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3. AT EAIEETE D 7 47
3.1. B#MEEA~
Fﬁl%ﬁz@%ﬁbé%%ﬁ@%ﬁbé

BERI AT

REL € 2 *D R EF 1= X IR % 5] #E (recognition/decision problem)
SHEZONE=XFI x A LIZETEINE>DZFHIE
LD R EE R (X)« xel

f513.1: EVEN = {[n]: n [X{&%k}, EQ = {<a, b>: a=b}

- EQD B eI 78 -
[BEZ6nT-XF5h<a,b>ELH5FELTLNT, HhDa=bh ? |
[2DDXFHNIZFLLIH ? ]

IEXIZIZX, Eq(x) < Ta,b[x=<a,b> Na=Db]

EEmIZIE, Eq(a, b)«— [a=b]

EqlEEqDELIICITIREEINLGLND T, RILEE->TEKLN.
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3. Analysis of Computability

3.1. From Functions to Sets

Hardness of a function=>hardness of a set

1]
structural analysis

Problem of recognizing a set (or decision problem)
L € 2 *, recognition problem of a set L
Given a string x, decide whether x belongs to L or not.
Characteristic predicate of L RL(X) <X L
Ex.3.1 EVEN ={[n] niseven}, EQ = {<a, b>: a=b}
Recognition of EQ: “Given a string, is it of the form <a,b>
and a=b?” or “Are two strings equal to each other?”
Formally, Eq(x) +—3a,b[x=<a,b> A a=Db]
Intuitively EqQ'(a, b) «—[a=Db]
There is little difference in hardness between Eq and Eq’,
so they are considered the same.
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LTI,

SEDRAMEDH LS > EEDHLS
F1TE: MHRE=EHOER=E

F2E: M= LMD ENRE Yes/NoRA T DT O
FIE: ME=2LtDEEDEHE 55 LN EET S

L

E#&31 2*LDEEIL, TORFHBENGTERIGETHAHES
JFHMA (recursive) TH D ELNS.

{53.2. HALT= {<a,x>: Halt(a, x)}
HALTAV @MY« Halth st & rl gE

&2 T, HALTIXIEIRAI T, Bk A
aTEAIEEES
A EESR S
REAIREE S
'
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Hereafter,

hardness of recognition problem of a set = hardness of a set

Chapter 1: Problem =Problem of computing a function
Chapter 2: Problem =Problem of computing a function on X*
Chapter 3: Problem=Problem of recognizing a set on =*

Def. 3.1: A set S is recursive If its characteristic predicate Is
computable.

Ex. 3.2. HALT ={<a,x>: Halt(a, x)}
HALT is recursive «— Halt is computable
Thus, HALT is not recursive.
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T3l H52aonf-2*E® n5IEEAEf T3t .
BIT-f = {<xy,....xn, li Ld>: f(xa,...,.x0)D i bit B A\ d}
ZDEE,
BIT-f HNFHNEY © f [XETE Al RE
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Theorem 3.1. Given function f with n parameters over 2 *,
BIT-f = {<x,...,xn, [i 1,d> : the i-th bit of f(x,...,xn) is d}
Then
BIT-f Is recursive < f is computable
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218"Y) DFE ARSI /7 A

X 75 i 14 ¥ 7E =B (EQ) Bz onf=xIZxfL

ABD: > EOXEH DH<ab>| |“x € EQ?”ZEH|E T 5 RE

B[ : a=b? t=1=L, EQ={<a,b>:a=b}
B &R IF =X

i AT S L=SBODANEHEZLDIAADTAT LT
EATIZANITHLTHEIFEIRX0ZHE T 50,
e 7 0 I LAIZK LT,
ADY A Fx% 5 (accept) = AX)D1ZH KT 3
E0i%  A(X) = accept
ADY A xZEEN T (reject) & AX)HD0FH 7195
E85% : A(X) = reject
AME ELEERH (recognize) = L={x: A(x)=accept}

LAVRIE) & LEZREBTH7053LDHS




4/16
Two different ways of problem descriptions

String equivalence(EQ) Gliven an X, determine whether

Input: pair <a, b> of strings on X* || “x € EQ?”

