6. Twa A A —bkThY

6.1. T y,rad O A—br<T L (PDA)DEE
6.2. PDANDEE

6.3. PDAECFGD E Mtk

6.4. IREMT v a3 9 F—kThY
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6. Pushdown Automaton

6.1. Definition of Pushdown Automaton (PDA)
6.2. Language by PDA

6.3. Equivalence between PDA and CFG

6.4. Deterministic Pushdown Automaton
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6.1. TwiaFm - T 4
(PDA)D E

TvaZd o -F—rTh(PDA)=
A—bb+TY 2T D RAYY

T aZ DRI ...
- BEDHLA
- (wmERAZMNaAMHT—X
— L5 stack
LIFO: Last In First Out
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6.1. Definition of Pushdown
Automaton (PDA)

Pushdown Automaton (PDA)=
Automaton + Pushdown Stack

Pushdown Stack...
— Trays in Food Court
— (Old-fashioned?) Coin case
— so-called stack

LIFO: Last In First Out

4/48



6.1. Tviad o -F—hk3by
(PDA)G)EE&

6.1.1. B =XAI75EHER
PDA &% € -NFA A\ stack Z— D > - #WETIL

A7

ZEMEE

LIFOR DRt E
(GETESEIZIZILIRY A7 LY)
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6.1. Definition of Pushdown
Automaton (PDA)

6.1.1. Intuition
PDA consists of an € -NFA with one stack

Input Accept/Reject

Storage of LIFO type
(No limits)
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6.1. Ty,raxo - T ck
(PDA)D TE

6.1.1. B =XAI75EHER
PDA &% € -NFA A\ stack Z— D > FH-#METIL

BETO4X @
AH Hp 1 AAZIXFHC
E-BMEDEEIFOXF @
2. ANXERZYID—FBELDXFyIZIELT
IKREEBET S ©

3. RAVIZTIRET S:

1. —BLEOXFFRMYHLTETS

2. —BLEOXFEEZTHZS

3. 2[ZMAT. LD DXFZFELIE
LIFOZ! 4, AN OHHOTEZEEHZH LTS
ZH AN E-SOTNBAELATYTIAN s




6.1. Definition of Pushdown
Automaton (PD

6.1.1. Intuition
PDA consists of an € -NFA with one stack

Computation process:

Output 1. Read one letter x from input ~ @&
O letter if € -transition

2. Change the states according to input x and
letter y on top of stack

Input

3. Operation on the letter y: @
1. justremovey
2. replace y by another letter y’
3. replace y by another word y’ e
LIFO 4. If input ends and accept condition is satisfied,

accept. If input does not end, go to step 1.  gs



6.1. T yraZm - T Nk
(PDAYD E &

6.1.1. & BpY75 55 BA
) L = { wwR |we{0,1}* } #5195 PDA

]
\
v
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6.1. Definition of Pushdown
Automaton (PDA)

6.1.1. Intuition
Ex) PDA accepting L = {wwR |weE{0,1}* }




6.1. Ty rax - T A

(PDA)YDE FE&
6.1.1. B BHY75 57 BA

IO

H) L={wwR|we{0,1}*} #2135 PDA

101101
AT

ADDEDHY .
AT HZE(Z
%D TR

0,1
L DEFREL,

SHEEZ T

L SR ERAEET S

E L DERTEWGEL, EATLET

ELTHRBERER L




6.1. Definition of Pushdown

Automaton (PDA)
6.1.1. Intuition

Ex) PDA accepting L = {wwR |we{0,1}* }

101101

Input

19¢$

0,1

101101 can make
- input ends
- stack empty.
Hence it is accepted.

 The transitions exist that satisfy
the conditions for yEL.

 For y4¢L, any transitions do not
satisfy the conditions.
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6.1. Tyad o F—rTh
(PDA)D E

6.1.2. PDA DX EE
PDAP=(Q, 2, [, J,q, Z, F)

¢ QIIKEE @EBE%’-\

o 2 ANTILITFAYEL 2 ]

* (o O, EQ ZEim=9 #HAIREE

e F.FCQZimf-9 ZIHIKR:E

o [ RAVITILIFAYL; RFVVIZERIET HXFES

o ZyZ,€ T EH/=-THIIREES,;, RAVVIZIEZNIZINDX
FHHIDADTWEET B, (REFVID[EIZHITEYS 571
HDEE LDXF)
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6.1. Definition of Pushdown
Automaton (PDA)

6.1.2. Formal Definition of a PDA 3

PDAP=Q, 2, I, O, Ao, Zg, F)
Q: Finite set of states

2. Input alphabet 72
* (,: Initial state g,€Q
 F: Accepting states FEQ
« [ :Stack alphabet; set of letters which can be in the stack

o Z,: Start symbol Z,€ [ ; the stack is initialized by this
symbol. (That describes the ‘bottom’ of the stack.)

