lof, 1971b, pp.8-11, §2.5].

Martin-Lof’s A(-adaptation of Tait’s proof was quickly appreciated by other
workers in the subject, and appeared in [Barendregt, 1971, Appendix II], [Stenlund,
1972, Ch. 2] and [Hindley et al., 1972, Appendix 1], as well as in a report by Martin-
Lo6f himself, [Martin-Lof, 1972b, §2.4.3].42

In )\, each unit step defined by Tait’s structural-induction method turned out to
be a minimal-first development of a set of redexes (not necessarily disjoint). Curry
had introduced such developments in [Curry and Feys, 1958, p.126], but had used
them only indirectly; Hindley had used them extensively in his thesis, [Hindley,
1969a, p.547,“MCD”], but only in a very abstract setting. They are now usually
called parallel reductions, following Masako Takahashi. In [Takahashi, 1989] the
Tait-Martin-Lof proof was further refined, and the method of dividing reductions
into these unit steps was also applied to simplify proofs of other main theorems on
reductions in A.

Tait’s structural-induction method is now the standard way to prove confluence
in A and CL. However, some other proofs give extra insights into reductions that
this method does not, see for example the analysis in [Barendregt, 1981, Chs. 3,
11-12].
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De Vrijer 1989

Extending the lambda calculus with
surjective pairing is conservative

Consideration is given to the equational theory Atr of lambda calculus

extended with constants 1, 11, 11 and axioms for subjective pairing:
'ITo('IT\XY )=X, T1(TTXY)=Y, Tr(1TeX )(1T1X)=X.
AN =4 / nasty overlap

The reduction system that one obtains by reading the equations

are reductions (from left to right) is not Church-Rosser.
Despite this failure, the author obtains a syntactic consistency

proof of AT and shows that it is a conservative extension of the pure A calculus

Klop, de Vrijer 1989: but UN holds



A Question of Balance (The Moody Blues 1970)

OxXX —>g5,, X Cx — €(0x(Cx))
A—»CA
A > CA— £(SA(CA))—> £(5(CA)(CA))—> &(CA)

C(g(CA)) / \6(((3}3(%»

BT

JANAA Z
53\ BN

Question: what about N6 and NP ?
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Aczel 1978

coherent contraction
schemes

| 5 e/ iy,
A General Church-Rosser Theorem w

Peter Aczel

We prove the Church-Rosser theorem
in a general framework. Our result
easi1ly yields the standard result
tor the lambda calculus bur also
has wider application,

81, The Main Theorem

1.1 An expression system consists of an infinite set of variables and a set
of torms. Each form has an arity i.e. a finite sequence k ,..., k (m 2 0)
S— — m
of natural numbers. It m =0 the form is a constant., If k= .. =k =0
T —————— m
the form is simple.
Expressions are inductively generated using the two rules:-
1) Every variable 1s an expression,
2) If F is a form with aricy K oseeus km (m>0) and a,..., a are
. o =¥ ; .
expressions then F((x;)a,,..n; (xm)am) 1s an expression, where for
N - . . .
1 =1,,:0, m x is a list ot kl variables.

The expression generated by 2) 1s said to have form F and parts

8 y3::2, am= Free and bound occurrences ot variables are defined in the

: AN

usual way, so that occurrences of a variable in the iist 'Ql that are tfree
m a become bound 1in E((If)a;;;==; (;;)am): Alphabetic varianis ot
expressions are identitied 1n the standard way.

Below we shall usuaily write F(ai,1.,; am) instead of
F((;:)a;,.v-; (;;)am), It myst be kept in mind that with this abuse of
notation a variable that is free in ai' can becomé bound 1in F(ai..... am).
Also, an expression F(a_..-c, am) may be the same as an expression
F(b],,‘., bm) while a 1s not the same as b; tor i =1.. . m.
1.2 We shall be concerned with a partial function on the expressions which

we shall call & contraction operation. An expression in the domain ot cthe

operation will be called a redes and its value under the operation will be
m . A :
called the contraction of the redex. We shall insist that no variable is a

redex. Each contraction operation generates & relation of definitional equality.




The methods to prove confluence of orthogonal higher-order rewriting systems
both can be adapted to the case where critical pairs are allowed, but only if they
are of the form (s,s). Such a critical pair is said to be trivial. The notion of’
trivial critical pair is used to define the class of weakly orthogonal higher-order
rewriting systems; the definition is analogous to the one for the first-order case

Definition 3. A higher-order rewriting system is weakly orthogonal if it is left-
linear and all its critical pairs are trivial.

