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Chapter 2: Introduction to Computability

What “Computation” is...

o Difference between “computable” and “incomputable”
» Basic factor of a “computation” (Today)
* Proof of “incomputable”...diagonalization (Next)

2.1. Studies on recursive functions
recursive function theory
(1) studies on what is "computation"
(2) proof of incomputability
(3) structural studies on a class of incomputable functions
(4) related mathematics fields
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Chapter 2: Introduction to Computability o

(1) Studies on what Is computation.
"When do we call a function computable?*

- recursive function theory by Kleene
* Turing machine theory by Turing

=»the whole set of recursive functions
=the whole set of functions computable by Turing machines

Church's Thesis on the definition of “computability”
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(2) Proof of incomputability

- Proof of computability Is easy: just give a program
-to prove incomputability
must prove that no program exists... _

- - - --
proof tools: diagonalization
recursive reducucibility

(3) Structural studies on a class of incomputable functions
hierarchical class depending of hardness
—>structural studies

(4) Related mathematics fields
mathematical logic
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221 T—ARARED-HOERESR
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BERLGEEXED,

FTARTOT—RENIE I (={0,1) LD XFFHE CHRARHE
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BAREE, BHE, EHE, REEE, XFHE

H2.1. BRK>2EH KR (ZF)
ZHMES: varnm:num; =>» varn s, m s: X%
WAl n:=m*4+n;=»n_s := plus(mult(m_s, 100), n_s);

BRABOERER (MEFEERR, K/DEEER)IC
XIGY A2 ETOERMNDBE.
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2.2. Elements of Computation

String data type suffices to represent data. All data types can
including structured type be represented by strings on 2.

Lemma 2.1: All elementary data types can be represented by
>* types and structured type.

types for natural numbers, integers, reals, truth values, strings

Ex. 2.1: Natural number=>binary representation ( Z*type)
declaration: var nm: num; =» varn_s, m_s: X*;
expressions: n:=m*4+n;=»n_s ;= plus(mult(m_s, 100), n_s);
functions on X* are required for elementary operations
on natural numbers (plus, minus, multiply, divide, compare)
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prog plus(input x, y: £*): £*;

var a,b,c,d,z: X*; c:x+!)—, d:F0
begin
c.=0; z:=¢;
while x # ¢ v y # ¢ do
If x =& then a:=tail(x); x:=left(x) else a:=0 end-if;
If y=¢ then b:=tail(y); y:=left(y) else b:=0 end-if;
case (a,b,c) of

(1,1,1): c:=1; d:=1;
(0,0,0): ¢:=0; d:=0;
(0,1,1), (1,0,1), (1,1,0): c:=1; d:=0;
(0,0,1), (0,1,0), (1,0,0): c:=0; d:=1;
end-case;
z:=d# 2z, BAMELDTADKIE
end-while; £ Z LN
If c=1then z:=1 # z;
halt(z);

end.
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prog plus(input x, y: £*): £*;

var a,b,c,d,z: X¥; c.carry, d:sum
begin
c:=0; z:=¢;

while x # ¢ v y # ¢ do
If x =& then a:=tail(x); x:=left(x) else a:=0 end-if;
If y=¢ then b:=tail(y); y:=left(y) else b:=0 end-if;
case (a,b,c) of
(1,1,1): c:=1; d:=1;
(0,0,0): ¢:=0; d:=0;

(0,1,1), (1,0,1), (1,1,0): c:=1; d:=0;
(0,0,1), (0,1,0), (1,0,0): c:=0; d:=1,
end-case;
Z:=d #z, No negative numbers are considered
end-while; since we only deal with natural
If c=1then z:=1 # z, numbers
halt(z);

end.
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BHl2.2. —DOXFIHI(TLDOXFINE 2 LDOXFHTRIFAHE.

e.g. SE VM2 S| THA—RIE(ASCHIO—F7E)

> right )& &M 5785 5 L right_str
prog right_str(input x: 2*): 2*;

var y: 2%
begin

y:=right(x); y:=right(y); y:=right(y); y:=right(y);
y:=right(y); y:=right(y); y:=right(y); y:=right(y);

halt(y)
end.