14/48



6.1. Ty rax - d‘ k>

(PDA)D E
— AR —

6.1.2. PDA O KXKHIE R Y I

PDAP=(Q, X, I, J,04 2, F) '

BE 0 : Qx (2 Uf{e}) x [ —20xT*

- SHIREDREINANIXFIIREVID i

MNYTDXEXINEZ 5N, 0
— TROKBEEITXEBEMZ HXFHYERT

ek )
TAALIXFIE € &7 Y=¢€;] XD E
YIZEAH: oY MIXF: XD EHR

_ SikFEREmEOT, LY A2XFLLE; BB
FCAAITHT BAEEAEHBHYZ S

AN
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6.1. Definition of Pushdown
Automaton (PDA)

— | Finite

6.1.2. Formal Definition of a PDA s | Cntrl.
PDAP=(Q, 2, [, J,0qy Zy, F)
Trans. function §:Qx (2 U{e}) x [ —20xT*
— 0 receives ‘current state,” ‘current input,’ and [
‘the letter X at the top of the state,’ Z,
— and returns ‘next state’ and ‘the word Y’ which
replace X.

e ‘current input’ can be £ q : ’
Y =& ; ‘remove X

* Yisone of: —_— _ |
— & is nondeterministic, *Y Is a letter; “replace X by Y
and hence there can be _*Y isaword; replace+add.

many transitions for one input 3-tuple.
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6.1. Twiadm- T NS4
(PDA)D E &

6.1.2. PDAO X E S
) L={wwR |we{0,1}*} %35 PDAP

IO

AT

0,1 4 |01

ZO
P = ({0,,9.,,09,}, {0,1}, {0,1,Z.}, &, 0o, Z,, {0,})
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6.1. Definition of Pushdown
Automaton (PDA)

6.1.2. Formal Definition of a PDA
Ex) PDA P accepting L = {wwR |we{0,1}* }

Input

ZO
P = ({0,,9.,,09,}, {0,1}, {0,1,Z.}, &, 0o, Z,, {0,})

18/48




6.1. T yaZ o F— T

(PDA)D E

6.1.2. PDADO T KXMEESR
) L={ ww? |[we{0,1}* } #5238 ¢ % PDAP

0,1

Z

0ol 9 40
e ANTARAZYDIZFED
5(%’0’ Zo) :{(qo’ozo)}’ 5(%,1, Zo) :{(qO’]'ZO)}
5(G»0,0) ={(0p, 00)}, 5(d. 1, 0) ={(0p 10)}
0,1 5(00,0.2) = (0o, 0}, 5T L1) = {(d L1}

o & FMETqIER
5(q0,6‘, Zo) :{(qy ZO)},5(q0,5,0) :{(qlio)}’5(q0’g’1) :{(le)}

P = ({CIo,Ch’qz}’ {0,1}, {0,1,20}1 6 J qO’ ZO’ {CI2}) 19/48



6.1. Definition of Pushdown
Automaton (PDA)

6.1.2. Formal Definition of a PDA
Ex) PDA P accepting L = { wwR |we{0,1}* }
o for g,
e Push the input to the stack

5(% ,0, Zo) :{(qo , Ozo)}’ 5(q0 1, Zo) :{(qO’]'ZO)}

5(0g:0,0) = £(Gy, 00)}, 5(d 1, 0) ={(d LO)}
0,1 4+ |01 5(5,0,1) = £(0y, 01}, 5(d,L.2) ={(dp 11}

Zy e Trans. to g, by € -transition
5(q0,6‘, Zo) :{(qy ZO)},5(q0,5,0) :{(qlio)}’5(q0’g’1) :{(le)}

P = ({CIo,Ch’qz}’ {0,1}, {0,1,20}1 6 J qO’ ZO’ {CI2}) 20/48




6.1. Tyad o F—rTh
(PDA)D E

6.1.2. PDAD L TE FE
B L={wwR|we{0,1}*} %295 PDAP
12960
o« ANERZYIDRYTEHELER
5(q1’0’0) :{(qu)}
6(0,,11) ={(q,, &)}
7 . Aﬁ&}@‘ybd)h‘yjh“&“é%%%?
0 75>z € EI{ETq,ICER
5(%"9120) :{(qzizo)}
P = ({d0,91,95}, {0.1}, {0,1,Z0}, O, dg, Zp, {02}) s




6.1. Definition of Pushdown
Automaton (PDA)

6.1.2. Formal Definition of a PDA
Ex) PDA P accepting L = { wwR |we{0,1}* }

o forq,

o Compare input with the top of stack
5(q1’0’0) :{(qp 5)}
6(0,,1,1) ={(a. )}

* When both of them become empty,
trans to g, by € -transition.

