6. Tviag oA —rvby

6.1. Tva¥ o -F—rILU(PDA)DE R
6.2. PDADS:E

6.3. PDALCFGD Z1ft4

6.4 REMT v ad 0w F—b3by
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6. Pushdown Automaton

6.1. Definition of Pushdown Automaton (PDA)
6.2. Language by PDA

6.3. Equivalence between PDA and CFG

6.4. Deterministic Pushdown Automaton
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6.1. Tyiafdor A—r3hy
(PDAYD E

TviaZ oy F—k<h(PDA)=
A—bbo+Tva T REYY

T8OV REYY ...
- BEORA
- (®ERLGL)IIUT—R
- LW B stack
LIFO: Last In First Out
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6.1. Definition of Pushdown
Automaton (PDA)

Pushdown Automaton (PDA)=
Automaton + Pushdown Stack

Pushdown Stack...
— Trays in Food Court
— (Old-fashioned?) Coin case
— so-called stack

LIFO: Last In First Out

4148

6.1. Tyad o -F—hkTty
(PDA)DEZ

6.1.1. BRI EREA
PDA &l € -NFA A stack Z— Do =W ETIL

( LIFORDEEEE
(GRIEMEEICIZBRY AV 7ELY)
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6.1. Definition of Pushdown
Automaton (PDA)

6.1.1. Intuition
PDA consists of an € -NFA with one stack

Input —-— Accept/Reject
( Storage of LIFO type

(No limits)
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6.1. Tvad o -F—hTLy
(PDA)DE &

6.1.1. ERXA7%EREAR
PDA &1% € -NFA A stack #— Do - #ETIL

BHETOLR: *®
1. AHELXFHED
An i1 5-?11’?0)&%(;02$ @
2. AN XERBVID—BLEDXF Y IZHLT
RKEEBHT S -

3. RAVYERETS:

1. —BLOXFERYHLTETS

2. —BLOXFEEE]AD

3. 2ZMAT.WKODDXFELEE
LIFOR! 4. ANH OO TREBEHEH LTS
ZHE, ANDEOITNBIELATYTIN s

6.1. Definition of Pushdown
Automaton (PD

6.1.1. Intuition
PDA consists of an € -NFA with one stack
Computation process:

Input Output 1. Read one letter x from input ~ @
—.— 0 letter if € -transition
2. Change the states according to input x and

letter y on top of stack P
3. Operation on the letter y:
1. justremovey
2. replacey by another letter y’
3. replace y by another word y’ e
LIFO 4. If input ends and accept condition is satisfied,

accept. If input does not end, go to step 1. s

6.1. Tyad o -F—hkTty
(PDA)DE

6.1.1. ERRAEREA
Bi) L= {wwR |we{0,1}* } #%38F % PDA

6.1. Definition of Pushdown
Automaton (PDA)

6.1.1. Intuition
Ex) PDA accepting L = { wwR |weE{0,1}* }

Input

6.1. Tyad o -F—hkTty
(PDA)DE

6.1.1. ERRAEREA
Bi) L= {wwR |we{0,1}* } #%3F % PDA

101101

ARDHEDY.,

AN REvHEEIS
19% HEDTHHE

0,1
y L DEXRLGL, ZEEHEH
TREEBHELET D
& L DEZRTHWESL, FALERE

ELTLRERMERLELL

6.1. Definition of Pushdown
Automaton (PDA)

6.1.1. Intuition
Ex) PDA accepting L = { wwR |weE{0,1}* }
101101 101101 can make
Input - input ends
- stack empty.

Hence it is accepted.

19%
0,1
* The transitions exist that satisfy
the conditions for yEL.
E « For y€L, any transitions do not
satisfy the conditions.
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6.1. T aRkr -F—kvby
(PDA)D TE &

e

6.1.2. PDA DKM E )2
PDAP=Q, 2, I, J, Qor Zos F)

.« QREDHRES

e X: AATNLIFTANYR Z

* Oy Gy EQ EiGT-TWHIKEE

o FFEQZiml-¢ ZHEIKE

o T:RAYITILIFAYN, RFAVYICERIRTEIXFES

o 7y Z €T Eim=3BARES,; RAAVVIZIERMIZIOX
FHRLIDA-TNSET B, (RAVID[EIZHIET 51
HDEE LDIF)
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6.1. Definition of Pushdown
Automaton (PDA)

