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9. Unsolvability

There exist problems that are not solvable by a
computer.

Ex) Any given program either
— does not halt forever, or

— halts in finite time. —

However, It cannot be solvable in general.

Smart human
can solvel?
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9. Unsolvability

Example of unsolvable problem)

[Halting problem]
Input: Computer program P

Output:
— P will not halt forever...Yes
— P will halt in finite steps... No

[Halting Problem] is unsolvable.
T No program can solve the problem!!
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9. Unsolvability

Intuition of the difficulty of [Halting problem]:

Goldbach’s conjecture (1742):
Any even number greater than 4 Is
a sum of two odd primes.

Ex) 8=3+5, 20=7+13, and so on.

Preliminary)

We can compute all primes less than n.

(e.g., the Sieve of Eratosthenes)
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9. Unsolvability

Intuition of the difficulty of [Halting problem]:

Consider the following program P...

For1=6,8,10,...
find all primes less than i;

check all pairs of the primes whose sum make i;
output I If there are no such pair.

P halts = Counterexample to Goldbach’s conjecture!
P does not halt = Goldbach’s conjecture is true!

If [Halting problem] can be computed,
many open problems can be solved with the program!!?
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9. Unsolvability
Proof of unsolvability of [Halting problem]

Preliminaries)
 Turing Machine has university
« A TM can simulate another given TM
« “TM with an input’ can be coded to an input to another TM

____Universal TM computes the same output
of given TM M with input X, X,...X_ to M.

=

T, T,] - [T B XX [ X]B| - Virg:?/lal\/l;f:ine:

A

Code of TMM  Inputto TM M
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9. Unsolvability

Proof of unsolvability of [Halting problem]

By contradictions.  [Wi()denotes the computation of T M for input]

Assume that there is a TM U that solves the halting
problem for M(x) for any code of TM M and its input X.

U(M,x) = Yes If M(x) halts
U(M,x) =No 1if M(x) does not halt

We modify TM U to U’ that satisfies the following:
U’'(M) = infinite loop 1if U(M,M) Is Yes
U’(M) = halt If UM,M) is No
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Assume that there is a TM U that solves the halting
problem for M(x) for any code of TM M and its input X.

U(M,x) = Yes If M(X) halts A
U(M,x) = No if M(x) does not halt @
We modify TM U to U’ that satisfies the following:
U’(M) = infinite loop if U(M,M) is Yes ©
U’(M) = halt if U(M,M) is No @
Does U'(U’) halt?? By @,@), U’(U) halts only if
U(U’,U’) is No.
Case 1: halt Since U(U’,U’)=No, by @),

U’(U’) does not halt < contradiction!!

Case 2: infinite loop BY 3@, U'(U') does not halt only if
U(U’,U’) is Yes.

Hence U does Since U(U’,U")=Yes, by @),
not exist!! U’(U") halts < contradiction!!
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It does not mean
that it is impossible

9, UnSOIVab”'ty to determine if some

specific program has
Some examples of unsolvable problems bug or not.

«  Forgiven TM M and input x, \/

B PN 2,
decide if M(x) halts or not* It is impossible to

—  decide if M accepts x or not? determine if any given
e Isgiven CFG ambiguous? program has bug or not.

e Isgiven CFL inherently ambiguous?

« Forgiven TM M and language (descriptiomhe language
accepted by M equal to L? (Even for L=®, L=2")

e Forgiven TMs M; and M,, L(M,)=L(M,)?

U ...to Computational Complexity
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