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Orthogonality

Functional programs can be viewed as orthogonal TRSs:

Left linear
Without critical pairs

Related with non-ambiguity in functional programming and
specification.

Important in confluence without termination.
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Analytical proofs

A first proof of confluence of orthogonal rewriting systems
was published by Rosen (1973).

Further, several styles of proof were given as surveyed in
TeRese textbook.

A.C.R. Oliveira, A.L. Galdino & M. Ayala-Rincón IWC 2013 Formalizing Confluence of Orthogonal TRS’s in PVS 4/22



Introduction
Formalization

Conclusion and Future Work

Motivation
Diagrams and proofs

Previous work

Galdino and Ayala-Rincón developed the PVS theory trs 2007-10,
available as part of the NASA LaRC PVS libraries.

trs provides specified notions and formalized properties used
to proof elaborated theorems about TRS’s in a natural way as
it’s done in textbooks on rewriting (Baader&Nipkow).

⇒ The first straightforwardly complete formalization of
Knuth-Bendix-Huet CP theorem is inside trs.
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confluent?(R): bool =

∀( x, y, z):

→∗(R)(x,y) ∧ →∗(R)(x,z)
=> ↓(R)(y,z)
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The PVS theory orthogonality

The PVS theory orthogonality enlarges the theory trs

including several notions and formalizations related with the
specification of orthogonal TRSs.

⇒ orthogonality includes a formalization of the theorem of
confluence of orthogonal TRSs according to:

use of the parallel reduction relation and
an inductive construction of terms of joinability for parallel
divergences through the Parallel Moves Lemma.
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Parallel Rewriting
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t1 ⇒ t2

⇒ (E )(t1, t2) : bool = ∃(Π : SPP(t1), Γ : Seq[E ],Σ : Seq[Subs]) :
t2 = replace par pos(t1, Π, sigma rhs(Σ, Γ))
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Theorem [Confluence of Orthogonal TRSs]
Orthogonality ⇒ confluence

One has to prove:

the 3 property for ⇒;

→⊂⇒⊂→∗ implies ⇒∗ ≡ →∗;

⇒ confluent, implies → confluent.
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Orthogonal?(E) => diamond property?(parallel reduction?(E))
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Building the joinability term: the Parallel Moves Lemma
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Joinability requires synchronized applications of PML
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Formalization: Orthogonal implies confluent

Lemma (Specification of Orthogonality implies Confluence)

Orthogonal implies confluent: LEMMA

FORALL (E : Orthogonal) :

confluent?(reduction?(E))
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Formalization: Orthogonal implies confluent

Orthogonal implies confluent :

[-1] →∗(E)(x, y)

[-2] →∗(E)(x, z)

|-------

{1} ∃ (z1: term): →∗(E)(y, z1) ∧ →∗(E)(z, z1)
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Formalization: Orthogonal implies confluent

Orthogonal implies confluent :

{-1} ⇒∗(E)(y, z1)

{-2} ⇒∗(E)(z, z1)

[-3] strong confluent?(⇒(E))

[-4] diamond property?(⇒(E))

[-5] →∗(E) = ⇒∗(E)

[-6] →∗(E)(x, y)

[-7] →∗(E)(x, z)

|-------

[1] →∗(E)(y, z1) ∧ →∗(E)(z, z1)
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Formalization: parallel reduction has DP

Lemma (Specification of Orthogonality of → implies 3P of ⇒ )

parallel reduction has DP: LEMMA

Orthogonal?(E) =>

diamond property?(⇒(E))
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Formalization: subterms joinability

s

subterms joinability: LEMMA

Orthogonal?(E) ∧ ⇒(E)(t,t1,Π1) ∧ ⇒(E)(t,t2,Π2) ∧
Π = Pos Over(Π1,Π2) o Pos Over(Π2,Π1) o Pos Equal(Π1,Π2)

=>

∃T : |T | = | Π | ∧
∀i : ⇒(E)(subtermOF(t1, Π(i)), T(i)) ∧

⇒(E)(subtermOF(t2, Π(i)), T(i))
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Formalization: subterm joinability

s

subterm joinability: LEMMA

Orthogonal?(E) ∧ ⇒(E)(t,t1,Π1) ∧ ⇒(E)(t,t2,Π2) ∧
Π = Pos Over(Π1,Π2) o Pos Over(Π2,Π1) o Pos Equal(Π1,Π2)

=>

∀i <| Π | :

∃s : ⇒(E)(subtermOF(t1, Π(i)), s) ∧
⇒(E)(subtermOF(t2, Π(i)), s)
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Formalization: divergence in Pos Over

divergence in Pos Over: LEMMA

⇒(E)(t,t1,Π1) ∧ ⇒(E)(t,t2,Π2) ∧ π ∈ Pos Over(Π1, Π2))

=>

LET Π = complement pos(π, Π2) IN

∃( (l,r)∈ E , σ ) :

subtermOF(t, π) = lσ ∧
subtermOF(t1, π) = rσ ∧
⇒(E)(subtermOF(t, π),subtermOF(t2,π), Π)
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Quantitative data: specification vs Formalization

Specification: 787 lines/31K
� (Contribution to PVS theory structures)

Formalization: 55.077 lines/41M.

The majority of the effort is related with proving mundane but
essential properties, as usual.
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Contributions for the PVS theory trs including parallel
rewriting.

Orthogonality contains a formalization of confluence of
orthogonal TRS’s.

It uses induction via synchronization of applications of the
PML.

As far as we know, there exist only other formalization in
IsaFoR by R. Thiemann (IWS’12).
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Conclusion and Future Work

Applications to certify confluence of orthogonal specifications
and variants of lambda calculus.

Adaptation of the proof in Takahashi’s style.

Formalizations using other styles of proof. Van Oostrom’s
developments, for instance.
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