Examples of weakly orthogonal rewriting systems that are not orthogonal are
{a — b, f(a) — f(b)} and {f(z) — f(b),f(a) — f(b)}. Moreover, lambda-
calculus with both $-and n-reduction is a weakly orthogonal rewriting system.

Typed Lambda Calculi and Applications
Lecture Notes in Computer Science Volume 664, 1993, pp 306-317

Orthogonal higher-order rewrite systems are confluent

Abstract

The results about higher-order critical pairs and the confluence of OHRSs provide a firm foundation for
the further study of higher-order rewrite systems. It should now be interesting to lift more results and
techniques both from term-rewriting and A-calculus to the level of HRSs. For example termination proof
techniques are much studied for TRSs and are urgently needed for HRSs; similarly the extension of our

(13

result to weakly orthogonal HRSs or even to Huet's “parallel closed” systems is highly desirable.
Conversely, a large body of A-calculus reduction theory has been lifted to CRSs [10] already and should

be easy to carry over to HRSs.

Finally there is the need to extend the notion of an HRS to more general left-hand sides. For example the
eta-rule for the case-construct on disjoint unions [15] case(U,Ax.F(inl(x)),Ay.G(inr(y))) — F(U) is outside

our framework, whichever way it is oriented.



Van OOS tram, ’Z)an RaadeOnk 1 99 Weak Orfllrll;)glj)l?ga;i:iOIl;riiI;lIi‘e(sja(iznﬂuence:

Vincent van Qostrom and Femke van Raamsdonk
Technical Report: ISRL-94-5
December, 1994

A B : B[4 (B
AV B L T AV B . 2T
C C C C C C
C C

B

These rules can be written in the formalism of Combinatory Reduction Systems. They
then take the following form:

CR

APM
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Modulo unsolvables: (Ax.Z(x))Z' — Z(Z') (B)

M — Q if M # € is unsolvable (uns)
QM — Q (£2))
Ax.2 — Q (24)

ABQ = CR

(AXyY. x0E2)wE2
O

Ay. o0wQ)Q @3 '@ wwQ

(Ly. QQ)Q J\

\ A

O

(Ay. Q)Q QQ




Blue preprint 1976, Barendregt, Bergstra, Klop, Volken:
youth sentiment and contortuous casuistics

Schene of relative positions of redices.

1 ' 2 3 i
}\'ﬁns ! I ( R Rz (Ax.P)Q E E—‘_)g.Dy h
1 111 RnR=g 2121 R'n}:=¢ E 131 R‘nH=¢
112 1121 Rig P ; 122 1221 pep | 132 I
R'c R R'CE i -
| ,. 1122 Req. | 1222 R' = Dy | 133 R'=H
f = ] 1 |: |
Rt & (.)_\.x LPQ !g 113 0 g 123 1231 Tept jh 134 134 He Pt
b . i
1y 1341 Rg P RDE {1232 Tz )\x.p'i; - ®oH 1342y oayrp
R'DR < {
1142 R¢ Q 1233 Tgq 1343 Ho Q'
, ¥ 221 SaE =g 25 End =g
222 . 232
ZICE ( E'GD) Hel
. BY s Ay', Diyt I 223 | 233 B2 H
~ B' 5 E ! c
224 i 234 2541 gepr
E'DOH
3 ' e H'oH s g
| 332 HicH
[ N .
later question: :
. LA R )
335 H'z H
[0%) _ (0% :
T] — | 334 B'DH
)

In Barendregt 84: section 15.2, 8 pages
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Statman 1978
instead of MA —; N, write M - N

M = N:M is more solvable than N.()

orderoo YK =Axixx4....

order 1 Ax.Q
order0 Q

Every countable poset 1s
embeddable 1n poset of unsolvables



head normalization theorems

[ rootJ

Ul
[QBeT (mute terms, no root stable form)} = [ O rootJ

U
[y (o weak head normal form)) = (09 lazy] = (Olazy|
U
Q&7 (no head normal form, unsolvables)] = (0 head) = [ head]
| |
(OO spine] =(Dspine]
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REWRITE, REWRITE, REWRITE,
REWRITE, REWRITE, ...*

Nachum DERSHOWITZ!

Department of Computer Science, Unwversity of lllinots at Urbana-Champaign,
1304 West Springfield Ave., Urbana, IL 61501-2987, U.5.A.

Stéphane KAPLAN?