6.1.2. Formal Definition of a PDA 3 |

PDAP=Q, 2, I, J, Qor Zos F)
¢ Q: Finite set of states
e 2 :Inputalphabet 7
e (o Initial state g,€Q
¢ F: Accepting states FEQ
« [ :Stack alphabet; set of letters which can be in the stack

*  Z, Start symbol Z,&€ I; the stack is initialized by this
symbol. (That describes the ‘bottom’ of the stack.)
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6.1. Tyiafdor A—r3hy
(PDAYD E

6.1.2. PDA O RXMIEZ s
PDAP=(Q, 2, T, &,y Zy F)
BE%O: QX (ZU{e})x [ —20xT*

- SIHTBEDREITANIXFIIREYID r
FyTDXEXIBEZ DA Z
- éééﬂ@ﬁ%]rxiﬁgmiéxwmzs&#

o TAALXFIE e 3T Y=g XDIHE
o YRREATE: oY hfljli; XDE
- SIEIEREMENT, ¥ AR2CFLLE ;BB

FCANITH T 2TEESBEHYZD
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6.1. Definition of Pushdown
Automaton (PDA)

6.1.2. Formal Definition of a PDA s
PDAP=(Q, 2, T, J,d5 2, F)
Trans. function §: Qx (Z U{e}) x [ —20xT*

— O receives ‘current state,” ‘current input,” and r
‘the letter X at the top of the state,’ Z,

— and returns ‘next state’ and ‘the word Y’ which
replace X.

« ‘currentinput’ can be €
+  Yisoneof: *Y =€, ‘remove X’
— & is nondeterministic, *Yisaletter; ‘replace X by Y’
and hence there can be *Y isaword; replace+add.

many transitions for one input 3-tuple.
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6.1. Tyiafdor A—r3hy
(PDA)DEZ
6.1.2. PDAO XML ESR
) L={wawR |we{0,1}* } #2135 PDAP

AN

Zy
P = ({00,01,923, {0.1}, {0,123}, 6, o, Zy, {0,})
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6.1. Definition of Pushdown
Automaton (PDA)

6.1.2. Formal Definition of a PDA
Ex) PDA P accepting L = {wwR |wE{0,1}* }

input

Zy

P = ({0p,01,923, {0.1}, {0,125}, 6, o, Zy, {0,

18/48




6.1. T aRkr -F—kvby
(PDA)D TE &

6.1.2. PDAOH R EE
Fl)yL={wawR |we{0,1}* } #3235 PDAP
Q=B85
o ADERZVIIHEE
5((]9,0'20) :{(qolozo)}r‘s(qoxlvzo):{(qollzo)}
5(00,0,0) ={(0y: 00}, 5041, 0) ={(, 10)}
01 (001 ={(00, 01}, 50, 1) = (6,10}
Z o £ BIETq B
5(0r£,29) ={(0,Z0)} 62,0 ={(0, 00}, 5(ay 2, ={(a, D}

P = ({00,01,0.}, {01}, {0,1.20}, 6, 05, Zo, {@}) .,

6.1. Definition of Pushdown
Automaton (PDA)

6.1.2. Formal Definition of a PDA
Ex) PDA P accepting L = { wwR |we{0,1}* }
é forq,
 Push the input to the stack
5((]0,0'20) :'{(qolOzo)}rd(qmlY Zo) :{(qollzu)}
5(05,0,0) ={(qp, 00)}, 5(0, 1, 0) ={(0, 10)}
5(0p.0,1) ={(0, 0D}, 5(0lp, 1,1) ={(0, 1}
Z » Trans. to g, by € -transition
(0, &,Z) ={(0: Z0)} 6(0y, £,0) ={(0, 00}, (0, 1) ={(a, D}

P = ({00,01,0.}, {01}, {0,1.20}, 6, 0, Zo, {@.})

0,1

6.1. Tyiafdor A—r3hy
(PDAYD E

6.1.2. PDADT XML ESE
Bl L={wwR |we{0,1}*} %145 PDAP
o, /<B89 %S
o ARERBYHIDYTEHE
6(0,,0,0) ={(a, &)}
o(a, 1) ={(q,, )}
o ANERZVIDIYTHNELLEZE
275515 € BIYETq,I2EF
6(q1,s,20) ={(q2120)}
P = ({00,01,0.}, {0,1}, {0,1,20}, 6, 05, Zo, {a.})

Zy

6.1. Definition of Pushdown
Automaton (PDA)

6.1.2. Formal Definition of a PDA
Ex) PDA P accepting L = { wwR |we{0,1}* }
§ forq,
« Compare input with the top of stack
5(0;,0,0) ={(ay, £)}
5(0,,1.0) ={(a,, &)}

« When both of them become empty,
trans to g, by € -transition.