Question: a=b? where, EQ={<a,b>:a=b}
Intuitive Formal

Recognition program= a program of one input on X*
which outputs 1 or 0 for any input.

For a recognition problem A
A accepts an input X < A(x) outputs 1
notation: A(x) = accept
A rejects an input x <= A(x) outputs O
notation:A(x) = reject
Arecognizesaset L < L={x: A(x)=accept}

L is recursive <= There Is a program recognizing L



FI3.3. RISRT DIFEBEQERHT 2T S L. >/16

prog Eq(input <a, b>);

begin __, halt(1) _halt(0)
if a=b then accept else rejecfv end-if
end.

input <a,b>: BERMIZIEIXXFIDR<uV>ZANEBZZTNDIEETRT .
EFEIZIITXDARDEINSDE, TNA x=<u, v> DRFIZIE-T
WEMEAR, F5H5EEH ab [CuvERALTETZELDHS. |

B13.4.L: BEREE L={a, a, ... ,a,}.
CDEE, ROBPLETOTSLTL, L DERHAATEE.

prog L(input x); prog NotL (input x);
begin begin
case X of case X of
a,. accept; a,: reject;
a.. accept a.: reject
end-case; end-case;
reject accept

end. end.



Ex.3.3 The following program recognizes the set EQ. 5/16

prog Eq(input <a, b>);

begin __, halt(1) _halt(0)
if a=b then accept else rejecfv end-if
end.

Input <a,b>: intuitively implies that input is a pair of strings <u, v>.
Formally, “if x is input, first check whether it is of the form
X = <u, v> and If so start the execution after substituting u and v

Into aand b.”

Ex.3.4. L: finite set L={a,, a,, ..., a.}. B
Then, the following simple program can recognize L and L

prog L(input x); prog NotL(input x);
begin begin
case x of case x of
a,: accept; a,: reject;
a.: accept a.: reject
end-case; end-case;
reject accept

end. end.
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IR CENREZRHB T ST AT SLIXFELEL.

but FLVERTO“EBE" 2B Z 5 ERa (Al

TOUSLANESLEZFEHT D
ITARTD XeZ* T
XxelL < A(x)=accept

XelL & AX=L1

(AX)HAMZIELELY)
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3.2 Enumerable set
There Is no program for recognizing a non-recursive set,
but we have a different story if we consider weak “recognition”

Program A semi-recognizes a set L
forevery xeX™
xelL < A(X)=accept
xelL o AX)=1 (A(X) does not stop)

A set L Is semi-recursive <> semi-recognizing program of a set L

Recursive sets - semi-recursive sets

l.e., recognizable sets < semi-recognizable sets




$I3.5. Haltl £IRMETIZAEUAS, HIRHhEY 716

(A TATSILEENADAANNEZONT-LE, £D
FUEEZRRDL-OICERICEITLTHS.
FLETHEEICITFRERAICHBATS. )

prog HALT (input <a, x>);

var t: num;
begin XFH ahRITTATSLICXxEANTDHE
t:=0; t ATYTURIZEILET S
while true do
If HaltInTime(a, X, t) then accept end-if;
t=t+1;
end-ehile
end.

LEEDOTOTSLIFHALTZEERH#93 5.

£ L Halt(a,x) 5. HARATYITH t NFEFEL T,
HALT(<a,x>) & HaltInTime(a,x,t)&3E4TL 1= 52 T accept.



EX.3.5. Halt Is not recursive but it Is semi-recursive 7116

(Strategy: given a program and an input to it, execute it to
determine whether its stops or not.
If it stops, we know it within finite time.)

prog HALT (input <a, x>);

var t: num;
begin when X is input to a program represented by a
t:=0; string a, it halts within t steps.
while true do
If HaltInTime(a, X, t) then accept end-if;
t=t+1;
end-ehile
end.