Department of Computer Science, Bar-llan Unwwersity, Ramat-Gan 52100, Israel

Laboratoiwre de Recherche en Informatique, Universite de Paris-Sud, Orsay 91405,
France

David A. PLAISTED?!

Department of Computer Science, Unwversity of North Carolina at Chapel Hill,
Chapel Hill, NC 27514-3175, U.S.A.

Communicated by

Recelved
Revised

Abstract. We study properties of rewrite systems that are not necessarily termi-
nating, but allow instead for transfinite derivations that have a imit. In particular,
we give conditions for the existence of a lmit and for its umiqueness and relate
the operational and algebraic semantics of infinitary theories. We also consider
sufficient completeness of hierarchical systems.

Is there no limit?

—Job 163



Limit: infinite sequence of natural numbers

F(x) = P(x, F(S5(x)))

27



Transfinite reduction sequence of length ® + ®

F(x) = P(x, F(S5(x)))

28
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AAAAAA

Cauchy converging reduction sequence: activity may occur everywhere

L N

Strongly converging reduction sequence, with descendant relations

difference between CC and SC: looping terms

Kennaway-de Vries 1992; De Vrijer, Grabmayer, Endrullis, Hendriks, Simonsen 2012

6



strong convergence: redex depth to infinity

O (1)1| 0)2 -3 w-4 -5 ®-6 ©7 2

w-8 09 910 @11 0120 130 to.15 16 50

—— convergence of depths towards ®?



Finitary rewriting

Infinitary or transfinite rewriting

finite reduction

strongly convergent reduction

infinite reduction

divergent reduction (“stagnating”)

normal form

possibly infinite normal form

CR: two coinitial finite reductions can
be prolonged to a common term

CR™: two coinitial strongly conver-
gent reductions can be prolonged by
strongly convergent reductions to a
common term

UN: two coinitial reductions ending in
normals forms, end in the same normal
form

UN®°: two coinitial strongly conver-
gent reductions ending in (possibly in-
finite) normal forms, end in the same
normal form

SN: all reductions lead eventually to a
normal form

SN°°: all reductions lead eventually to
a possibly infinite normal form, equiv-
alently: there is no divergent reduction

WN: there is a finite reduction to a
normal form

WN*®: there is a strongly convergent
reduction to a possibly infinite normal
form




zero times infinity Alx, 0)—> X

A(x, S(y)) = S(A(x, y))
M(x, 0) = 0

M(0,) o M(x, 5(y)) = AM(x, y), x)
© — §(x)

M(0,5°) A(M(0,5%),0) wx.A(x,0)



t(x)+(x)

Pw+w

’
t W+W



00) A —
not CR AR 7 X
C — A(B(O))

(2) (b)

C C

A®B(©) Asc
N c‘)/ ~a BO) ABABC
%(A(B(C))) %(A(B(C))) %‘BABABC
A(A(C)) B(B(C)) ABABABABAB..
X(A(A(B(C)))) 1¢3(B(A(B(C)))) ;)/ \)‘
X(A(A(C))) 1¢3(B(B(C)))

@ {

AW B®
g . ( (#

Failure of infinitary confluence

35



Sxyz — xz(yz) @(@(@(S,x),y),2) —@(@(x,2), @(y,2))
KXy — X @@K,x).y) X

@ @
o/ \K o/ \S

K/E K/EI

collapsing contexts

Failure of infinitary confluence for Combinatory Logic

12




Failure
of CR™

A(x) = x
B(x) — x
C — A(B(O))

ABC

BC

BABC

BBC

BBABC

Bw

ABC AC AABC AAC convergent A®

]
ABC

o
-
BBABC BABC

I

Bw Bw Bw B»  B® divergent



ABC-counterexample in perspective:
euclidean distance = tree distance




Example 2.4. The ‘ABC-example’ that we saw in the preced-
ing example also works in the much more important rewrite
system Combinatory Logic CL, with the usual three basic
combinators |, K,S and their corresponding reductions rules
(see, e.g., Barendregt [2]), and also in infinitary A-calculus
that we will consider in more detail in the next section. The
figure on the right, with the infinite collapsing tower of two
different collapsing conterts KLIK and KOS shows how the
ABC(C-counterexample can be simulated using a fixed-point
construction in those calculi. To see that this is indeed a CR™°-
counterexample, note that pr.K(KzS)K —» pz.KzS and also
pr.K(KeS)K —» px.KeK, while px.KxS and px.KzK only re-
duce to themselves (in any countable ordinal number of steps,
by the way).