/’

Unary representation of a natural number

N

Ex. 2.2: Ordinary letters are also represented by binary strings

=>we need a function right_str() to simulate right()
prog right_str(input x: 2*): 2%

natural number n->sequence of n 0s
[n]: binary representation [41 = 100
n : unary representation 4 =>» 0000

e.g. each letter is coded in 8 bits

var y: 2%
begin

y:=right(x); y:=right(y); y:=right(y); y:=right(y);
y:=right(y); y:=right(y); y:=right(y); y:=right(y);

halt(y)

end.

_/
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5123 BHE S S RLEER (fEXHEEFRS)
var n_s: record sign: = % n Q& (B =0, IE=1)
abs: * % n D& E D2 E L FKIR
end-record;

La—r8, BEHE RAUABLGEDREER LR TRITAEE

fARE2.2. I RNTHDEER I BITRIFATES.

i T—EARTDHFNA (FFE1E)
(011, 101)=>100 000 111 111 010 111 000 111 001
( 01 1 , 1 0 1 )

<011, 101>: (011, 101)ZxRL TL\H LEE DX F3F, DFY
<011, 101> =100000111111010111000111001

7119
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Ex.2.3: Integer-> X*type and structure type

(absolute value and sign)
var n_s: record sign: X % sign of n(negative=0, positive=1)
abs: Z* % binary representation of the absolute of n
end-record,;

Structure types such as record type, array type and pointer type are
represented by X* type.

Lemma 2.2. All structure types are represented by X* type.

(011, 101)=100 000 111 111 010 111 000 111 001
( 01 1 , 1 0 1 )

<011, 101>: the above string representing (011, 101), that is,
<011, 101>=100000111111010111000111001
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IGF >t &G 2:EFNEDREDBELEIRIEES.
RIR, ROBBZAETLTOTSLNFET S.

&a,b,ce T TxL,

pair(a, b)=<a,b>

1st(c) = x, 3x,y[c=pair(x,y)]DEZ,
=2, TDHDEE.

2nd(c) =y, IAx,y[c=pair(x,y)]DEE,
=2, TDHDEE.

a=011, b=101M & &,
pair(a,b) = <a,b>=<011, 101>
=100000111 111010111000 111001
c=100000 111 111 010111 000 111 001D &,
1st(c)=011, 2nd(c)=101

FEEDEZAIE=D4, MDOHA, ... IZHHLE5RATRE
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Conversion between ordered pairs and corresponding binary
seguences Is easy.

In fact, there is a program computing the following function.
for each a,b,c € &*
pair(a, b) =<a,b>
1st(c) = x, If Ax,y[c=pair(x,y)],
= ?, otherwise.
2nd(c) =y, If Ax,y[c=pair(x,y)],
= ?, otherwise.
(the symbol ? is returned for type error)
for a=011, b=101,
pair(a,b) = <a,b>=<011, 101>
=100000111 111010111000 111001
for c=100 000 111 111 010111 000 111 001,
1st(c)=011, 2nd(c)=101
The above idea can be extended into triples, four tuples, etc.
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B12.4. ZZ8 v D E Alarray[3..7] of B f=of=L LT, COEHZE
SEIDEH Vv s TRATLHIAEEZEZRD.

3 4 5 6 7
Vv SEDZDTEELDEIDXFF| v s

3 45 6 7
=< >
. T o1 V=S 1,00,1,¢,1

V
00 =100 111 010 000 000 010 111 010 010 111 001
prog ...

prog ... var _V_S, tmp: ; <g g €6 E>
var v: array[3..7] of 2*; begin /ﬁaﬁljoﬂﬂﬁﬂ'[ t
begin v_s:=create(7-3+1); ’

v[4] := v[6] # 000; tmp:=get(v_s, 6-3+1);

: tmp:=tmp # 000;
end. v_s:=put(v_s, 4-3+1, tmp);

end.



9/19
Proof of the lemma: realizing an array by a X*type variable

It suffices to consider an array ... of X*.
EX.2.4: Suppose a variable v is of type array[3..7] of X*. How to

represent this variable by a variable v_s of type X*.

