5. XARB B EEEEE(D):
(TFRR5.1)

5.1. 3k B B 30%(CFG; Context Free Grammar)

— FAISEIFEELLTE+ERI[EDZFH-
TWAEIFEZELY,
) L={ o"1" | n=0} ...{€,01,0011,000111,...}
L={3FM D> [EHENTLVDEE} ...
O (), (), OO, (OO,
%),)6 N0, (OG-
— J:15|J®1£:%(i£%ae0>r;;§rc%z HDEETN]
BX(XLEDANFIEIE)
HTML, LaTeX, C, ...
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5. Context Free Grammar (1):
(Text5.1)

5.1. Context Free Grammar (CFG)

— Regular language is not enough to represent some
languages
Ex) L={0"1"|n=0} ...{&,01,0011,000111,...}
L={Words with balanced parentheses} ..:
O (), (), OO, (OO, TThey are not
%),)G)0), (O - reguiar.
— The latter example Is necessary for real languages.
o complex sentences (including sentences recursively)
e HTML, LaTeX,C, ...
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D.

XAkBE BXEEEE(L):
(TF+AK5.1)

5.1. 3XARE

X ;% (CFG; Context Free Grammar)

5.1.1. B %A 7Z: 15

1) 1=
={0,1} &=, €,0,1,00, 11, 000, 010, 101, 111, 0000,...

2

o] 3 (Palindrome): BIM LA TERADNGLHRATERL

T RSROT - FATHTALE EOLATESIESTHALME

REEAIIZIE... L={w | w=wR}
L[ IERIEEE TIE7ELY,
> ={0,1} LOEIXDHEIRHESE

£,0,1(EX,
[E3C w [Zxt LT owo, 1wl [&[E] 3,

CORATERTEEHLD AR,
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5. Context Free Grammar (1):
(Text5.1)

5.1. Context Free Grammar (CFG)

5.1.1. Simple example

Palindrome: word that reads the same backwards as forwards
Ex) Madam I’'m adam, rotator, Nurses run...
When ¥ ={0,1}... €,0, 1, 00, 11, 000, 010, 101, 111, 0000, ...
Formally, L ={w |w=w"}

L, Is not a regular language.

A recursive definition of palindromes over 2 ={0,1}:
— &£,0, and 1 are palindromes.
— For a palindrome w, Ow0 and 1w1 are palindromes.

— There are no other palindromes.
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5. XHARB B3XEEFEE((L):

5.1. XARE

(T AK5.1)

X ;% (CFG; Context Free Grammar)

5.1.1. B =RXB97541

> ={0,1} ED

A

XDHIFHNER

— &,0,11FMEX,

— [BIXX wIZxLTOowo, 1wl [E[E]1X,
- COMAITERTESLDETAE,

= I’éimﬁ'éiﬂh’ﬁ B B 30E

P—e¢
P—0
P—1
P — 0PO
P — 1P1

ok wDdE
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5. Context Free Grammar (1):
(Text5.1)

5.1. Context Free Grammar (CFG)
5.1.1. Simple example

A recursive definition of palindromes over 2 ={0,1}:

— &,0,and 1 are palindromes.
— For a palindrome w, Ow0 and 1w1 are palindromes.
— There are no other palindromes.

A CFG that generates palindromes:
P—e

P—0

P—1

P — OPO

P— 1P1

ok e
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5. XARBE BXGEESEE(L):
(TFAK5.1)

5.1.2. XARBAMXENDEE

CFGG=(V,T,P,9S)
oV EH(FILERIFEES . JLEMR)
— EEFMZLEREEE
e T #InitHE
- BMIETAREBTHERIT DT ILIFAYE

o P:AEmIRA
— [IERiFEEB—IERImEEBERIHE DI IEVVSE=HZ IRAIDE
EL)
e S HREEE

- =RYICHET LIFRINEES
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5. Context Free Grammar (1):
(Text5.1)

5.1.2. Formal Definition of CFG
CFGG=(,T,P,9S)

 V:Variable (or Nonterminals,
Syntactic category)
— The symbols that have to be rewritten.
e T:Terminals
— The alphabets for the language.

e P: Productions

— A set of rewriting rules with a form ‘Nonterminal — Sequence of
Nonterminals and Terminals’

e S Start symbol
— The productions start from this nonterminal
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5. XARBE BMXEESEE(L):
(F¥FAR5.1)

5.1.2. XARE

MEDERER

) L={a,+,( ) oiEk=n 5z}
(a+a), ((a+a)+a+a), (((a))),...

BRI

=
E=%.

