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Example: Conditional TRS even/odd

Example (CTRS representing Even/Odd)

Reven =

\

even(0) — true
odd(0) — false

even(s(x)) — true <= odd(x) —* true
even(s(x)) — false <= odd(x) —* false
odd(s(x)) — true < even(x) —* true
odd(s(x)) — false <= even(x) —* false




Outline

@ Transformations of CTRSs

© Soundness and Confluence

© VYet another transformation

@ Conclusion
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Conditional term rewriting

o Conditional rule: | = r<s3 =t1,...,5 = tx
@ Oriented CTRS: “=" is interpreted as “—*"

@ Conditions cause problems




Transformations of CTRSs

Conditional term rewriting

o Conditional rule: | = r<s3 =t1,...,5 = tx
@ Oriented CTRS: “=" is interpreted as “—*"

@ Conditions cause problems




Transformations of CTRSs

Conditional term rewriting

o Conditional rule: | = r<s3 =t1,...,5 = tx
@ Oriented CTRS: “=" is interpreted as “—*"

@ Conditions cause problems

RI{f(x)%c@x%*a}

a—b

@ Terminating
@ Non-overlapping

o Left-linear




Transformations of CTRSs

Conditional term rewriting

o Conditional rule: | = r<s3 =t1,...,5 = tx
@ Oriented CTRS: “=" is interpreted as “—*"

@ Conditions cause problems

RI{f(x)%c@x%*a}

a—b @ Terminating
C @ Non-overlapping
f(a) 4 o Left-linear
N\




Transformations of CTRSs

Transformation of CTRSs into unconditional TRSs

Sequential unraveling of [Ohlebusch 2002]

| — Ul(sla)?l)

I res ="t 5"t = { Uit X1) = Us(s2, X2)

U (t, )?k' — .r

) X,-:Var(l,sl,tl,...,s,-_l,t,-_l) ( )

@ Used to prove properties of CTRSs like (operational)
termination, so why not confluence?
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Transformations of CTRSs

Transformation of CTRSs into unconditional TRSs

Sequential unraveling of [Ohlebusch 2002]

| — Ul(sl,)?l)

I res ="t 5"t = { Uit X1) = Us(s2, X2)

Ur(t ,)? ) s
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@ Used to prove properties of CTRSs like (operational)
termination, so why not confluence?
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How to prove confluence of CTRS R via U(R)?
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How to prove confluence of CTRS R via U(R)?

* k
S s os—)Rt:>s—>U(R)t
U(R) U(R)

/ — y K o tofim U A R U
t1 R ty t2 e U not sound in general.

UR)'y 'U(R) Rey R
u u




Soundness and Confluence

Soundness and Confluence
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Soundness and Confluence

How to prove confluence of CTRS R via U(R)?

s s os—>’7k2t:>s—>{fj(R)t

U(R U(R
f/ ™ — y \Q ot—%(R)u#t—);}u
A L 5L .2 e U not sound in general.

URTy e UR) R ,)R @ u might contain
u th(u U-symbols.

A\

® s —ymR) t = s =R th(t) for weakly left-linear CTRSs.
o Implies soundness for joinability s lyr)t = slr t
@ CR of U(R) + Soundness for joinability = CR of R.

New proof for result of [Suzuki, Middeldorp, Ida, RTA 1995]

@ Orthogonal properly oriented right-stable 3-CTRSs are
confluent.
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Yet another transformation
The unraveling U, f

Example (even/odd-CTRS)

even(s(x)) — Ui(odd(x), x)
Ui (true, x) — true

even(s(x)) — Ux(odd(x), x)
Us(false, x) — false

even(s(x)) — true < odd(x) —* true {
even(s(x)) — false < odd(x) —* false {
Ui(odd(0),0) — U (false, 0)

even(s(0))
U(0dd(0),0) — Uy(false,0) — false
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The unraveling U, f

Example (even/odd-CTRS)

even(s(x)) — Ui(odd(x), x)
Ui (true, x) — true
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even(s(x)) — true < odd(x) —"* true {
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The unraveling Ugopnr

@ ldea: Pick labels for U-symbols based on terms in rule

| — U/7s1 (517 )_(1)

i o s o Une (11, 5) = Ut s %0)
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Yet another transformation

The unraveling U, f

The unraveling Ugopr

@ Idea: Pick labels for U-symbols based on terms in rule
| — U/751 (51,)?1)

| > r<s =" t1,...,Sk —" t U/’sl(tl’Xl). = .UI’Sl’tl’tZ(sz’Xz)

U’7515t11~-<a5k(t’<7 )?k) - r

N

Example (even/odd-CTRS using Uconf)

even(s(x)) = Ueven(s(x)),0dd(x)(0dd(x), x)

even(s(x)) — true < odd(x) —" true
even(s(x)),0dd(x) (true, x) — true

even(s(x)) — Ueven(s(x)),0dd(x)(0dd(x), x

even(s(x)) — false < odd(x) —" false
even(s(x)),odd(x)(false, X) — false




Yet another transformation

even/odd-CTRS

even(0) — true
even( (X)) — Ueven (s( x)),odd(x)(Odd( ) )
Ueven(s(x)),odd(x)(true, x) — true
Unope(R) = { eventstodd ()(false, x) — false
ot odd(0) — false
Odd( (X)) — Uodd(s (%)), even(x)(even(X) X)
Uodd(s(x)),even(x) (true, x) — true
Uodd(s(x)),even(x)(false, x) — false

@ Uconr(R) is left-linear = Ucopr is sound for joinability

® Uconr(R) is SN and non-overlapping = Uconr(R) is confluent

@ —> R is confluent.




Conclusion

Conclusion and Perspectives

What we have shown

@ Unravelings can be used to prove confluence of CTRSs

@ The unraveling U,y has good properties for overlay CTRSs.

v

What we might show in the future

@ Reachability analysis using tree automata

@ Different transformations

@ Tools proving confluence of CTRSs
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