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0. Introduction

« Automata and Formal Languages

— were independently stated and investigated in 1940~
1950

— Automata and Turing machines model machines
e due to A. Turing

— Formal Languages models grammars of languages
e due to N. Chomsky

 Automata and Turing machines = Formal
Languages
— Different forms for the same concept

T

\ Computation/Program/Grammar for a language/Problem/Set
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0. Introduction

 Automaton as a model of a machine
— machine model with ‘states’ and ‘in(out)put’

Push a button

¥

Push a button

Initial
state

Input to the system
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0. Introduction

 Automaton as a model of a grammar of a
language
— Rule for description of a set of strings

10*1* X

That separates infinite
R elements into two groups

Strings that consist of one 1, some 0s, and some 1s

O 101, 100111, 1, 10, 11, 1000011121111, ...
x 00, 1010, 1111, 0101, 10001110, ...

9/47



0. [XL&ICZ

T I‘? I\/ ﬂ:/ |=| |:||:|
— :|>|: :L—’)"'U"fI/ZOD _-eﬁ%IEEﬁ

« SEAIE

—- BARSENE, JOJSIUJEE, VN 7, ...
e IN—kTT

— e, ORvk, L.
o TDih

— vk —4H7Orall, ...

10/47



0. Introduction

 Automaton = Formal language

—which Is a basic theory of computer science
* Language processing
— Natural languages, Programming languages, Compiler, ...

 Hardware
— Machine, Robots, ...

e and any systems
— Network protocaoal, ...
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1. Mathematical preliminaries:
Formal proof
e ‘Figure’ and ‘formal description’

— Figure...Intuitive, but ambiguity
— Formal description...Correctness, and not

ambiguity

Example: Prove 1+3+5+7+...+(2n-1)=n?

ol|o|o|o
O 0|o|0
0 O 0|o
0 00O

O O OO

O
O
O
O
O

n=1: 2n-1=1
n=2:2n-1=3
n=3: 2n-1=5
n=4: 2n-1=7
n=5: 2n-1=9

SO
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1. Mathematical preliminaries:
Proof techniques

* Proof technique In this class

— Deductive proof
— Proof by contradictio
— Induction

)

There are a few techniques
to deal with infinitely many
cases with finite words.

— (Diagonal method is out of this class)
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1. Mathematical preliminaries:

Basic notions for automaton

« Alphabet: Nonempty finite set of symbols
~- ¥ ={0,1}
- 2 ={a,b,c,d,...,x,y,z}
— 2 ={®, Ly, ..., &, A} etc.
o String (or Word): Finite sequence of symbols in
the alphabet
— 01011, 000, alphabet, 5% (&5 etc.

— The string consists of O symbol is said ‘empty string,’
which is denoted by €

— The length of a string is defined by the number of
symbols

101011|=5, |000|=3, |alphabet|=8, | & |=0

17/47



1. yﬂ%ﬂ’]iﬁ'
A—r< RO REBEE

¢« JKFZITFRYRZIDESK ODEn@%éT
f5ll; {0,1}3={000,001,010,011,100,101,110,111}
29={¢e}
E; 2={0,1}¢ 2 1={0,1}IF R =B IXRLIEZAELRIED,
2 ={0,1} (X7 ILT 7Y, HAWVWIEXFDERSE
21={0,1}ITRI1DXFIDESE

.}

{0,13*={€,0,1,00,01,10,11, ..
{0,1¥*={0,1,00,01,10,11, ...}

e 2*=20U21U22U..
¢ 2= 21U 22U...

18/47



1. Mathematical preliminaries:

Basic notions for automaton

2 k. The set of words of length k over the
alphabet 2
Example; {0,1}*={000,001,010,011,100,101,110,111}
20={¢e}
C.f.; 2={0,1} and 2 1={0,1} look the same, but have
different meanings
2. ={0,1} is alphabet, or a set of letters (characters).
2. 1={0,1} is a set of strings of length 1.