1. alx=
2. EARADS, (E) ¥ E+E B
G ={{P}{a+.()}, A P}

=1=L
A:s

P—>a

> (P)

P—>P+P

|
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5. Context Free Grammar (1):

(Text5.1)

5.1.2. Formal Definition of CFG
Ex) L={Formulas consisting of a,+,(,)}

(a+a), ((a+a)+ata), (((a)))...

Recursive definition:

1. aisaformula

2. For aformula E, (E) and E+E are formulas.
G ={{P}{a,+,(,)}, A, P}, where

Al

P —a
> > (P)

P—>P+P




5. X RBEEXEES 25 (1):
(TFAR5.1)

5.1.3. 3ERICKBHEH
MGEEERBICTEZSNSEEIZDLNT. ..

 HIFEVHEE
XFH(EB=Rimie SN FiLTCEER IR D)

T
S CGERiImae =)Mo X FF(FE
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5. Context Free Grammar (1):
(Text5.1)

5.1.3. Derivation by grammar
For a Grammar and given word,

e Recursive inference

From the word (=sequence of terminals), we reach to the
start symbol (nonterminal)

— Derivation

From the start symbol, we obtain the word (=sequence of
terminals)
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5. XARBEBEXEESEE(L):
(T AK5.1)

5.1.3. k(2K AEH

FE{REE =[]

o DRICHAHIFERInGTZE— 2. XIECD LA
ISEDNWTESTRALLZICADF/ONDEE a2 B
EEL GO TWSESEIF a= B EES

Bk E[=]

=it AL *‘JL,’C%oz:oz
BIF: oz=>/3 /3=>7’7‘<+b oz=>7’o
Gb\bb\o’(b\é&%liémﬂ‘d‘éo
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5. Context Free Grammar (1):
(Text 5.1)

5.1.3. Derivation by grammar

Relationship [=]

We denote by o = S when we obtain 8 from o by

replacing a nonterminal symbol in & with a rule in G.
If G is clear from the context, we simply write o= f3.
Relationship [=]

Base: For any sequence, « % o
Recursion: If oz%B and /3 27, ozc% 7.

If G is clear, It can be omitted.
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5. XARBE BMXEESEE(L):
(T AR5.1)
5.1.3. 3GEICKBHEH

1)
Xk G ={{P}{a+.()} P—a|(P) | P+P, P}

e —

&5 (a+((at+a)+a))
DEHITLLITD@EY:
P=(P)=(P+P)=(at+P)=(a+(P))= (a+(P+P))
= (a+((P)+P))=(a+((P+P)+P))=(a+((a+P)+P))
= (a+((at+a)+P))=(at+((at+a)+a))
P (at((at+a)+a)) 15027




5. Context Free Grammar (1):
(Text5.1)

5.1.3. Derivation by grammar

EX)
Fora CFG G ={{P}{a,+,()}, P—a| (P) | P+P, P},
A derivation for the word a+((ata)+a)) is as follows:

P=(P)=(P+P)=(a+P)=(a+(P))= (a+(P+P))
= (a+((P)+P))=(a+((P+P)+P))=(a+((a+P)+P))

= (a+((a+a)+P))=(a+((at+a)+a))



5. XARBE BMXEESEE(L):
(T AK5.1)

5.1.4. xEEHEXAEH

ERIEEENERH =B EDIERIGEE BT MNOE
AR B ZE AT HH

REEH. . toELEIZHSIERImEE B H o & iR Bl ZE A

mAaEH.. . t2ELEI1ZHSERImEE B M o4 RERBIZE FH

f5il) P=(P)=(P+P)=(a+P)=(a+(P))= (a+(P+P))
=(a+((R)+P))=(at+((B+P)+P))=(a+((a+P)+P))
= (at+((a+a)+P))=(a+((ata)+a))
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5. Context Free Grammar (1):
(Text 5.1)

5.1.4. Leftmost and rightmost derivations

When a sentential form consists of two or more nonterminals,
how can we apply a production rule?

Leftmost derivation... we apply a rule to the leftmost nonterminal.

Rightmost derivation...we apply a rule to the rightmost
nonterminal.

EX) P=>(P)= (P+P)=(a+P)= (a+(P)= (a+(P+P))
= (a+((P)+P))=(a+((P+P)+P)) = (a+((a+P)+P))
= (a+((a+a)+P)= (a+((a+a)+a))
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5. XARBBXEESEE(L):
(TFAR5.1)

5.1.5. A XEDEiE
BEZ5NT-CFG G=(V,T,P,S) IZ®LT.GIZ&>T
FHENDHEEE L(G) I&
LG)={weT*[S2>w}
EEETED,

EiELMHDHCFG G I[TRLTL(G)=L &%GdLE.
L [EIXARE R EEH AL L CFL (Context Free

Language)&FEIEN B, .