6(q1,s,20) ={(q2120)}
P = ({00,01,0.}, {0,1}, {0,1,20}, 6, 0, Z5, {a}) .,

Zy

6.1. Tyad o -F—hkTty
(PDA)DEZ

6.1.3. PDADKIZ&LBHERIR

c BEBOZLDSANLTRET S

. a, Xla .

§(dpa X)={...,(a,a),.} DER
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6.1. Definition of Pushdown
Automaton (PDA)

6.1.3. Description of PDA by Diagram
» Function & is described by a label on the edge

. a, Xla .

8 (Go@ X)={ oons (G @ )....}
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6.1. Twrafl A —rThy
(PDA)D TE &

6.1.3. PDAOHEIZ LB FRE
) L={wwR |we{0,1}* } 2ZESHPDAP DS
£,24Z,
£,0/0
e, 11
vo,zo/oz0
1,2,/1Z,
0,0/00
1,0/10

0,1/01
1,111

£,24Z,
@

0,0/
1,1/ ¢
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6.1. Definition of Pushdown
Automaton (PDA)

6.1.3. Description of PDA by Diagram
Ex) PDA P accepting L = { wwR |we{0,1}* }
£,24Z,
£,0/0
g, 11
vo,zo/oz0
12417,
0,0/00
1,0/10

0,1/01
1 26/48

£,24Z,
@

0,0/
1,1/ ¢

6.1. Tyad o -F—hkTty
(PDA)DE

6.1.4. PDAQ R MR~
— F—bTbrUIEHREE T T ETE:

— PDATIEMREE 1+ TRRAYY DXFF| I THINVE

R D E TERU

> SEETEYTHL

PDAMIKR &L (QW, 7)o

=1L  -qeQ:iKEE «qEQ: state e
weZ* KRYDAR *WE Z *: unread input
ey e[ * RAYIDXFEF| « v € [ *: string in the stack
AR 35 (& B s 3R 7R, ID(Instantaneous Description)&H 55 7 Instantaneous Description is abbreviated by ID. 20048

6.1. Definition of Pushdown
Automaton (PDA)

6.1.4. Instantaneous Description of PDA
— Automaton can be identified by a state
— PDA cannot be identified by a state without the

string in the stack.
= 8 notation is not suitable.

An instantaneous description of a PDA is (q,w, 7 ), where

6.1. Tvadyr -F—rhbr
(PDA)DE
6.1.4. PDAD B m &R
- PDAP=(Q, 2, T, 8,002, F)IZBNT
S (q.aX)h¥(p,a)EE&LHEH, wel* fel*
IZxLT

EEL(PAH I TVDEDFEEL),
- ox-‘r_\ﬁuJ:o—&wiﬁﬂ’ﬁfﬁiﬁ?ét@ﬁ
EES | em R
2. PWRLIKIZHL I F & JEK #2551 PK

(q.aw.X/s)wp,w,a/s)-
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6.1. Definition of Pushdown
Automaton (PDA)

6.1.4. Instantaneous Description of PDA

— ForaPDAP=(Q, 2, T, 68,0q0,2,F),if
8 (g,a,X) contains (p, &), forwe X*, B € *,

we denote by
(g, aw, XB) b (pw, & B) -
(P would be omitted if it is clear).

—  We also use * for general transitions with 0 or
more steps:
1. Forany ID |, we denote by | # |
2. For IDs ILJ,K with | -] & J 7K, | PK

30/48




6.1. Tyiador F—rby
(PDA)G)E%
6.1.4. PDA BF &R R
) L= {wwR |we{0,1}* } #2375 PDA
AFA101101IZxt S BIKRDEFR

(d, 101101, Zg)-(qlp, 01101, 1Z,)
(0, 101101, Zg)-(q;, 101101, Z,)

0,1

(9o, 01101, 1Z)
(9o, 101101, Z,) <
(q;, 101101, Z,)
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6.1. Definition of Pushdown
Automaton (PDA)

