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3. Analysis of Computability

3.1. From Functions to Sets

3.2. Enumerable sets

There is a program A that
recognizes L in the following sense:
X € L implies A(x) = accept
y ¢ L implies A(y) = reject

e AsetL ISrecursive &

There 1s a program A that
recognizes L in the following sense:

X € L implies A(x) = accept

e A set LIS semi-recursive &

y ¢ L implies A(y) =L

S



T3 FENERESLIZXL, ROD2EEIXEE.

(a) LIZFIRHHAY

(b) L=RANGE(e)&72 D K2 ETEAIEETLX 1D EEEL e NN TFE
9 5.

> FIFMHIES L [CIE
L={e( &), e(0), e(1), e(00), e(01), e(10), e(11), e(000), ...}
EEBDFILFIMIDETHTRE R e DNFET B.

BE% e [ L Z4#2% (enumerate) 9 %,

X LDEZRZFIFENIGTEE 1GLFIZET S,

{ e(€),e(0), e(1), e(00), e(01), e(10), e(11), e(000), ... }
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Theorem3.3. For any infinite set L, the following two conditions
are equivalent:

(a) L Is semi-recursive.

(b) There iIs a computable one-to-one function e such that
L=RANGE(e).

=>» for a semi-recursive set L there exists a computable
one-to-one function such that

L={e( &), e(0), e(1), e(00), e(01), e(10), e(11), e(000), ...}

We say the function e enumerates L.

We can enumerate all elements in L as

e(€),e(0),e(l1),e(00),e(01),e(10), e(11), e(000), ...
without skip and duplicate.

2114
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EE&32. £E LIIROWTNOMNKYILDESE, (JRIHAIZ)
BZE A BETdH S &L VS (recursively enumerable).
@) LIXAERES
(b) L= E 9 SR T E AIREG L DM TFTE.

I AMRES LIZTHLTIE L =RANGE(e) &% B LH%:
151D e LEHYBFRLELD T, FHISBIIZIK->TULNA.

==

T34 T ARTOES LITXIL,
L MAFIFINR] — LA ZE A RE

1
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Def.3.2 A set L is (recursively) enumerable if
(a) L i1s a finite set, or
(b) there is a computable function that enumerates L.

Remark : Finite sets are exceptional, since for any finite set L
there Is no total on-to-one function e such that L = RANGE(e).

Theorem3.4 For any set L we have
L is semi-recursive -—— L IS enumerable
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A IRIAIES
v ADYFEIREE RA(X) DA ETEATEE.
v xX€ Y *ZxL. xEAMESIH I FE BT RE
VEAMZAN xE 2L TH.
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Comparison between enumerability and recursiveness

A: recursive set
v'The characteristic predicate R,(x) is computable
v'For XxeX™* it is computable whether x€ A
v'There is a program that always outputs Yes/No for any x&€ 2~

B: enumerable set
v" A function that enumerates B is computable
v We can enumerate all the elements of B
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T35 T RTOHES LITRL, ROEEIZREIE
(a) L [I#ZETATEE.
(b) W HZETE R EEIREE R ITxL, L={x: 3w e Z* [R(x, w)]}

(2)=>(b) DA
L [EMER[GEhD, LEMETHETERERE S e BN FET D.
R(x,w) = [e(w) = X]EEH
e M L OMEBE#GDT,
L={x: Iweyz~ [e(w)=x]}
={x: Iwez [RXx,W)]}
e IXETHEFIEERIE— e 25T E I HT0T T LMNFE
e [FEHHIGEDT, TDTAVSLIFMLT FLELTEZH S
£oT, BER ILEHEAHE
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Theorema3.5. For any set L, the following conditions are equivalent.
(a) L i1s enumerable.
(b) For some computable predicate R, we have
L={x: dw e Z* [R(x, w)]}

Proof : (a)—=>(b)
L is enumerable, so there is a computable function e enumerating L.
Define R(x,w) =[e(w) = X]
Since e Is a function enumerating L,
L = {x: 3w ex=[e(w) = x]}
= {x: dw ex*[R(Xx,w)]}
e Is computable — there is a program that computes e
Moreover, e is total, and thus the program always stops and outputs
an answer. Thus, the predicate R is computable.
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35 TRTOES LITHL, ROEEIXRE
(a) L X ETTHE.
(b) LA ETE A REREE R [2xL, L={x: IweZ* [R(x, W)]}

(b)->(a) DELEA
SO Em-I1hEZETE I HEE R(x,w) Z{FE-T,
L #F 3BT A5TOTSLCHAENS.

prog C(input x);
var w: Y¥;
begin
W:=¢€;
while true do
If R(X, w) then accept end-if;
w:=next(w)
end-while
end.

