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4. Regular Languages (1):
(Text 4.1,4.2)

4.1. Non-regular language

— Finite automaton has finite states.
— It cannot distinguish infinite objects.

(Typical) Pigeon Hole Principle:
There are n+1 or more pigeons are in n nests.
Then, there are at least two pigeons in some nest.
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4. ERISEDMHE(L):
(FFARM.1,4.2)

4.1 EEMERITEO DA
5l E5B L={0"1" | n21}
o N [EEARITKECTHKL
* DFAA A mAREEAS n>m D EF(Z 01N [ZBELT
ADSDENE...?
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4. Regular Languages (1):
(Text 4.1,4.2)

4.1. Non-regular language
Ex: Language L={0"1" |n=1}
* ncan be any integer

« When DFA A has m states, what if the transition of A
on the input 0"1" for n>m...?

4/32

5l 58 L={0"1" | n=1} FIEEBITIEARLY,

SEEA: L AEERITHOERELT, FEEEL,
LIZERLGOT.LEZET S DFAABNEET D, A DK
BESE 0,00y ETDMIEER). n=m+1DEE, 15/
BRREMNS,

0,00,03,04,...,0n
DPIZIE. TANEBLIZEEICRILIKEIZL S, RSODEY
BRT7INEET B, % 0,00 £8<, DFY A [£0,00 D
EbLEHRAAALZEELRCIRE q 12745,
CCTANOUEEZ S, i#EDT. CNIE L DBHRTIK
750V, LML A [EA A0UEA H0iLiF R B TEZELY, LT
Mo T EALELRETEN. mALLZELALD, EES
MPLOTERWN, CHIZ AN LERETS, EVSREICR
T3,
L7z 5T L [KERITIEAL,

532

Ex: The language L={0"1" | n=1} is not a regular language.

Proof: To derive contradictions, we assume that L is regular.
Since L is regular, there is a DFA A accepting L. Let
01,0y, --,0y, be the set of states (finite m). Suppose n=m+1.
Then, by the pigeon hole principle, among the inputs

0,00,03,04,...,0",

there is a pair 0', 0l with i #j such that A translates to the same
state, say q.
Now, consider the input 0'1i. Then, since i#j, that is not in L.
However, A cannot distinguish 0'0i¢L with Oili€ L. Therefore,
A has to accept both of them, or reject both of them. This
contradicts that A accepts the language L.
Hence, L is not a regular language.
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4, ERISEDHEL)
(FFAR41,4.2)

1 EEMNERAITHENILDEHA
EBIEREICR Y % R B4 RE(Pumping Lemma):

- EBAIEZELITHL. UTOERUERB-TEHRNHEF
IS WZnZ@m-TEEOXFI weL [F. RD
FHEB-TIHEDER G w=xyz IZHETES,

1. y#e
2. |xy|=n
3. FTRTO K20 IZxL., xykzeL
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Basic lemma to
show a
language is not
regular.

4. Regular Languages (
(Text 4.1,4.2)

4.1. Non-regular language
Pumping Lemma for a regular language:

— For any regular language L, there is a constant
n that satisfies the following condition: Any
string we& L with [w|=n can be decomposed to
three substrings w=xyz.
lL.y#e¢
2. [xy|=n
3. Forall k=0, xykzeL
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1. EEMNERITHWNZ EDEEEA
&ﬁ*ﬁtﬁ(Pumpmg Lemma):

o FHIEZELICHL. UTOEUERLTER N HNEFE
T3 |WZnZEHEITEEOXFII weLl (T, ROEH
#E=IIMEDE D w=xyz IZHRETED,

Dy # € 2) xy|=n (3) xykzeL (k=0)

[SFBA] LIZERIE 4D T, L(A)=LTH BDFA AA
BHET D ADIREHENET D,
RESnULEDLICETSEEDOXFSI
W=a,3,...a, #EZ 5. (MZn)

AIEXFI aa,...a; #NELI=HE, KEEp; I
55ET B, (%JJﬁJW( EZ00&T HEP=))
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4.1. Non-regular Languages
Pumping Lemma:

— For any regular language L, there is a constant n that
satisfies the following condition: Any string wE& L with
|w|=n can be decomposed to three substrings w=xyz.
1. y#e¢
2. xy|=n

3. Forall k=0, xykzEL

[Proof] Since L is regular, there is a DFA A with
L(A)=L. Let n be the number of states of A.

Let w=a,a,...a, be any word in L with m=n.