Ketema-Simonsen, with UN~ as corollary

My

N normal form
— -




divergent - -CR”™
root active - - WN™
hypercollapsing - -SN™
-NF
alternatingly .
hypercollapsing

bad good

For all terms t in an orthogonal TRS, we have

Fam(t)"NHC =9 = CR™(¢)
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}\’oo -not PML.® () I(01y) 12(rwr)  13(wiwy)
w1 = (Ax.J(xx)
M = AX.XX
Y1 —= w1 o
W1 Q) () I(001MI)
Jo =
/ a\
I /@\
I /@\ oo
T @ For infinitary lambda calculus
/ \ Parallel Moves Lemma PML*

| fails, hence also CR*



another counterexample

Let M = Ax.Kxwand Z =YM. Then

curious: in the limit, w is
fixed as a free variable,
all reducts are open terms

/ » MZ » KZw —>bp / \

i $

N K//\
all reducts are closed terms / \

‘ o/ \w
7\,

N

/\
K /\

/ N\
K .




A SIMPLE PROOF

BY ;ﬁﬁ 7 BYS

BYI BYSI

BYI = (Ahabc.a(bc)) YI BYSI = (Ahabc.a(bc))YSI
kf.Y(IC) i

klz.Yc

Curry’s fpc Turing’s fpc

45



Yo: Af. (x.f(xx)(Ax.f(xx))

Y1: (Aab. b(aab)) (Aab. b(aab))

Yo(SI) —>> Y1

Exercise. Prove that Yo =g Y1



INFINITARY LAMBDA CALCULUS SUBSUMES SCOTT'S
INDUCTION RULE

[,ax C bx - a(ux) C b(ux)

Ial T bl Fa(Yu)C b(Yu)

Yx—— x(Yx) — — x2(Yx) =® x®= x(x(x(x...

BY = (Aabc.a(bc)) Y =% BYS = (habc.a(bc)) YS

#p {
Nc.Y(Sc)
’ {
Abc.Y(bc) 7»5 5c(Y(Sc))

hcz. cz(Y(S5¢)z)
% k%z. cz(cz(Y(Sc)z))

Abc. (bc)® = Acz. (cz)®



vlaying with infinite lambda terms: Az
infinite fixed point combinators

twinkle = A = §2 = 8(8(8(9 ...

/‘"

/ / O — term graph edges

(A®)® o
/,a / D —» infinitary rewriting

AA is an interesting term. We have
AA —» A% =5 (AY)Y —» ((AY)9)Y = - -

See Figure 8. Somewhat surprisingly, AA does have a normal form, viz.
pr.zx; and moreover AA has the property SN°°. To see that px.xx is
indeed the normal form, one may consider the reduction

AN (A%)? = AZ((A%)2) = (A)((A%)) = -

and check that the reductions involved do not employ root redexes. (Only
in the reduction AA —» A% a root step is present; in the ‘later’ reductions
there are no root steps.) In fact we have a strongly convergent reduction

AA —» A% —» (AY)Y —=» ((AY)Y)® = - =9 pz.ax

The term AA has uncountably many reducts. It has reductions of any
countable ordinal length. It is SN°° with px.zx as its unique normal form.
This normal form is in fact a Berarducci tree. The example of AA was
also mentioned in [4]. SN can be proved as follows: We have CR™ as
there are no collapsing rules in this TRS, which is a fragment (sub-TRS)
of CL. Since there is a normal form, we have WN°°. Hence, SN follows
by the equivalence SN <= WN as global properties of TRSs.



The infinitary B-reduction —»g has the infinitary nor-
mal form property NF*°, that is, for all M, N € Ter™(A) with N a normal
form and M («—pU —»g)* N we have M —»pg N. In a picture:

M «————» N a normal form

‘——"

Actually the following property is sufficient:

M > N a normal form

prri
€KX
\

We obtain infinitary unique normal forms UN®® as a direct corollary.



playing with infinite lambda terms:
looping lambda terms

| RN
. T 7Lx1 aw
7N :
| )LXQ/ \Q
A Lo e
| i XX3/ \0
x{ t l Cl/ \XZ
N

looping term with infinite spine (red) and cascade projective sequence, . .
with projection JT . ] a ’ X3



Theorem 13.2.6. In infinitary A-calculus, a term is root looping if and only if
it is of one of the following forms:

(i) Q
(i1) 1°
(1i1) BB where B is the infinite solution of B = Ax.xB,

(19) (Avo.(Av1.(Avy....)t2)t1)to such that t; is obtained from ti1 by replacing
Vo by to and all variables v; 1 by v;. We call such a term a cascade.