LT=A>T, L [TFIFMR, DFEYMRERIEE. sk BA #2
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Theorema3.5 For any set L, the following conditions are equivalent.
(a) L i1s enumerable.
(b) For some computable predicate R, L={x: 3w e =* [R(x, )]}

Proof: (b)—>(a)
Using a program that computes a predicate satisfying the
condition (b), we have a program that semi-recognizes L.

prog C(input x);
var w: Y¥;
begin
W:=¢€;
while true do
If R(X, w) then accept end-if;
w:=next(w)
end-while
end.

Therefore, L 1s semi-recursive. That is, 1t IS enumerable.
Q.E.D.
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EATTHMZETBEES L [T ROBERE - 5T E e
ik EERMTETE
[T RTOH xeX*[ZHRL, X € L =Aw eZ*[R(X, W)]. 1

LD RHRIREZE IW[R(X, w)] EWLVS D EREE N THIE AT HE.

2, TDLIGH CRBMABEZHIE TETLIEEINETRES.

AW[Q(x, W)] ELVOFEDRE: HWMBERREEESD=HDHEK
(REFRIER)

QZ_NDREHEEX D #%(kernel) &LV,

LOREGREEN: WEAREEESLICK T HREREN

LOREZHER A Iw[R(X,wW)] D EE,
£ZxeLIZXL, R(x, W)&EEDELIGw, e 2* NEFET D.
ZDw,z'x € L'DFEHL (witness) EFE 5.
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For any enumerable set L there Is a computable predicate R satisfying
“for any x €*we have x € L+ 3weX*[R(X, W)].

The problem of recognizing L can be determined by the predicate
of the form Aw[R(X, w)].

Conversely, sets whose recognition problem can be determined in
this way are enumerable sets.

predicate of the form Iw[Q(x, w)]: predicate for enumerable sets
(RE predicate)
Q iIs a kernel of the RE predicate.
RE predicate for L: the RE predicate for an enumerable set L

If the RE predicate of L is Iw[R(x,w)],
for each X €L there Is w, € * such that R(x, w,) IS true.
Such w, is called a witness for ‘x € L’
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3.3. 75 ARECEVSARE

PS5 AREC= {L: L [XIF#EY}: IFFINEEDITR

e JZ5ARECHO/MANLIGFFBI TEWVE S D FELE
e BTTHWCERBELMN D ODTULWEWNIZETODERTIL)

HALT ¢ J3AREC

ZEROFT ¢ “5AREC
ZEROFTEIL, Bffifor-times7 O S LNEIZ0EH B
TAOMNEONZTHITET AR BEFHBELTLHIEED
Z&. 1=1=L, for-timesIZB89 AEiBAIXARELT-.

H1%: REC DO4MAI0D B IE D 1EE D AT
RECOMATHRELEZNPTNRED ISR IX A ?
— BEARERS.



3.3 Class REC and Class RE 8/14

Class REC = {L: L is recursive}: a class of recursive sets

e Qutside of the class REC is a region for non-recursive sets.
It is only known that it is not empty (by the argument so far).

HALT ¢ class REC

ZEROFT ¢ class REC
ZEROFT is a set with characteristic predicate that a
simple for-times program always outputs 0.
(although the explanation for for-times has been omitted.)

GOAL.: Analyzing the structure outside REC
What iIs the easiest class of sets outside REC?
— enumerable sets.
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RE ={L: L [E#¥ZA]8E

co-RE ={L: L A Z A 8E

F L ES
LA EZE AT RE —L D FIFHAEY
—LEFRBHITLHT0ISLANEE.
XxeX*, xe L <A(X) = accept
X€L <=A(X)= |

95 Ac0-RE[FISAREDH IS ARETIEHR NI &ITTE.

1513.8. 75 ARE, co-REIZABESDH.