6.1.4. Instantaneous Description of PDA

Ex) PDA accepting L = { wwR |we{0,1}* }
Transitions of IDs for input 101101 :
(90, 101101, Z;)(q,, 01101, 1Z,)

(0, 101101, Zg)-(q;, 101101, Z,)
0,1

(0o, 01101, 1Z,)
(9o, 101101, Z,) <
(q;, 101101, Z,)
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6.1. Twad-F

(PDADEZ |
6.1.4. PDA B 5% R ’ 2
) L= {wwR | we{0,1}* } £ 2375 PDA

AF101101Ixt T HIKRDER -

(qo, 101101, Zy) (@, 101, 1017,

(0, 01, 1101Z)

)

(a,, 101101, Z) (g, 01101, 12) %) (g, 1, 01101Z,)

(q,, 01101, 1Z;) (g, 1101, 01Z;) [ 1,12)
!

, €,101101Z,
(g, 1101, 017) (0, 101, 101Z;) (A, “i 1 Z0) (@ & o

(G €.Z9)  (ay, €,1011017;)

(@, 01, 11017;)

(ay, 1,011017;)
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(qo, 101101, Zy)

6.1. Definition of PL
Automaton (PC

0,1

6.1.4. 1D of PDA —~

Ex) PDA accepting L = { wwR |wE{0,1}* }

Transitions of IDs for input 101101 :
(g, 101, 1012,

(0, 01, 1101Z)

(@, 01, 11017;)

(3, 101101, Z) (g, 01101, 12,) 20 (g, 1, 01101Z,)

(g5, 01101, 1Z;)  (q,, 1101, 01Z;) 1, 1,1Z,) (0, 1, 01101Z;)
!

, €,101101Z,
(g, 1101, 017) (0, 101, 101Z;) (A, “i 1 Z) (@ & 0

(9, €.7)) (qy €,101101Zy) 34/48

6.1. Twak - F—kvby
(PDA)DEZ
6.1.4. AR
[EIE|PDAP DI ETOEREEZSL,
(axa)®(py.B) &5 @xw,a v)*(pyw,B 1)

[EEH]PDAP DEHETOEREEZ S,
(@xw, @) F (pyw, B) &5 (qx @ v) # (py. B 1)

*T@xar)* @y B 7)ED @xa)? @y B)T
[F A
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6.1. Definition of Pushdown
Automaton (PDA)

6.1.4. Instantaneous Description of PDA
[Theorem] By the process of transitions of a PDA P,
(a.x )™ (py,B) implies (qxw,a ) * (pyw, B 1)

[Theorem] By the process of transitions of a PDA P,
(@xw, ) (pyw, B) implies (a.x, & v) * (p.y. B 7)

* @x @ v)F(py,B v)implies (a.x, @) * (p.y, B) is
not true!
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6.2. PDADEE

PDA®M IR FE:
1. ANEZABH-EZTZIBREICHD
2. AAEGZHEDHOIEEIZREYINE
5Ez25N-PDAP=(Q, X, T, 8,0y Z, F) IZHLT,
L(P)={w| &% qEF [ZHL (qoW.Zo)*(ar € , @)}
N(P) {w|H% qeQIZHL (qoW.Zo) (. €, €)}

NPYEEZBEE(E F IREIREL DT, 6248(Q, 5, [, 8,002 T

BT EIELHD
BERETFZILONP)DEETIE q € F £4>TLSHEEL

(258R—3)
37/48

6.2. Language by PDA

When input ends, PDA accepts if...:
1. itisinan accepting state
2. its stack is empty
Foragiven PDAP=(Q, Z, ', 8,0 Zy F),
L(P)={w| 3 ¢EF, (GW.Zo)"(a €, @)}
N(P) {w] 3 9€Q. (4W.Z)"a, €, €)}

When we consider N(P), F is ignored, and hence we
sometimes denote the PDA by 6-tuple (Q, Z, [, § ,0,.Zy).

¢ On p.258 in the textbook in Japanese edition, N(P) is
defined by g € F, which should by a typo. 2818

6.2. PDANDE:E

PDAP [ZE->TEEIND2IEFENDEEE:
1. L(P): ANEFRAEH--LEIZZIEKRE
2. N(P): ANEZwA RO EZIZRAYIMNE

> PZEREIEYHE—MRIZLP) # N(P)
(€]

PDA Q IZXxfL T N(Q) = L(P) #i#1=9 PDA P N1F7,
PDA P [ZxLT L(P) = N(Q) Zi#1=9 PDA Q A’ 77,

6.2. Language by PDA

Two languages defined by a PDA P:
1. L(P): itis in accepting state if input ends.
2. N(P): it has an empty stack if input ends.