This program semi-recognizes HALT,
since HALT(<a,x>) will accept for some t
when the program execute HaltInTime(a,x,t) if HALT(a,x).
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(#£1{#%) RANGE(g): Bt g L. BA% g 25t ETHT0ISLDHEIDES

T332 EELEZETLHIMEEDEES LTS, COEE, MD25HE
[TRIMETHS:

(a) LI F IR HNeY
(b) L= RANGE(Q) &7 A KO ETE I 8ERE S g N FET D.
(a)> (b)DEIEER

LIXHEIGMMET = LZFE BT H5T00 5L A BFE
Cy: LOEENDER prog G(input w: 2*): 2*;
(L#0 ct[')ﬁﬁ:) var X; 22° ; t: num;

begin
AL’ Cl CJ:L) 2N . .
o e if w & 2*x N then halt(c,) end-if;
ZH 77‘L‘G < X:=1st(w); t:=2nd(w);
TFERK if HaltinTime(| A _ |, x, t) then halt(x)
else halt(c,) end-if

\_ end.
TJOJSLGCHGHETHEHZE gL, g (h)Eim=9 &z RT.



(Note) RANGE(Q): range of a function g, i.e., 8/16
set of all outputs of a program computing a function g

Theorema3.2 Let L be an arbitrary non-empty set. Then, the following
two conditions are equivalent:

(a) L 1s semi-recursive.
(b) There is a computable function g such that L= RANGE(Q).

Proof: (a)—=>(b)
L IS semi-recursive = a program (A, ) that semi-recognizes L exists
C,: any element of L
prog G(input w: 2*): 2.*;
var x: 2% ; t: num;
begin
if w &X*x N then halt(c,) end-if;
X:=1st(w); t:=2nd(w);

if Haltln Time(| A |, x, t) then halt(x) else halt(c,) end-if
end.

Let g be a function computed by this program.
Then, we prove that g satisfies (b) as follows:



709 5.LG: AA<xt> 2% LT HaltinTime([A T, X, t)7°c£12>halt(x('))/~16
ZHLIVES halt(c) 2E1TT 5

(1) g [EETHERIRETEERY

(2) IRTDXELIFTA TREINSGNS

L(x)=accept — 3t
— 3t

€ N [ HaltinTime(|A ], x, t)]
€ N [GlE<x,t>[2x LT x H A

FOTC. LOITRTHDERIIGCOHEAELELTIENS,
SFY L S RANGE(g).

(3)—A, EATTyeL
L(y) =1L —VtEN
—VteN

XL THA FIFLELEL DD,
—HaltInTime([A 1, y, t)]

G [FA A<y, t>I2HL T, ZHH]

DFY LOEDERyECGOHEAELTENALL. £oT

L < RANGE(g) 2% Y RANGE(g)c L

=(2),(3)&Y L =RANGE(qg)
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g Is computable and total

-Since any x € L is accepted by A,
L(x) = accept —Jte N [HaltinTime(A ] , X, 1);
—d te N [G outputs x for an input <x, t>]
—3w (=2x, 1>) € 3+ [g(W) = x]
that is, LS RANGE(Q)
every element of L appears as an output of G.
- On the other hand, since L does not halt forany y ¢ L,
L(y)= 1 —Vte N[-HaltiInTime(A_ |, yt)]
—Vte N[G outputs c, for an input <y, t>]
Yy’ e X*VteN [g(<y’, t>) # V]
y ¢ L, ¢, eLthus y#c,
—vWez*[gWw) # Y]
that is, no element y of L appears as an output of G.
L SRANGE(Q)
L < RANGE(g) A L & RANGE(g)
L = RANGE(Q)




(b)=>(a)DEEBA: L =RANGE(Q) &7%rA LG FTE ATREREEL g A

FET D70 L [EFImHH

g I35t EARE= g % 51H T 570554 G HEE
GZAWLWTRNHTOYSLBEES.

prog B(input x);
var w. Y ¥;
begin
W:=¢€ ;
while true do
If G(w) = x then accept end-if;

w:=next(w) next (ERSEBEFEXIERF
end-whlle‘\‘ TRDFTTERDHHEH

end.