{0,13*={€,0,1,00,01,10,11, ...}
{0,1¥*={0,1,00,01,10,11, ...}

2*=20U21U22U...
2 *t= 21U 22U...
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1. Mathematical preliminaries:
Basic notions for automaton

» Concatenation of two (or more) strings:
For any two strings x=a,a,a,;a,...a and
y=b,b,b;...b;, the string
a,a,333,...a1b,b,b3...b; Is ‘concatenation’ of x
and y, and denoted by xy.
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1. Mathematical preliminaries:
Basic notions for automaton

 Language: /Language sasetof
For any alphabet 2, a strings_which are
LC Y * >grammat|cally correct/

IS a ‘language’ over 2 .

L = { x | X contains the same
number of Os and 1s.}

There are Iinfinitely
many strings
In L and not in L

N




1. #WMFERIE(E:
7.|_ MY I‘./E-:;&o)E *E‘EIL;\
= :5(Language):
TILIT 7N 212X,
LS 2 *
Fmf-vEELZEL EOEEELELD,

L={x|xIZ&ENS
0&1 DEZIFZFLLY

O - (e] O — \
- = —_—= = *%WI-J:%)E'|'%:(7D77A)
o F—rIrUER=5EER ( SEOXE
5

o MR s et By NS Eas
= _

24147




1. Mathematical preliminaries:
Basic notions for automaton
 Language:
For any alphabet 2, a set L with
LS 2 *
IS a ‘language’ over 2 .

L = { x | X contains the same
number of Os and 1s.}

 Automaton=Formal language Computation/Program

_ Grammar for a
— The different forms to the same language

concepts Problem
Set

_
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1. Mathematical preliminaries:
Proof techniques

* Proof technique In this class

— Deductive proof
— Proof by contradicti
— Induction

3

There are a few techniques
to deal with infinitely many
cases with finite words.

— (Diagonal method is out of this class)

27147




1. M=% SERRBUE

teo gEE oS s —
/B iz B EIE A IXEY A RIEICHEHEERT-DI-.
JEAE IXEESIEY 1ETYESIEX RS AL

— R A B DA EE
m%mm%h\eawaq@ﬁ%m
mIBRIcEBEHS L, 5l 3EBHE. R{EMDELRR

1. TFIZIIBIHEST=EIH <: : )
2. EENDOE—THDEEH Lﬁ

> EEXYIZHRLT X=YZEBHATADIZIXSYMNDYEXIEFTRT,
> §l‘ol:l,\7?_lzfs BZ LRI/ IITEALZ xeEX 2R LTEH XxEY] &

AN ER
3. X{@ZEALI-:EHA
<>

28/47



1. Mathematical preliminaries:
Proof techniques

Deductive proof Showing X—Y and Y—X to prove X=Y

Deduction: we have
special statement from general statement
concrete statement from abstract statement

by some accepted logical principle.
Example: Syllogism (A—B and B—C imply A—C), Proof
of equivalences

1. Reduction to Definitions

2. Proving equivalences about sets
» Fortwo sets X and Y, showing X€Y and Y& X to prove X=Y.
» (Toshow XE€Y, we prove that x€Y for any xeX.)

3. Contrapositive
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1. Mathematical preliminaries:

Proof techniques
* Proof by contradiction
— To prove ‘if A then B’, showing
“‘A and not B’ implies falsehood”

Prime: Only 1 and itself divide it

=
Proof of ‘primes are infinitely many’:
« We assume that ‘primes are finitely’. Then we can order
them p,<p,<...<p, for some finite n.
e Define p=p; Xp, X ... Xp, +1.
« If p Is prime, p>p,, contradicts the maximality of p,,.
e If p Is not prime, at least one of p,,p,,...,p,, divides p. However, by

definition of p, we have the surplus 1 for any prime p;, which is a
contradiction.

e Hence the assumption ‘primes are finitely’ is not correct/*’
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1. Mathematical preliminaries:
Proof techniques

e |Induction

— It is crucial to deal with infinitely many cases like
automaton

— It deeply relates to the proof of the correctness of a
program that contains recursive call