Let p; be the state of A after reading the substring
a,a,...8; (P, is the initial state).
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1. EEMNERITHWNZ EDEEEA
EJE*%EE(PumpIng Lemma):

o EBRIEELICHL. UTOERHGEB-TEH n HNEE
T2 | wWZnEBHE-FTEEOXFII wel (&, ROEH
FiET- 9 MEDEHF w=xyz ITHFETED,

L)y # £ 2) xy|=n (3) xy’zEeL (k=0)
[FERA] A [X3XFF a,a,...a; ZRELT-HE. KEE p,
127%5%ET %, (EIREEZE T D Epe=qp)
1B/ BEREIZKY. po,py-...Pn DHRICIEECIK
& p, py BT Do (i) ELTELY)

*X =818 8 x=€ z=¢ &
*Y =g, 'aj HYZBNY# €
= a+1r -4,

4.1. Non-regular Languages
Pumping Lemma:
— For any regular language L, there is a constant n that

satisfies the following condition: Any string wE€ L with
[w|=n can be decomposed to three substrings w=xyz.
1. y#e
2. xy|=n
3. Forall k=0, xykzeL

[Proof] A is in state p; after reading the substring a,a,...a;

By pigeon hole principle, there is the same states
pi, p; with i<j among po,py, .-.,Pp- Letting

* X=8y,8.-,8 It can be
*Y = 8jygpeenid x=¢€ [z= €, but
*Z= Q-8 we have y# €

A accepts xy¥z for each k=0.




fl: 558 L={0"1" | n=1} IEIERITIFALY,
RIEWREICKDHEEHA: L NERITHAELRELT, FEEEL,
L FERLZOT, RIEMHEIY. UTOEHEETEH m
PNEET D W2ZmEFH-TEEOXFI wel [F. ROE
W9 DI D5 w=xyz IZHETES,
1)y # £ (2) [xy|=m (3) xykzEL (k=0)

CITXFHw=0m"EEZ 5, wk LRBOFHEHELT LS
FERDFIXyZIZ D RS B, [xy|=m, y# € DT, y=0i
(i=1) &%,

Xyz = 0MM A D T xyyz = 0™i1M TH D, RIEWEI D xyyz
€ LEBD, ERICIE xyyz € L THADTFE,

L1=hS>T L IFEBITIEALY,
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Ex: Language L={0"1" | n=1} is not regular.

Proof by Pumping lemma: To derive contradictions, we
suppose that L is regular. Since L is regular, there
exists a constant m s.t.
any string w with [w|=m in L can be decomposed three
substrings x,y,z with the following conditions:

Ly # €2 xy|I=m (3) xykzeL (k=0)

We let w=0m1™. Then we have three substrings x,y,
and z with the above conditions. Since [xy| =m,
y# €, we have y=0i (i=1).

Since xyz = 0m1M, xyyz = O™*i1m, By the pumping
lemma, we have xyyz € L. However, xyyz € L,
which is a contradiction.

Hence L is not regular. 132

4. ERISEDMHE(L):
(FFARM.1,4.2)

4.2. ERISEEICEET SEAEM
- Bak. Ke/SENEFICELTHC

TWBIE,

- ERISECHIREEEEMAT, FHLL
EREEMFoE TNAELERIAS
TWBHS,

- ERISEETOHEMEEREICELTHCTLS
VS, COMEERAEENS,
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4. Property of Regular Languages (1):
(Text 4.1,4.2)

4.2. Closure property of regular languages

— A set is close under an operation:

 Ifall regular languages are still regular if
they are changed by an operation, we say
— regular languages are closed under the operation.
That is called closure property.
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4.2 EBISFEICEAT AFAa M
- FAIEZEEFUTORAEEED,

@ ERIEEL, L IT2WWT L UL, [KEA
@ L, L, I22WT L NL, [FIEA
@ EREENHESILER
@ L, L, [22WT L —L, XA
® ERIEEDREITER
® L, 22T L* IXER
@ Ly, L, OEEFEER

® FERIEEDEREOBIKEL <:a>1§¥r4;t
FEEAS

© ERIEFEOHEREDKRITIER

17/32

4.2. Closure property of regular languages

— Regular languages are closed under the following
operations:
@ ForanyR.L. L, and Ly, L, UL, is regular
@ ForanyR.L. L, and L, L, NL, is regular
@ The complement of a regular language is regular
@ ForanyR.L. L, and L, L,—L, is regular
® The reverse of a regular language is regular
® Forany R.L. L;, L,* is regular
@ The concatenation of R.L.s L, and L, is regular
® A homomorphism of a regular language is regular
(@ The inverse of homomorphism of a regular language is

regular
Out of range
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42 EERISFEICEY AN
® EBISEE L, L, 22T L UL, [XIEAH]

[REBAFEL] EAIRBRZEFE-T=E2D
Ly, LIFEBISEBDT, LE,)-L,, LE)=L, &7
=9 ERIRBEIFELET B, (E)+(E)IFERIF
BT M DOBELHIZ L(((EY+(E))=L, U L, A
LY %,
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4.2 IERIEEEICEAY S M
@ EBISEEL, L, I2DWWT L UL, (XIEA]