> DT I NTHFELTHRATNS.

> G(wW)=x&%d w € 3 BEET IL, B(x)=accept

(FELLZITNIXEFELELAELY)
Ko TTOYSLBIELEH BT 5.

(FEBA#Z)
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Proof: (b)->(a) 10716

l.e., there Is a computable function g such that L = RANGE(Q)
— L 1S semi-recursive
g Is computable =>there is a program G that computes g.
Using this, we have the following program B.
prog B(input x);

var w: ;
begin
W:=¢ ;
while true do
If G(w) = x then accept end-if;
Wi:”?xﬂk next is a function that computes the next
gnd-whlle element in the pseudo-lexicographic order
end.

all the elements of X* are checked in order.
If there I1s a w € 2* such that G(w)=x, then x € L.
The above program semi-recognizes L.

(Q.E.D.)



i€ I

33 EEDERESLISHL, RO2FHXRE.

(a) LITFImHMA
(b) L=RANGE(e) &7 5 K755t E Rl E TIxT 1D RBE%T e M FTE

5.
I cf
T332 EELEZETHIMEEDNDEES LTS, ZDEE, D2

ST EE.
(a) LIZFIFEMAY
(b) L=RANGE(Q)&% A KOst E RIRERE S g M EE T 5.

==

TE I

1

3. 3R L B B

11/16



11/16

Theorem3.3. For any infinite set L, the following two conditions
are equivalent:

(a) L Is semi-recursive.
(b) There iIs a computable one-to-one function e such that

L=RANGE(e).
I cf

Theorem3.2 Let L be an arbitrary non-empty set. Then, the
following two conditions are equivalent:
(a) L Is semi-recursive.

(b) There i1s a computable function g such that L=RANGE(Q).

Proof of Theorem 3.3 IS omitted.
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TEFH3.3

2> FIFMIERS L ICIE
L={e( &), e(0), (1), e(00), e(01), e(10), e(11), e(000), ...}
EIEDEIFIXIDET R A REEA R e NEFEHET .

BE%8 e [£ L 4= (enumerate) 9 5

EE32. EELIEROVINMODRYILDEE, (JFHRIIC)
BZE T BETdH S &LV (recursively enumerable).
@ LIZERESE
(b) L = ZE 9 SR T ERIREG L D MFFTE.

T ARES LICxLTIX L=RANGE(e)EA B L5%:
151D EEFEEE e LEHYBFRLELD T, HISBIIZIK->TULNA.

T34 FTRTHOES LITHL,
L AN EIFHIAE — LA EE T RE
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Theorem3.3

=» for a semi-recursive set L there exists a computable
one-to-one function such that
L={e( &), e(0), e(1), e(00), e(01), (10), e(11), e(000), ...}
We say the function e enumerates L.

Def.3.2 A set L is (recursively) enumerable if
(a) L i1s a finite set, or
(b) there is a computable function that enumerates L.

Remark : Finite sets are exceptional, since for any finite set L
there Is no total on-to-one function e such that L = RANGE(e).

Theorem3.4 For any set L we have
L is semi-recursive -—— L IS enumerable
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MR T HETE LR INTE D LR

A IRIAIES
v ADYFEIREE RA(X) DA ETEATEE.
v xX€ Y *ZxL. xEAMESIH I FE BT RE
VEAMZAN xE 2L TH.
LN DHEFEIELTYes/INOZFZEATNDTOT S LIEFE

B: MEA[EEE R
v B E T HEMMETETRE
VIRTOBDEXRZIEEIZH AT S0 S LNEE
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Comparison between enumerability and recursiveness
A: recursive set ==>the characteristic predicate R,(x) Is computable
That is, for xeZ™ it is computable whether x € A

B: enumerable set ==>3a function that enumerates B is computable
that I1s, we can enumerate all the elements of B



—

&

IE

835. TRTOES LIZHL, XOEHEIZREIE

(a) L [X#xZta]5E

(b) &

é?&.ﬁrﬁ‘lﬁba_n RIZHXL, L={x: 3w € X" [R(x, w)]}

(a)~>(b) DEEEA
L (FMZFE A gef=Avio, L ’é*&’é’d‘é#%ﬁ_ﬁ%%ﬁ;& e NEFEHET S.