5. Context Free Grammar (1):
(Text5.1)

5.1.5. Language defined by grammar

For a given CFG G=(V, T, P, S), the language L(G)
represented by G Is defined by

LG)={weT*[S2w}

A language L is called Context Free Language (CFL)
If there exists a CFG G with L(G)=L.
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5. AR E XA E S EE(L):
(T ¥+ AK5.1)

5.1.5. A ENDEEE
3% G,=({P}, {0,1}, P— €| 0| 1]|0PO| 1P1, P) &9 %,
[EE] LG, IFRIXNDEETHD.
[EEBA] LT D D% AT Ll KLY,
1. w=wWR 725, PWTHBIE
2. P3WHED w=WR THBIE
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5. Context Free Grammar (1):

(Text 5.1)

5.1.5. Language defined by grammar

Let G, be a grammar defined by
G,=({P},{0,1}, P—€[0|1|0PO|1P1, P).

[Theorem] L(G,) Is the set of all palindromes.
[Proof] It is sufficient to show the following:
1. w=wR implies P=w.
2. Paw implies w=w~,
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5.1.5. HAIEDEEE
Xk G,=({P}, {0,1}, P— € |0|1]|0P0|1P1,P) &J %,
[E L(Gp) FERIXDRETHD,
[GEBA] 1. Ww=wR 755 . POWTHD L
W|IZBE T BIFHIEICEL D,

[BRE] W=0 DEEIFw=¢,|W=1DEEX0M1THY.
NI NEEXTHD,

[IFE#H] [wi=n>1 EL T, [wi<n D ESFEXWIXG, TEHT
EHERTE

W=wR ZE D T. BB XFEFIXNTFEFEL .

M w=1x1 A w=0x0 A EIZL . HhD

@ x=xR HB\pLIL T 5,

CCT =W —2<nBEDT, QEFMEDRESY.
PSx ALY 5,

LE=A>TD&Y
P=0P0=0x0=w E£7=I& P=1P121x1=Ww MK o 50




5.1.5. Language defined by grammar
Gp=({P}, {0,1}, P—¢€|0|1|0PO|1P1, P)
[Theorem] L(G,) Is the set of all palindromes.
[Proof] 1. w=wR implies P=>w:

Induction for |w]|.

[Base] When |w|=0, we have w=¢& . When |w|=1, we have
w=0 or w=1. Thus we have palindromes.

[Inductive step] We suppose that |w|=n>1, and any
palindrome w’' with |w’|[<n can be derived by G,,.

Since w=wR, there is a word x such that

@ w=1x1 or w=0x0, and

2 x=xR.

Now, since |x| =|w| — 2 <n, by the inductive hypothesis
with @), we have P=x.

Hence by (D, we have
P=0P0=>0x0=w or P=>1P1=>1x1=w. .



5.1.5. HAXENDS:E
X% G,=({P}, {0,1}, P—€|0| 1| 0PO|1P1,P) &9 %,
[EE] LG, [FRIXDEETHS.
[ZEBA] 2. P=>w 7, w=wR THAHZ &
BEHORIFICET DIFRMIEICELS,
(B EHORI#MN1IEIDOEZIFwWw=,0,1 THY. VT h
HLEIXTH S,

[l w ZEH T 5=-HIZFREBIZnE(n>1)EAL-¢T 5,
MEZEn—1AIFEFTCEAL-SESIXREXAERINSE
RET Do

n>17Z DT, HHXFF| x BhFEL.

@ P=1P1>1x1=w H P=0P0=>0x0=w ML . HD
@ xIZP M5 n—1EIOEHTELND,
ZZTQLIFEMEDREXY. x=xRHBKILT B,
Li=D>TDXY w=wR A REIL, 2521




5.1.5. Language defined by grammar
G,=({P},{0,1},P—¢€|0|1|0PO|1P1,P)
[Theorem] L(Gp) IS the set of all palindromes.

[Proof] 2. P=w implies w=wRr.
Induction for the number of derivations.

[Base] When the number of derivations is 1, we have w=¢€ , 0,
or 1, and hence they are palindromes.

[Inductive step] We assume that we apply the rules n (n>1)
times to derive w. We suppose that we have palindromes
when we apply the rules at most n —1 times.

Since n>1, there exists a string x such that
@ P=>1P1=1x1=w or P=0P0=0x0=w, and

(@ x can be derived from P with applying the rules n—1
times.

By @ with the inductive hypothesis, we have x=xR.
Hence, by (D, we have w=wR. 26127
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Information

Today’s Office Hour: Lecture

(8) Context Free Grammar/Language (2)
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