[EERAF k24— b EE-T-20
Ly, L, (FEBIEEAD T, LMy)=L,, L(Mp)=L,%&
#f=9 DFAM;, MW FET %, LTFITRT A
A THRLz e -NFAMIZEASAZ L UL ES
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42 FEBISEICEAT SR
Q@ FERISENHESITEL

EESLIZ]) SELOBES L={w|wéL}

[EEBAI(Fi£2)
SELHAEAGS, LE#ZETHDFA
A=(Q, 2,00 F) BNEETEH. CDEEADF
BREEENLUNEANEZ - DFA
A=(Q,2,J,0Q—F) X L%#ZET 5,
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4.2. Closure property of R.L.
@ Forany R.L. L, and L,, L, UL, is regular.

[Proof method 1] Using regular expressions

Since L, and L, are regular, there are two regular
expressions E, and E, with L(E;)=L,, L(E,)=L,.
Then ((E,)+(E,)) is also regular expression, and
clearly, L(((E))+(E))=L; U L,.
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4.2. Closure property of R.L.
@ Forany R.L. L, and L,, L, UL, is regular.

[Proof method 2] Using automata

Since L, and L, are regular languages, there are two
DFAs M, and M, with L(M,)=L,, L(M,)=L,. The

& -NFA M constructed below accepts L, UL,.
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4.2. Closure property of R.L.

@ The complement of a regular language is
regular

[Definition] The complement of a language L:
L={w|weL}
[Proof] (Method 2)

Since L is regular, there is a DFA A=(Q, X, § ,q,F) with
L(A)=L. Then, the DFA A'=(Q, Z, 8 ,q,Q—F), which is

obtained by swapping F and Q —F, accepts the
complement of L.
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4.2. ERIEFEICEEY ARAAM
@ L, L [2201T L NL, [XEA]

[FEBASFI£3)
R-EILAVDEEELY,
LNL=LNL=LUL

Li=AS>T Ly, L, AEEAIESD,Q&KY.
L,NL, HIEA!
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42 IERISEEICEET HRAEM
@ L, L, I220nT L —L, [XIEA]
(Li—Ly=L NL, DO TFEA3ITHOK)

[REBAF R 4(EFEERUE)]
D L, L, 22ESSDFAE M, M, T3,
@ L,—LEZETEDFAMIT, ANEHZAEHD,
> ZOAAIHT S M, DRIEER
> ZOAAIHT B M, DIKIEER
ZRIEE T 5.
@ ANEZABRZIMEETM, NZEAD M, A
SHETHEWNVEL M [LZHE,
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42 FFRISEICEAT AR M
® FRISED REEIFIEA

[E]
XFFH W=x,X,...X, D RER(Reverse) WR=x,... XX
EELORE LR={w|wk € L}

[EEBA]
L%ZHE 3 HDFAA ITRL.
@ ADZEREE—OISL, T
@ ADEBBET X THEL., -
QRIBRELIHREEANEZ 1=
€ -NFA AR[FLREZIES B,
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4.2. Closure property of R.L.
@ Forany R.L. L, and L,, L, NL, is regular

[Proof method 3]
By “De Morgan’s Law”,

LNL=LNL=LUL

Hence , if L, and L, are regular, by M,®), so
isL,NL,.
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4.2. Closure property of R.L.

@ Forany R.L. L, and Ly, L, —L, is regular
(Since L, —L,=L,NL,, method 3 also works.)

[Proof method 4 (product construction)]
@ Let M, and M, be the DFAs that accept L, L,.

(@ DFA M, which accepts L, —L,, reads the input and
simulates simultaneously

» the transfer of M, for the inpu-
» the transfer of M, for the input

® When input is end, if M, accepts and M, does not
accept, M accepts.
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4.2. Closure property of R.L.
® The reverse of a regular language is regular

[Definition]
The reverse of a string W=X,X,...X : WR=X,...X,X;.
The reverse of a language L: LR={ w|wR € L}

[Proof]
For the DFA A accepting L,
@ make the accepting state of A unique,e=
@ reverse all transfers of A, =

@ exchange the (unique) accepting state &nd initial
state

£ -NFA AR accepts LR.
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4.2 ERVEFEICREY HRAEM
® L, I220LT L* IFEA!
@ L, L, DEHEEER

L, L, 25BTHEMERE,, E, 3L,
® (Ep*

D E)E)

TOK.
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4.2. Closure property of R.L.
For regular languages L, and L,,
® L,*isregular.
@ The concatenation of L, and L, is regular.

For the regular expressions E, and E, for L,
and L,,

® (Ey*
@ (EN(Ey)

guarantee the claims.
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