» For some fixed P, L(P) # N(P)

[Theorem]
For any PDA Q, there is a PDA P with N(Q) = L(P).
For any PDA P, there is a PDA Q with L(P) = N(Q).
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6.2. PDADEiE

[ ]
1. PDAQIZ®LTN(Q)=L(P) Zi#it=J PDA P N7F# .
2. PDAPIZ®LTL(P)=N(Q) Zi&1=9 PDA Q ATF#.
[BREE]| 5 AN =QMNBEHEH-IPELUTORYERK
TATT: RIMZRAZVIDEIZHFRGRE X, 220
[Q MEHETRAYINZE I=TPOEETRAVID MY THX, ]

DRAZIYIDIE:Z PDRZYIDIE:X,

Q :
& XZoX,
- -
P &X) &

KODANAE T MDREVINEDEZDH
PHAZIERETHDOANNET 41748

6.2. Language by PDA

[Theorem]
For any PDA Q, there is a PDA P with N(Q) = L(P).

[Proof(Sketch)] For given Q, we construct P that satisfies
the condition as follows:
Idea: First, push the special symbol X at the bottom of the stack...

stack is empty in Q=X is the top of the stack in P
Bottom of stack in Q:Z, Bottom of stack in P:X,

£ XJZoX
=
P EXJE

% when input ends, Q has empty stack if and only if P is accepting St%t,fé




(] 6.2. PDAMDE:E
1. PDAQIZ®LT N(Q) = L(P) Zi#t=9 PDA P ATF#E.
2. PDAPIZ®LTL(P)=N(Q) #i#1=9 PDA Q NFF,
[BREE] SR ONT-POOEHERT-TQELTOEYE
TATT7L BRI DEIZHALERES X, &2
... P DFTEDOBMPIZ. REVINRIZED I EIFALY
TATT72: POZERENSQDZIIKREIZ cEMETERT S
CANEHBLGWIEISER
TATT3 QODZERETIERIVIDDEET NTHE

PDRAYIDIE:Z QDREVIDIE:X, _
€ X1ZX R
=
Q

KPARZEIREETHDANIIET DEZDH
QDA AR T MDRRYINZE 4318

6.2. Language by PDA

[Theorem]

For any PDA P, there is a PDA Q with L(P) = N(Q).
[Proof(Sketch)] For given P, we construct Q that satisfies the
condition as follows:

Idea 1: First, push the special symbol X, at the bottom of stack
... The stack never become empty while the simulation of P.

Idea 2: From an accepting state of P, Q transits to accepting state
with € -transition...remark that no input is consumed.

Idea 3: In the accepting state, Q gets rid of all contents of the stack.
Bottom of the stack in P:Z, Bottom of the stack in Q:X,

'M_-%

% When input ends, P is accepting state if and only if Q has empty stags

=

6.3. PDA ECFG O Z {4

[#%3#]
PDATRETESEHE-CFCTEM TESHEH

T

1. FEE®DOCFG GIZH®L. L(G)=N(P) Zimf=d
PDAPMEET %,

2. FE® PDAP [ZxL. N(P)=L(G) %ii&if=9

CFG G\ EET D, i
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6.3. Equivalence of PDA and CFG

[Fact]

The class of languages accepted by a PDA = the
class of languages generated by a CFG

Theorem

1. For any CFG G, there is a PDA P such that
L(G)=N(P).

2. For any PDA P, there is a CFG G such that

N(P)=L(G). -
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6.4. ;REEPDA(BEE)

REMPDA: PDAIZE LT, FEREEZIYRLY
3D, TROIRE IN—BRITRES,
IEEHIE:E. DPDADEE. PDAD EEEDE%:

L={ww* | we {0,1}*}

PDA=CFL

* DPDAD VS RIFRAMIVF A (HI;LR(K),YACC),,

6.4. Deterministic PDA (Summary)
Deterministic PDA: PDA whose transition is deterministic.
Namely, ‘next state’ is always determined uniquely.

Diagram for regular language, language by DPDA, and
language by PDA:

L={ww® |we{0,1}*}

PDA=CFL

% The class of languages accepted by DPDA
is practically used. (ex.;LR(k),YACC)
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