3 45 6 7 _ _
Y array of 5 elements in X*=»astring v_s

3 4 5 6 7
=< >
. T o1 V=S 1,00,1,¢,1

V
00 =100 111 010 000 000 010 111 010010 111 001
prog ...

prog ... var v_s, tmp: ; <g g 666>
var v: array[3..7] of Z*; begin —Tinitialization of an
begin v_s:=create(7-3+1); array

v[4] := v[6] # 000: tmp:=get(v_s, 6-3+1);

: tmp:=tmp # 000;
end. V_s:=put(v_s, 4-3+1, tmp);

end.
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'true|=1, |[false]=0

$12.6. 707 S LH (BITA—FAYD) XFIERGLTI—FIE.

progA.. A =0111000 01110010 01101111 ...

begin D r 0. o EFELPTLY
: O—REdH 5,

end. 01100101 01101110 00101110.. SEIF=NT.

e n d
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Theorem 2.3. All the data types and elementary operations in our

programming language can be realized on X*.

“Our encoding method”
[ x| : anelement of X* representing a data x (a code of x)
|w |: adatarepresented by an element w of =

Ex.2.5. Natural numbers, strings, integers are coded as before
Truth value of a predicate or data of Boolean type are coded:

'true|=1, |[false]=0
Ex.2.6. Programs are also coded by considering them as strings

prog A ... A =0111000 01110010 01101111 ....
begin P r 0...
: We could use a
end. 01100101 01101110 00101110...

different coding
e n d method, but ...
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2.2.2. Elements for Control Mechanism

Lemma 2.4: A function (definition and call of function) can be
Implemented by if and goto statements.

(Proof sketch)
flowchart -> if statement and goto statement
recursive call -> can be rewritten using a stack

Lemma 2.5. All the control mechanisms can be realized by if and
goto statements.

Theorem 2.6. All the control structures can be realized by if and

while statements.
(Proof based on examples)
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% XMO*MNEIMNEHETDHTAT I L
prog A(input x: Z*): X*;
label LOOP; var a: Z*;
begin
LOOP: if x= ¢ then halt(1) end-if;

a:=head(x); x:=right(x);

If a=1 then halt(0) else goto LOOP end-if
end

NTRDFOIZERT S
1) 7RIS LDEITIERDLNT b,
(a) fXA X &gotoX
(b) if =* EDELER then goto ... else goto ... end-if
(c) halt (Z5%k)
(2) TR S LARARDBATIZIE, LIMBIAEY, L2, L3,...LlEIC
FRNILDTENTUND.
(3) f=1=L, ) DEDITIETRI S LDRFRERICTIEFRLMAENT,
ZFNIXLOESRILFFIFEINTULNS.



% program to determine whether x is 0* or not
prog A(input x: Z*): X*;
label LOOP; var a: Z*;
begin
LOOP: if x= ¢ then halt(1) end-if;

a:=head(x); x:=right(x);

If a=1 then halt(0) else goto LOOP end-if
end.

Convert it as follows.
(1) Each line of a program is one of the followings:

(a) substitution, goto statement

(b) if comparison on X*then goto ... else goto ... end-if
(c) halt(variable)

(2) Each line in the program body is labeled as L1, L2, ...
(3) The line of the form (c) above appears only once in
the program and it is labeled as LO.

12/19
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prog A(input x: £*): X¥;

label LOOP; var a: Z*;
begin
LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x);
If a=1 then halt(0) else goto LOOP end-if

- .

prog B(input x: *): Z*;
label LO, L1, L2, L3, L4, L5, L6;
var a,c: %

begin
L1: if x= ¢ then goto L5 else goto L2 end-if;
L2: a:=head(x); goto L3;

L3: x:=right(x); goto L4;

L4: if a=1 then goto L6 else goto L1 end-if;

L5 c:=1, goto LO: o @hatofEEEE
LO: halt(c)

end.

end.
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prog A(input x: £*): X¥;

label LOOP; var a: Z*;
begin
LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x);
If a=1 then halt(0) else goto LOOP end-if

- .

prog B(input x: *): Z*;
label LO, L1, L2, L3, L4, L5, L6;
var a,c: %

begin
L1: if x= ¢ then goto L5 else goto L2 end-if;
L2: a:=head(x); goto L3;

L3: x:=right(x); goto L4;

L4: if a=1 then goto L6 else goto L1 end-if;

L5 c:=1, goto LO: | (9sSetvalues of halt
LO: halt(c)

end.