6(0y,€,Z,) ={(0,, Z,)}
P = ({qO’q1’q2}1 {0’1}’ {011120}1 6 ) qO’ ZO’ {qz}) 22/48
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6.1. T yraZm - d‘ Nk
(PDA)D TE

6.1.3. PDADO K IZ L BHFKRIH

« HEHOZILDINILTRIETS

@ a, Xl o @

O0(gpa,X)={...,(q,),...} DHETR
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6.1. Definition of Pushdown
Automaton (PDA)

6.1.3. Description of PDA by Diagram

* Function O is described by a label on the edge

@ a, Xl o @

O0(gpa,X)={...,(q,a@),...}
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6.1. Tyiad - d‘ Nk
(PDA)D TE

6.1.3. PDAORIZLAEHE

BHL={wwR|we{0,1}*}%2ETSHPDAP®DS
€, ZyZ,

€, 0/0
€, ZNZ

€, 1/1 y &0/ &
gqo; @ (@)
0,Z,/0Z,

1,2,/1Z, 0,0/ €
0,0/00 11/ €
1,0/10
0,1/01
1,111
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6.1. Definition of Pushdown
Automaton (PDA)

6.1.3. Description of PDA by Diagram
Ex) PDA P accepting L = {wwR |we{0,1}* }
€, ZyZ,

€,0/0
€,2)/Z,

€, 1/1
@ =@ '@
0,2,/0Z,

1,2,/1Z, 0,0/ €
0,0/00 11/ €
1,0/10
0,1/01
1,111

26/48



6.1. TwiaFm - T 4
(PDA)D EFE

6.1.4. PDADBFE R

— A—hIRUIEREE T TR E TS

— PDATIXMREE |+ TRAVIDXFF| | THLNE
K EE DN E TER

= S ILEY T
PDADIKREIX(QwW, 7)o
f=f=L  -q€Q K&

ewE 2X* EUNDAN
ey e[ * AZAYIDXFF

1K (& BF = 3R 7=, ID(Instantaneous Description)EHE S 274




6.1. Definition of Pushdown
Automaton (PDA)

6.1.4. Instantaneous Description of PDA
— Automaton can be identified by a state

— PDA cannot be identified by a state without the
string in the stack.

= & notation is not suitable.
An instantaneous description of a PDA Is (g,w, 7 ), where

e g€ Q: state =
e WE 2 *: unread input
ey € [ *:string in the stack

Instantaneous Description iIs abbreviated by ID. 28/48




6.1. Tyad o F—rTh
(PDA)D E

6.1.4. PDAOB SR T
— PDAP=(Q, 2, T, 8,052y, F)IZHBLNT
8 (q.aX)M(p, a)EESTHS, wel* fel*

2%l T
(a,aw, XB) s (pw, B)-

EEL(PHHM>TLDELHEEK),
— 0RTYTULD—ROBEZRIRT HEET*

N IS I
2. PWRIIKIZXL IF) & JFK 55 1 PK
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6.1. Definition of Pushdown
Automaton (PDA)

6.1.4. Instantaneous Description of PDA

— ForaPDAP=(Q, 2,1 ,0,0ph2Zy,F),if
0 (g,a,X) contains (p, &), forwe 2*, B[ *

we denote by
(g, aw, XB) s (pw,@ B) ’
(P would be omitted If it is clear).

— We also use F for general transitions with 0 or
more steps:
1. Forany ID I, we denote by | 7 |
2. For IDs I,J,K with 1 =J & J K, | FK
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6.1. Twad o A —kTh
(PDA)O)IEE&
6.1.4. PDA B AR~
B L={wwR|we{0,1}*} %13 5 PDA
A 711011013 BRI DEFE -
(0o, 101101, Z,)F(q,, 01101, 1Z,)

\/ \/ (g, 101101, Z,)~(q,, 101101, Z,)
0,1 0,1

(g,, 01101, 1Z,)
(qo, 101101, Z,) < ) ’
(q;, 101101, Z,)
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6.1. Definition of Pushdown
Automaton (PDA)