Figure 13.2: The shape of cascades; here Tt stands for replacing all variables v; by
Vi1 followed by replacing an arbitrary (possibly infinite) number of occurrences

Of to by Vo.



different ways to count depth

001-depth 1
{l,d}-steps don’t count

101-depth 4
{1}-steps don’t count

Ax
|

Ay
I
o/.\
./ \
/ N\
Az
X /.\

111-depth 7
all steps count




typical terms in the three domains

(DZ ‘ ZCO
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a tool for consistency analysis

Berarducci Trees

eT(Q3) = o BeT(Q3l) = BeT(YQ;3) = o
AN N\ Y
SN, / N\, SN\
N SN SN,
: S NN, N\
VAN e
not eas eas N / N
Y Yy s / \
N
3

easy for closed normal forms;
open problem for general terms



building blocks for infinitary lambda normal forms

Axo Axo Axo
Axq Axq Ax
A?Cz le A«Xz
l Axy l
<N\ RO
.‘." \ o/ \
x/ \ [ \



not confluent confluent

. Introduction

. Lambda and CL: basic confluence
Surjective Pairing: confluence lost
Confluence of a higher order
Lambda with black holes: confluence
Confluence lost in infinity

The threefold path

Black holes to the rescue

The rhythm of lambda terms

10. Getting rid of ordinals

11. Infinity and eta: total breakdown
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Coinductive definition of BT, LLT, BeT

A&y BT(M;)...BT(M,,) if M has hnf AZ.yM; ... M,,,

1 otherwise.

\

(e LLT(M,)...LLT(M,,) if M has whof 2 M, ... M,,,

LLT(M) = < Az .LLT(M") if M has whnf Az.M’,
\J_ otherwise.
ry it M —» v,
Ax.BeT(N) it M — Az.N,

BeT(M) = <

BeT(My)BeT(Msy) if M — My M, such that M; is of order 0,

L in all other cases (i.e., when M is mute).




the typical redexes

root 7Ly1/ \

redex is root = lazy = head = spine



notions of undefinedness, with a caveat

hypercollapsing

J

mute

J

no whnf

J

no hnf

J

various notions of undefined




lambda theories compared
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clock behaviour of fpc in Bohm sequence of fpc’s
Yo, Y00, Y000, Y0000, Yo 0000, ...

Y3=Yp000 —} Aa.a(ws®s00a)

ilaa

W5 W50 0a —»Zl a(wsws00a)

t o




Clocked Bohm trees of BYy and BY(S.



Clocked Lambda Calculus

(Ax.M)N — ©(M|x:=N))
T(M)N — t(MN)

The 7’s are ticks of the clock (measure of efficiency).
Properties: orthogonal, SN™, CR™, UN™

Normal forms are clocked Lévy—Longo trees:

nf(Yof) = 72 nf (Y1.f) = 12

different clock
f 7! f 72
| | = Yo # Y]



clocked lambda theories

Exercise.
(i) in AP there is only one Ogre,
Omnivore;

(ii) in AP there are infinitely many,

i.p. all YnK are ditferent F
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PS — ¢ SP — ¢
where ¢ is the empty word. This system has two trivial critical pairs:
P+ PSP — P S+« SPS — S,

and hence is weakly orthogonal.
Now consider the term v defined as follows:

1 = PSS PPP SSSS PPPPP SSSSSS ...

SY 4 b —»» P¥ o

LAl
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Other bus tours of the
RTA-IWC-WIR company

Hindley

f

Abstract rewriting and confluence, decreasing B ) (==
diagrams, De Bruijn - Van Oostrom () \ v/W)
f

Alternative set-up of infinitary rewriting, Kahrs, LC W ) (St
ideal completion (Bahr), coinductive definition,
Endrullis, Polonsky et al.

Infinitary Rewriting Coinductively

—» = UX. VY. (—¢U X)*oy

R:{<f(S1,...,Sn),f(tl,...,tn)> ‘SlRl‘l,...,SnRtn}Uid



Fig. 18.18: Large random A-term, viewed as a mini-cosmos, evolving non-
deterministically by local changes due to B-steps; their patterns are the red
configurations. In the final result the place and nature of the normalized parts
of the structure, as well as the singularities formed by the unsolvable terms,
the black holes, is ’predestined’, independent of the actual evolution path to
the normal form, an infinite A Q-term.
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