end.
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prog C(input x: *): Z*;
var pc: num; a,c:x*;
begin
pc:=1;
prog B(input x; £*): *; while pc 1= 0 do

label LO, L1, L2, L3, L4, L5, L6: Case pe of _
var a.c: ¥ ‘ 1. if x=¢ then pc:=5 else pc:=2 end-if;

begin 2: a:=head(x); pc:=3;

L1: if x= ¢ then goto L5 else goto L2 end-if; 3+ X:=Tght(x); pc:=4; |

L2: a:=head(x); goto L3; 4: 1f a=1 then pc:=6 else pc:=1 end-if;

L3: x:=right(x); goto L4; 5: ¢:=1; pc:=0;

L4: if a=1 then goto L6 else goto L1 end-if; 6 ¢:=0; pc:=0;

L5: ¢:=1; goto LO; end-case;

L6: ¢:=0; goto LO; end-while;

LO: halt(c) halt(c) .

end. end. f=7=L, caseX|&
ERIZIEiIfXD

goto Lk =» pc:=k; HAEHE TEE.



14/19

prog C(input x: *): Z*;
var pc: num; a,c:x*;
begin
pc:=1;
prog B(input x; £*): *; while pc 1= 0 do

label LO, L1, L2, L3, L4, L5, L6: Case pe of _
var a.c: ¥ ‘ 1. if x=¢ then pc:=5 else pc:=2 end-if;

begin 2: a:=head(x); pc:=3;

L1: if x= ¢ then goto L5 else goto L2 end-if; 3: X:=right(x); pc:=4; |

L2: a:=head(x); goto L3; 4: 1f a=1 then pc:=6 else pc:=1 end-if;

L3: x:=right(x); goto L4; 5: ¢:=1; pc:=0;

L4: if a=1 then goto L6 else goto L1 end-if; 6 ¢:=0; pc:=0;

L5: ¢:=1; goto LO; end-case;

L6: ¢:=0; goto LO; end-while;

LO: halt(c) halt(c)

end. = end. Remark: case statement
goto Lk -)epc:':k' Is realized by combination

of if and goto
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case pc of
1: if x= € then pc:=5 else pc:=2 end-if;
2: a:=head(x); pc:=3;

!

If pc=1 then

If x= ¢ then pc:=5 else pc:=2 end-if;
else if pc=2 then

a:=head(x); pc:=3;
end-if;
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case pc of
1: if x= € then pc:=5 else pc:=2 end-if;
2: a:=head(x); pc:=3;

!

If pc=1 then

If x= ¢ then pc:=5 else pc:=2 end-if;
else if pc=2 then

a:=head(x); pc:=3;
end-if;
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BHTOTSL: TOERDAHATHEASNDSTATSL

T—3E: S EOXFHEGCH, »F)
EXKEE: XFINROEKER
FITX: A, ifX(case3X), while3Z, halt3

TFIE27. EALGETOTSLLENERELG BTN S LIZEBRZ
BLENTES. LB RODEIOILGIZERTOTSLIZESTEES

prog 7O S5 L% (input ...) ;
var pc: =% ... X ... =% %pcDE (X B R D 2H#E R ST

begin

pc.=1;

while pc =0 do
case pc of
1. (30); & (30 DRI
2: (X); - if EEE3C then pc:=K1 else pc:=k2 end-if

; - (KA X ;pei=k;
k().  OLWTh
end-case
end-while;
halt(c)

end.
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Simple program: a program consisting only of the following elements.

data type: string type on X (X type, X* type)
elementary operations: elementary operations on strings
execution statements:  substitution, if (case), while, halt

Theorem 2.7 Any program can be rewritten into its equivalent
simple program of the following form:

prog Program name(input...) ;
var pc: X% ... Z; ... 2*; % value of pc is a binary representation of an integer

begin
pc.=1;
while pc '=0do
case pc of
1: (statement) : €ach statement is one of the two:
2: (statement) : -if comparison then pc:=k1 else pc:=k2 end-if

: “substitution;; pc:=k;
k: (statement) ;
end-case

end-while;
halt(c)

end.
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EIE2.8. T ANTORHEAREREZIS®L,

TNZEEITHEERTOT S LAFRET S.

TAYTS LA EDEELETEZTHELD.

