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Chap. 1 Problems and Algorithms H

1.1. What are problems and algorithms? Intractable problems?

Problem
= Problem of computing a function: input — output
(not only numerical computation)
Sorting Problem
Input: sequence of natural numbers a,, a,, ... , a
output: increasing order a;,, a,, ... , i,
Input and output must be mathematically defined

OUTPUL the-best-recipe

Example: Performance of a computer system

system S — X (input)  simulation of 1 cycle of S
Input: input x and current state u
output: output y and next state v

n

Uu=>v | — vy (output)

problem of computing a function to map (x,u) to (y,v)
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Assumption:system returns some value for any input
e.g. ? iIs returned for an abnormal input
=standpoint of total function

Algorithm for solving a problem
a method for computing an output specified in the problem.

What to be computed? _
How to compute? = difference

Problem of calculating a root of a quadratic equation
Input: rational number a, b, ¢
output: an x that satisfies ax2+bx+c=0
Output Is clearly defined but how can we find it?

"Algorithm = method"
=>algorithm=a method that can be realized as a program
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Hard and Easy Problems
- Complexity of Computation
First half of the lecture deals with "incomputable" problems

Intractable problems

"Theory of Computability"
"Theory of Recursive Functions"

Example 1.2. Incomputable problems
Halting Problem (Problem of deciding halting)
Input:a one-input program A and an input x
output: whether does It terminate If x Is given to A?
YES if it terminates and NO otherwise.
We can prove that this problem is incomputable
—>10 be explained later

3/14
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A problem that can be easily programmed but can be computed easily

- Is Collatz Problem true?
Input: nothing
output: Yes or No.

Computable but hard problems
-t00 much time for computation
-too much space for storage
-computability based on computation cost

=>"Theory of computational complexity" -> later

Criterion on practical incomputability
=impossible to be computed in polynomial time
=» intractable problems
(Note that polynomial time is not the criterion to be tractable.)
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NP Problem
(1) Given a solution to the problem, it can be easily checked whether

It satisfies the condition for solution.

(2) But, a simple program checking every solution candidate takes
exponential time since the number of candidates grows
exponentially.

The study starts in 1950's.

Examplel.3. Bin packing problem
- n items of lengths a,, a,, ... , a,
- Is it possible to pack all the items into k boxes of length b?

A simple algorithm takes at least exponential time.



6/14
P NP %8

[MARBV7ZENPRARE (X Z IR R TIE AR IT7ELY. )

1.4, EAGZIEABIBHERIYITEONIEMT 5.
P(NZEEDNDZIER, eNZEEDIEHE#LET S
> +73KEEn (2L T, p(n) <<e(n) HAELYILD.

(f5]) +43 KE%E n [2DULVTIE nl000<<1.0000001"

EExL.2.

(1) ZDEREE#ET O S LNEELLEVEREE, (GTEA AR
ELVDERT) FICEZGRUVVEREELD.

(2) ZDHEBEEZLZIERFRLUANTET AT LNFELLLHEE
Z, GTERZHEVLSEIKRT) FICEZGOEBEELS.
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P = NP Conjecture

Any representative NP problem cannot be solved in polynomial time.

Example 1.4. Any polynomial function grows more slowly than an
exponential function.
Let p(n) be any polynomial function and e(n) be any exponential
function
=>»for sufficiently large n, p(n) <<e(n).
e.g., nt090 << 1,0000001" for sufficiently large n.

Definition 1.2.

(1) A problem for which there is no program to solve it is called
"Intractable" in the sense that it cannot be computed.

(2) A problem for which there is no program to solve it in
polynomial time is called "intractable” in the sense that
It is hard to be computed.
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1.2. Preparation

1.2.1. Set, function, predicate, and etc.
(1) Number
Only natural numbers (including 0) are considered.
[X] represents the integral part of x (rounding off)
(2) Set B
standard notations: AUB,ANB,A, AcB
A X B = a set of all pairs of elements of A and B
|Al|: number of elements of the set A
In principle, sets are denoted by capital letters.
Exception: I symbols used in programs
> {0, 1}
N aset of all natural numbers (including 0)
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BEDFEXIEFEDEL TR, ?
B, COLILIEFEZEATLHIOMN?
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X: any finite set

strings on X=a finite sequence of elements of X (each element

of X iIs regarded as a "letter")
length of a string=the number of letters in the string
IX|: length of a string x
the length of a string "0100" is 4.

A string of length 0 is called an empty string, denoted by « .