HALT € RE, HALT € co-RE

ZEROFT € RE, ZEROFT e co-RE
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RE ={L: L is enumerable}

co-RE = {L: L is enumerable}

Note: L :set
L is enumerable < L Is semi-recursive
—there Is a program A that semi-recognizes L.
XeX*, Xe L —= A(X)=accept
XegL = AX) =1

Note that the class co-RE is not complementary of the class RE.

Ex.3.8. Examples of sets belonging to class RE and class co-RE.

HALT € RE, HALT € co-RE

ZEROFT € RE, ZEROFT e co-RE
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RE&cO-REIIFIFEED“EHLI”

AITEDREES
xeX*[(xeA — X(x)=accept) A(x € A — X(x)=1)]
E155700 F LXHIMENS
B:EEMco-REE S
XEX*[(XxEB — X(X)=1) A(x € B — X(X)=accept)]
L15HTRT S LXHENS

FEED200T7OTSLIZELLETEY, #ELIITENDITLNALY.
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RE and co-RE are equally “hard”

A:arbitrary RE set
we can write a program X such that
XxeX*[(xeA — X(x)=accept) A(x €A — X(X)=_1)]
B:arbitrary co-RE set
we can write a program X such that
XeX*[(x€B — X(X)=1) A(Xx ¢ B— X(x)=accept)]

The above two programs are similar, and there is no difference.



11/14

EH3.6. TNTHESLIZHL, ROBFZRARYILD.
(1) LeREC — L e REC
(2) LeRE <« Leco-RE

sIERA -
(1) LeRECET B, LZFR#MITSTATILLHD.
accept ->reject, reject - accept

EERTDHE LEREIT D703 LE%/5.
&>T, L € REC

(2)I&co-REDEZR LY L.
sIEAA#R



11/14

Theorem 3.6. For every set L, the followings hold:
(1) LeREC+— Le REC
(2) LeRE <«— Le co-RE

Proof:
(1) Le REC, then there is a program that recognizes L.
If we exchange accept with reject
accept ->reject, reject - accept
then, the resulting program recognizes L.
So, L € REC

(2) is obvious from the definition of co-RE.
Q.E.D.
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EH37. (I)RECE RE (2JREC ¢ co-RE

sEEA: BR



Theorem 3.7. (1) REC ¢ RE

(2) REC < co-RE

Proof: Omitted.

12/14
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FiE3.8. REC=RENCco-RE

B -
FIE3.7&Y, RECSRENCO-RE
FED Le REAN co-RE[ZDULVT, L € REC%:RLT-L\.
REXY L cRE D L cRE
->L é#nnb\nﬁk-d_éj |:|7 7-ZAA &
LEFEIHITHITOT5LADTEE.
ZDEE, XOTOTSLBIFLEZRHETS.

prog B(input x);

var t: num; XELO)\&%’
begin ADMEITELELT
fort=0to do accepté7id.

if HaltInTime([ A, |, X, t) then accept end-if; x¢ LMD E=E,

if HaltInTime([A, |, X, t) then reject end-if S A | —
end-for A,MFEIZIEIELT

end. reject&73 5.
Rl BR %
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Theorem 3.8 REC=RE " co-RE

Proof:
By Theorem 2,7 we have RECERE nco-RE

We want to show that L € REC forany L € RE n co-RE.
By the assumption, L e REand L  RE
—>there are a program A, that semi-recognizes L and
a program A_that semi-recognizes L.
Then, the following program B recognizes L.

prog B(input X); if X €L,
var t: num;
begin A ,stops before A,
fort=0to do and accepts X.
if HaltinTime([A, 7, X, t) then accept end-if; If X ¢L,
if HaltInTime([A, |, X, t) then reject end-if A, stops before A,
end-for and rejects x.

end.
Q.E.D.



FIE3.9 RE # co-RE

alEER -

RE=co-RE&{RE 9T H¢&, RE=RE N co-RE

TEIE

13.8&1), REC=RE¢EY, FE

RE co-RE

OFT

13.7I1ZFf&.
sEEA#%
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Theorem 3.9. RE # co-RE

Proof:

If we assume RE=co-RE, we have RE=RE " co-RE.
Hence, by Theorem 3.8 we have REC=RE, contradicts to

Theorem 3.7.

co-RE

OFT

Q.E.D.
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