BHEAHIE (T AR0IR—D)
[ B XIEREHMEFB TEITTESLDEIT]
u u:SBNEH, vv:IEOETH

CIEDEH, s: T*EDEH
(XAX)

(1) u:=c; (2) u:=u’;

(3) u:=head(v); (4) u:=tail(v);

(5) v:=s; sy 7

(7) vi=right(v); (8) v:=left(v); |

(9) vi=u # v, (10) v:=v # u;
(LEE30)

(11) u=c (12) v=s

17/19
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Theorem2.8 For every computable function, there is a program in

the standard form.
Consider a behavior of program counter.
Further constraints (refer to 101 page of the textbook)

“each statement must be implemented in constant time”
u, u’: variables of X type,  v,v’: variables of X* type

C. constant of Z type, s. constant of X* type
(Substitution)
(1) u:=c; (2) u:=u’;

(3) u:=head(v); (4) u:=tail(v);

(5) v:=s; (O 7

(7) vi=right(v); (8) v:=left(v);

(9) vi=u # v, (10) vi=v # u;
(Comparison)

(11) u=c (12) v=s
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XFHEBDETIL ’ o
ZHVDEMN10110"DEE ’%@g?"\m"” 2
1 < g O < g l g l > O
y HIDEZRADKRAA
head tail

ZDESIZLTHLE, head(v), taill(vV)DIEIFTCIZHE LN S.

vi=left(v); DEtE
taill(V)DIZAZERD, TIHBRINDRAFZ=EY), tail(v)
DIRAR, BELUFHT=Ltail(VDORAFAEESTHRZ S

1 < ;O < ;1 < ;1/ <X;O

Y, v:=right(v)® B4
head tail
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A model for managing strings

_ pointer to the next element
for a variable v =#10110” |

» » »
> > &
l l —— )l A4

A4

A
\ 4
—

|

pointer to the previous

v element

head tail
Using the points, head(v) and tail(v) are easily computed.

Implementation of v:=left(v);
Find tail(v), and then trace back to its previous element
to rewrite the pointer to tail(v) and modify the last pointer.

1 0 T L T 10 X0

&
l

A

Y v:=right(v) Is similar
head tail
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Blal 2 HOEH X,y DELFLLINEINZRARLETOT S L
(FEZA)
X, YDFTIED X F% LLEg
E7:5=dreject (halt(0))
—HDEBENXFRYRNTERYIRL
x,yH L (Ze Daccept (halt(1) )

prog EQ _str(input x,y): var pc, out: X; a,b: %;

begin

pc:=1;

while pc =0 do
case pc of
1: if x= € then pc:=10 else pc:=2 end-if; _
2: if y= € then pc:=12 else pc:=3 end-if; 10- ity=¢ thig pc.d—_lfl. else
3: a:=head(x); pc:=4; 11 out':F:)L(':.p:c:':g'n '
4: b:=head(y); pc:=5; 12: out::O: pc::O:
5: 1f a=0 then pc:=6 else pc:=7 end-if; ' e
6: If b=0 then pc:=8 else pc:=12 end-if; end-ca_se:
7: if b=1 then pc:=8 else pc:=12 end-if; end-while;

S N halt(out)

8: x:=right(x); pc:=9;
9: y:=right(y); pc:=1, end.



Ex.4.1 Program for checking whether variables x and y of Z* type are 19/19
equal to each other.
(Idea)
Compare the first letters of x and y
distinct=>»reject (halt(0))
equal=>»remove the first letters and iterate.
both of x and y become ¢ =»accept (halt(1))

prog EQ _str(input x,y): var pc, out: X; a,b: %;

begin

pc:=1;

while pc =0 do
case pc of
1: if x= € then pc:=10 else pc:=2 end-if; _
2: if y= € then pc:=12 else pc:=3 end-if; 10- ity=¢ thig pc.d—_lfl. else
3: a:=head(x); pc:=4; 11 out':F:)L(':.p:c:':g'n '
4: b:=head(y); pc:=5; 12: out::O: pc::O:
5: 1f a=0 then pc:=6 else pc:=7 end-if; ' e
6: If b=0 then pc:=8 else pc:=12 end-if; end-ca_se:
7: if b=1 then pc:=8 else pc:=12 end-if; end-while;

S N halt(out)

8: x:=right(x); pc:=9;
9: y:=right(y); pc:=1, end.