R(x,w) = [e(w) =X]&EFE

e B L DHMZEEREDT,

e [FEHERTRERAH— e ZET R 94T 0T S LNEH

L={x: Iwey* [e(w)=x]}
={x: Iwex* [R(x,W)]}

14/16

LHvbe XE2EBHALDT, Z0O7OJ LIRS ELELTEEZE S
J:’DT Ji R (j:n-l_ﬁ_.r



14/

Theorem3.5. For any set L, the following conditions are equivalent.
(a) L i1s enumerable.
(b) For some computable predicate R, we have
L={x: dw e X* [R(x, w)]}

Proof : (a)—=>(b)
L is enumerable, so there is a computable function e enumerating L.
Define R(x,w) =[e(w) =X]
Since e Is a function enumerating L,
L = {x: 3w ex=[e(w) = x]}
= {x: 3w ex*[R(x,w)]}
e Is computable — there Is a program that computes e
Moreover, e is total, and thus the program always stops and outputs
an answer. Thus, the predicate R Is computable.



TFI35 TARATHESLIZHL, ROEHIXFEE

(@) L [Z#ZE ] gE

(b) & 7S E A AR EE R SRL, L {x: Iw e [R(x, W)}
(b)> (a) D EEEA

SO Em-IHEBEZETE I HEE R(x,w) Z{FE-T,
L #F 957095 LCHAENS.

prog C(input x);
var w: Y¥;
begin
W:=¢€;
while true do
If R(X, w) then accept end-if;
w:=next(w)
end-while
end.

LT=H 2T, L [TFIminey, DFYKRETRE

ALk BA %

15/16
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Theorema3.5 For any set L, the following conditions are equivalent.
(a) L i1s enumerable.
(b) For some computable predicate R, L={x: 3w e Z* [R(x, )]}

Proof: (b)—>(a)
Using a program that computes a predicate satisfying the
condition (b), we have a program that semi-recognizes L.

prog C(input x);
var w: Y¥;
begin
W:=¢€;
while true do
If R(X, w) then accept end-if;
w:=next(w)
end-while
end.

Therefore, L 1s semi-recursive. That is, 1t IS enumerable.
Q.E.D.



EABBETIRES LA ROBREFTHE T O

R EERMTETE
[FRTD xeZ*IHRL, X € L =Aw Z*[R(X, W)]. |

LD R -EE IW[R(X, w)] EWLVSTFEDRER THIERIHE.

W2, TDLIGH CRBARBEZHIE TELIEEINETRES.

AwW[Q(x, W)] ELVS 2D imEETL: METBEE S D=H DRI
(REG®IEI()

QZE_DREGREX DR (kernel) &LV,

LOREREIL: MBRIBEESLIZK I HREREI

LOREZHEK A Iw[R(X,wW)] D EF,
ExeLIZRL, R(x, w,)E%bdESkw, e 2* BNEFEET S.
CDw,Z'x € L'DFEHL (witness) EFF 5.




For any enumerable set L there is a computable predicate R satisfy}l%16

“for any x €X*we have x € L+== 3w eZ*[R(X, W)].

The problem of recognizing L can be determined by the predicate
of the form AwW[R(X, w)].

Conversely, sets whose recognition problem can be determined in
this way are enumerable sets.

predicate of the form Iw[Q(X, w)]: predicate for enumerable sets
(RE predicate)
Q 1s a kernel of the RE predicate.
RE predicate for L: the RE predicate for an enumerable set L

If the RE predicate of L is Iw[R(x,w)],
for each x €L there is w, € X* such that R(x, w,) Is true.
Such w, is called a witness for ‘x € L’