>*: a set of all strings consisting of 0 and 1(including empty string)

(Pseudo—)Lexicographical Order: (with length preferred)
X, y: strings on **
x<y < (a) |x| <lyl, or,
(b) for the first different letters in x and y be Xx;, Vi,
Xi <Y;

(example)101 < 0011 < 0100
What is the difference from usual lexicographical order?
What Is the reason of introducing such an order?
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Logic symbols

example meaning

PAQ Pand Q

PvQ PorQ

—P not P

P—>Q If P then Q

PoQ If P then Q and if Q then P
Ix e L[R(X)] for some x in L, R(x) holds
VX e L[R(X)] for any x in L, R(x) holds

there are infinitely many x in L with R(x)
. for any x except finitely many elements in L,
v xe L[R(X)] R(x) holds

Ix e L[R(X)]
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Propositional Logic Expression
Expression consisting of propositional variables and logic
symbols 7 Vs T e.g. F(Xy X2)dX1v X2]A=X1
Truth assingnment
Assigning truth value to each propositional variable in each logic
expression. e.g. there are 4 different assignments (0,0), (0,1),
(1,0), (1,1) for the expression above. (0: false, 1: true)
Classification of propositional expressions
literal: logic variable or its negation
sum term: term in which literals are connected by OR
sum-multiply expression: expression in which sum terms are
connected by AND
2-sum expression: logic expression in the sum-multiply form
and each sum term consists of exactly two literals
3-sum expression: logic expression in the sum-multiply form
and each sum term consists of exactly three literals
extended logic expression: one that may include —,« as well.
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A

E={(1,2), (1,3), (2,3), (1,4)} E={(1,2), (2,1), (1,3), (2,3), (4,1)}

G=(4,{(12),(13),(23),(14)}) G=(4{(12),(21), (13),

B ZI£Q,2)ER,1)IFXBI LAY (2,3), (41)})
WOREEXRNT S
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Expression of a graph
graph vertices are numbered sequentially
graph edge: (i, )
expression of a graph G =(n, E)
n: number of vertices, E: set of edges

Example of a graph: Example of a directed graph:

2

1 1

3 3

4

E={(1.2), (1.3), (2,3), (1,4)} E={(1.2), (2,1), (1,3), (2,3), (4, 1)}
G=(4{1.2),(13),(23),(1.4)}) G=14{(12),(21), (1.3),
Do not distinguish (1,2) from (2,1) (2,3), (4,1)})

(1,2) and (2,1) are different arcs

4
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PASCALE D F#H=RTOI 53 F 58
DI=F

Bl 2ERITWTEZONT-BERANZE

EHJ]E

1. prog TR(input x: string on X): integer;

2. label LOOP;

3. var n: num; c: string;

4. %HEi(stringEtRIBELI=EE (Istringon TR EE KT .
5. begin

6. if X# 0 A head(x) = 0 then LOOP: goto LOOP: end-if;
7. Y2ERETHEVELDBNANEINESEERIL—TIZAS.
8. n:=0;

9. whilex>edo %eldZE=HNERT EH

10. c:=head(x);

11. if c=1 then n:=2*n+1

12. else n:=2*n end-if;

13. X:=right(x)

14.  end-while;

15.  halt(n)

16. end.
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1.2.2. Algorithm Description

PASCAL-like procedural programming language

Ex. Conversion from a binary natural number into an ordinary one.

1. prog TR(input X: string on X): integer;

2. label LOOP;

3. var n: num; c: string;

4. % string implies a type of stringon I".

5. begin

6. if X # 0 A head(x) =0 then LOOP: goto LOOP: end-if;
7. %if non-binary expression is input then goto infinite loop
8. n:=0;

9. whilex>¢edo % ¢ is a constant for an empty string

10. c.=head(x);

11. If c=1 then n:=2*n+1

12. else n:=2*n end-if;

13. X:=right(x)

14.  end-while;

15.  halt(n)

16. end.
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Remarks:
-description concerning input and output are omitted.
*TR: program name (input variable and its type declaration)
the type of output follows

f TR: the (partial) function computed by the program TR
-normal termination and infinite loop

- Output is obtained only when it terminates correctly

by a halt sentence.
-When an output is obtained, the function value computed
by the program is considered as "undefined"
f TR(001) = L
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THDOE
BAHE: numZE
MXFHIE: string®
XFHN BT X FELTEHEENSEESO0,1,2, ... ,4,b, ...
DEXERZET £T 5.

XFINBT—IDERER

head(x) X DEFIDINF

right(x) x D2XFEHMEDED

tail(x) X DEREDIXE

left(x) x DEBEIOHERED2XFHETOE7
X#Yy x &y MDER

x<y RIMEBEODHSHIEFICEDHKR/INLER

f=1=L, head(g)=right(c)=tail(c)=left(c)= ¢
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Types of variables
natural number type: type num
string type:
Let I" be asetofall symbolsO,1,2,...,4a,Db, ... used in strings

Elementary operations on strings
head(x) the first letter of x
right(x)  the part of x after its first letter

tail(x) the last letter of x

left(x) the part of x before its last letter

X#Y concatenation of x and y

XLy comparison based on lexicographic order with length
preferred

where, head(e)=right(e)=tail(¢)=left(c)= ¢