6.1.4. Instantaneous Description of PDA
Ex) PDA accepting L = {wwR |weE{0,1}* }
Transitions of IDs for input 101101 :

(0o, 101101, Z,)(qo, 01101, 1Z,)
(o, 101101, Z,)(q,, 101101, Z,)

0,1 0,1

(g, 01101, 17,,)
(g0, 101101, Z,) <
(g, 101101, Z,,)

32/48



(PDA)D FE
6.1.4. PDA R R &R~ Z
B L={wwR|we{0,1}*} %13 5 PDA

A 110110139 B R DEFZ

(go, 101101, Z,) (q,, 101, 101Z,)

\—

(q,, 101101, Z,)  (q,, 01101, 1Z,)

—

(g, 01101, 17)) (q,, 1101, 01Z2,)

— |

(a;, 1101, 01Zy) (q,, 101, 101Z,)

(0, 01, 1101Z,)

/(ql,\OL 1101Z,)

Zo) (0, 1, 01101Z,)

. 1l’ 17,) mnolzo)

@, €,2,) (o €,101101Z))

} \

(gg;i:_zg). (9,, €,1011012,) 33/48




6.1. Definition of PL
Automaton (PLC 1

6.1.4. ID of PDA Z,
Ex) PDA accepting L = {wwR |weE{0,1}* }
Transitions of IDs for input 101101 :
(g5, 101101, Z,) (q,, 101, 101Z,)

\—

(g, 101101, Z)) (qo, 01101, 1Z,)

i %) (gy, 1,011017,)

(g, 01101, 1Z,)  (q, 1101, 01Z,) .1, 1Z)) mllolzo)
}

‘/l Gy, €,2) (o €,101101Z,)

(a;, 1101, 01Zy) (q,, 101, 101Z,) l \
(0, €.Z) (g, €,101101Z,) 24/48

(0, 01, 1101Z,)

/(ql,\Ol, 1101Z,)




6.1. Ty rax - d‘ k>

(PDA)D TE
6.1.4. FF TR

%3

[EIE] PDAP DETETOEREEZSHL.
(@x a) ™ (py,B) %L (qxw,a v) ™ (pyw,B 1)

[EIE] PDAP O ETOEREEZSHE,
@xw,a)F (pyw,B) %&b (Qx,a ) (py.B 7)

*T@x.ar)*PEy.B v)HES @x a)* Py B)IT

(70
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6.1. Definition of Pushdown
Automaton (PDA)

6.1.4. Instantaneous Description of PDA
[ Theorem] By the process of transitions of a PDA P,

(a.x,a) ™ (p,y, B) implies (g.xw, & v ) ¥ (p,yw, 8 7)

[ Theorem] By the process of transitions of a PDA P,
(a.xw, a) F (pyw, B ) implies (ax, & v) F (py, B 7)

* ‘(ax,a v)F(py, B v)implies (qx,a) F (p,y, B) is
not truel
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6.2. PDADE:E

PDA®D ZIE K Ee
1. Ah%EH "f*#’)of*&%kﬁﬂh Elzdh D
2. AAFFEHAERDHOI-EEIZRAYIHNZE

5z5N1=PDAP=(Q, X, T, 8,0y Z, F)IZRLT
L(P)={w|&HD KEF IZHL (qo,W,Z)* (05 €, @)}

N(P) {w| 35 qEQIZHL (0pW.Zo)™(a, € , € )}
N(P)EEZ DX F IZBEFRAELD T, 6280, 2, [, 8,0,Z) T
=

itih IS5 HD
HARZETIFACONP)DEETIE q € F ELG-TLAHELELY
(258 R—)
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6.2. Language by PDA

When input ends, PDA accepts If...:
1. 1t 1s In an accepting state
2. Its stack 1s empty

Foragiven PDAP=(Q, 2, [, §,q, Z, F),
L(P)={w| 3 qEF, (q,W,Zo)"(qr € , @)}
N(P)={w| 3 a€Q. (4p,W.Z))(q, €, €)}

When we consider N(P), F is ignored, and hence we
sometimes denote the PDA by 6-tuple (Q, 2, [, §,90.Zy).

On p.258 in the textbook in Japanese edition, N(P) is
defined by q € F, which should by a typo.

38/48




6.2. PDAMDE:E

PDAP [CE O TEEIND2EFEND S EE:
1. L(P): ANZEFHmA RN O-ETITZIHIRRE
2. N(P): ANZTTEHAHBRDOOI=ESTICRAAYIMNZE

> PZEIETHE—HEIZL(P) # N(P)

[ ]
PDA Q IZxtL T N(Q) = L(P) #ii#&1=9 PDA P N\ 7F1E,
PDA P IZ¥LT L(P) = N(Q) Zi#&1=9 PDA Q W &F#,



6.2. Language by PDA

Two languages defined by a PDA P:
1. L(P): 1tis In accepting state If input ends.
2. N(P): it has an empty stack If input ends.