« Typical case (prove ‘correctness of a proposition
S(1))
— Base step: show the correctness for small cases (e.g.,
S(0), S(1))
— Inductive step: show ‘S(i+1) holds if S(i) holds’
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1. Mathematical preliminaries:

Proof techniques

e Induction (example)

S(n): [1+3+...+(2n-1)=n2 for any nl

It is impossible to check S(n) for all possible ‘n’s

Base step: Show the correctness of S(1)

Inductive step: Show that ‘S(i+1) holds if S(i)
holds’.
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1. Mathematical preliminaries:

Proof techniques

e Induction (example)

S(n): [1+3+...+(2n-1)=n2 for any nl

1. Base step: Show the correctness of S(1)

2. Inductive step: Show that ‘S(i+1) holds if S(i)
holds’.

If 1 and 2 are correct, ...

@ Since 1, S(1) holds,

@ Since M+2, S(2) holds,

@ Since @+2, S(3) holds,

@ ...
% S(n) holds for every n 3747
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1. Mathematical preliminaries:
Proof techniques

e Induction (example)
— S(n): [1+3+...+(2n-1)=n2 for any n/
1. Base step: Show the correctness of S(1)

2. Inductive step: Show that ‘S(i+1) holds if S(i)
holds’.

— If 1 and 2 are correct, ...
@ Since 2, we have S(n) if S(n-1) is correct,
@ Since 2, we have S(n-1) if S(n-2) is correct,

® ...
@ Since 2, we have S(2) if S(1) is correct.

gl Since 1, we have S(1). 39/47
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1. Mathematical preliminaries:
Proof techniques

e Induction (example)
— S(n): [1+3+...+(2n-1)=n2 for any n/

1. Base step: Show the correctness of S(1):
When n=1, clearly, we have 1 = 12

2. Inductive step: Show that ‘S(i+1) holds if S(i) holds’.

)/ Make
Hypothesis: When n=I, 1+2+...+(2i-1) = i? ‘Hypothesis’ and
Goal: 1+2+...+(2i-1)+(2(i+1)-1) = (i+1)? ‘Goal’ clear!!

1+2+...+(2i-1)+(2(i+1)-1)=1+2+...+(2i-1)+(2i+1)
=i + 2i +1 (By inductive hypothesis)
=(i+1)?
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1. Mathematical preliminaries:
Proof techniques

e Relationship among ‘Induction’, ‘Recursive
definition’ and ‘Recursive call’

— Typical recursive definition (of a function f(i))
» Base step: definition(s) for some finite instance(s)
(typically f(O) or/and f(1))
« Recursive step: define f(i+1) by using (i)
Recursive definition Deductive definition
. f(1)=1 f(n)=1+3+...+(2n-1)
e f(n)=f(n-1)+(2n-1) (for n>1)

Theorem: we have f(n)=nZforn = 1
43/47
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1. Mathematical preliminaries:

Proof techniques

e Relationship among ‘Induction’, ‘Recursive
definition” and ‘Recursive call’ 5.4, cive definition
— Property of recursive definition f(n)=1+3+...+(2n-1)
 We have no [...] in definition Recursive definition
=Easy to deal with by computers * /(1)=1
(easy to compute by recursive call) * (MW=f(n-1)+(2n-1) (for n>1)
— The function which can be proved by induction

« can be defined by recursive definition
e can be computed by recursive call

% For the function which can be computed by recursive
calls, we can show the correctness of the computation
by induction.
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1. Mathematical preliminaries:
Addendum

» The base of the correctness of ‘Induction’,
‘Recursive definition’ and ‘Recursive call’

— Introduction to Mathematical Philosophy, Bertland
Russel, 1920.

— How can we define ‘Natural Numbers’'??
 There is the first natural number.

e There Is the next natural number for each natural
number.

 There is no natural number that is the next natural
number of two or more different natural numbers.
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