> For some fixed P, L(P) # N(P)

‘Theorem]
~or any PDA Q, there is a PDA P with N(Q) = L(P).
~or any PDA P, there is a PDA Q with L(P) = N(Q).
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6.2. PDAD ;8

[ ]

1. PDAQ IZXLT N(Q) = L(P) #i#f-9 PDA P MW7F¥E,
2. PDAPIZxLTL(P) =N(Q) Zi#il=9 PDA Q M#F7E,

[MREE] 5 A NT-QN b EHZmI-I P LT D&Y fER

TATT: RADIZAZYIDIEIZ!

4R350 X, 200

[Q DETETRAVIMNZE |I=TPOFHETRAVID YT HX, ]

QNDAREYIDIE:Z POARAZYIDIE:X,
&, X Z X
-
P E Xl €

K ODAAIIET MDRAYIHZE
PANZIRIREETAD A DAL T

DEESDH
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6.2. Language by PDA

[Theorem]
For any PDA Q, there is a PDA P with N(Q) = L(P).

[Proof(Sketch)] For given Q, we construct P that satisfies
the condition as follows:

Idea: First, push the special symbol X, at the bottom of the stack...

stack 1s empty in Q=1X, Is the top of the stack in P
Bottom of stack in Q:Z, Bottom of stack in P:X,

= | @
P EXJ E

% when input ends, Q has empty stack if and only if P is accepting state.
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F

[.--. E:I] 6 2 PDAO) |=| |:||:|

1. PDAQ IZxLT N(Q) = L(P) #i#af-9 PDA P N7E%E,
2. PDAPIZxLTL(P) = N(Q) &ii&1=9 PDA Q M7FETE,
[BREE] 5Z NP oEHzEm=9 QZ LI T DBYIERK

TATTL A RIVIDEIZHEREGEE S X, 228
P OHEDOEMPIZ. RAYIMZEIZIEAH EIFALY

TATT2: POZ1

BIRENLQDREIRREIZ cEIMFTEBR T D

L ANEERBELGWIEISTEER

TATT73 QD1

PDREZYIDIE:Z
- |::>

HIREETIERZYIDF HZT NTHE
QD ARAZYIDIE:X,

N -gf;g
Q

KPAZIBLRETMNDOA NN T DEZDH

QDA NHHET M DARIYIHZE 43/48



6.2. Language by PDA

[Theorem]

For any PDA P, there is a PDA Q with L(P) = N(Q).
[Proof(Sketch)] For given P, we construct Q that satisfies the
condition as follows:

Idea 1: First, push the special symbol X, at the bottom of stack
... The stack never become empty while the simulation of P.

Idea 2: From an accepting state of P, Q transits to accepting state
with & -transition...remark that no input is consumed.

Idea 3: In the accepting state, Q gets rid of all contents of the stack.
Bottom of the stack in P:Z, Bottom of the stack in Q:X,

c,anyl £
—) “
Q

% When input ends, P is accepting state if and only if Q has empty stagls




6.3. PDA ECFGOD Z {4

[5G

PDACS B TCESLEE=-CFGTA R T=SHEE

E I

1. EFENDCFG GIZXL. L(G)=N(P) &#&f-9
PDA POTFET 5,

2. EE® PDAP [ZxfL. N(P)=L(G) Zimt=9

CFG G TFEEYT 5, i
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6.3. Equivalence of PDA and CFG

[Fact]

The class of languages accepted by a PDA = the
class of languages generated by a CFG

Theorem

1. Forany CFG G, there Is a PDA P such that
_(G)=N(P).

2. For any PDA P, there i1s a CFG G such that
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6.4. REMEPDAGEE)

RTETMEPDA: PDAIZBNT., JERFEEZEYERLY
8D, IXROREIN—ERIIZRES,
IERIE:E. DPDAMD E:E. PDAD S B D B!

L={ww? |wE{0,1}*}

PDA=CFL

14955 2 (BI:LR(K), YACC),

*DPDAMD VS AIFE.




6.4. Deterministic PDA (Summary)

Deterministic PDA: PDA whose transition Is deterministic.
Namely, ‘next state’ is always determined uniquely.

Diagram for regular language, language by DPDA, and
language by PDA:

PDA=CFL

% The class of languages accepted by DPDA
IS practically used. (ex.;LR(k),YACC) saas



