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Chap.4 Computational Complexity

4.1. Survey on Theory of Computational Complexity
“Computable?”=»*“How much cost is required for computation?
Computational Complexity Theory
(1) Studies on upper bound of computational cost
(2) Studies on lower bound of computational cost
(3) Structural studies on hardness of computation

(1) Studies on upper bound of computational cost
Algorithm Theory: design of efficient algorithms
Suppose we have an algorithm A which solves a problem X
in at most time T(n) for any input of size n. Then, an upper
bound on the time complexity of the algorithm A is T(n).
(asymptotic worst case time complexity)
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(2)Studies on lower bound of computational cost
If any algorithm for a problem X takes time T(n) in the worst
case, a lower bound on the time complexity of the problem X
is T(n).
P # NP conjecture
*Robustness of crypto system

(3) Structural studies on hardness of computation
Studies to characterize hardness in the level of “xx-hardness”
hierarchical structure depending on the hardness
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1<i<k
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4.2 Measuring Computation Time

4.2.1 Revisiting Programs in It consists of one while loop of
the Standard form »one if + substitute to pc

> one basic states + sub. to pc

Definition 4.1 in each line

(Computation time)

A: program with k inputs in the standard form

X1, Xg, -y X& INPULS tO A
Single execution of while loop in A is “one step” in A.
The number of iterations of the while loop required before
A halts is called the computation time of A for inputs x,, X,,
..y X (in short, computation time of A(Xy, Xy, ..., X))
If A does not halt, its computation time is infinite.

time_A(Xy, X, ..., X,) = computation time of A(Xy, X,, ..., X,)

time _ A(l) = max{time _ A(X, X,,.... %) > [ % =1}

1<i<k
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prog 7R S L% (input ...);
var pc: T% 5% .., X%
begin
pc:=1;
while pc #0 do
case pc of
1 (X);
2: (X);
3 (30);
k: (3);
end-case
end-while;
halt(*B¢ D ZE#D);
end.

& (X)) DT

- if LEESC then pei=k, else pc:=k, end-if
- RRAX; pe:=k;

DULFhh.
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Programs in the standard form 44

prog program name (input ...);
var pc: Z* - L B%
begin
pci=1;
while pc #0 do
case pc of
1: (statement); Each statement must be either
2: (statement); if comparison then pc:=k else pc:=k, end-if
3: (statement); or
........... substitution; pc:=k;
k: (statement);
end-case
end-while;
halt(variable of type =*);
end.
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- BXHE 2 EHEEM TRITTES-HDHK
u U TR OEL, vV B OER
cIROEH, s T RDEH
(A Wu:=gc; @u:=u;
(3) u:=head(v); (4)u:=tail(v);
(B)vi=s; =y, 7?7
(7) v:=right(v); (8) v := left(v);
Q) vi=uty; (10)v:=v#uy;
(LEBEX) (1) u=c (12)v=s
VEVOBOLEEEIESATNS.
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- Constraints to execute each statement in constant time
u, u’; variable of type X, v, v': variable of type =*
c: constant of type X, s: constant of type X*
(Substitution)
L)u:=c; u:=u%;
(3) u:=head(v); (4)u:=tail(v);
B)v:=s; =y, 7?
(7) v :=right(v); (8) v := left(v);
Q) v:i=uty; (10) v:=v#u;
(Comparison)
(11)u=c (12)v=s
+ comparison of the form v = v’ is forbidden
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4.2.2. Time complexity of a program

The time complexity of a program is represented as a function of
input size (length of an input string)

Valid Encoding:
Encoding into at most constant times larger than the original.

Ex.4.5: Unary and binary representations
Binary representation is a valid encoding in the standpoint
of “size of a number is its number of bits”, but unary one
is redundant.




7114

A3 A EDRIR T, g [TxL,
Ac,d >0, Vn [f(nN)=< c g(n) +d]
L BEE, fIXE—=F—gTHBELY, =0(g) L2k T 3.

*EHC, diEnEMBERICETHENBE.

EHEAL BAREOEBOBKAS g, h (SR LROBERARIL,
(1) ¥n[f(n) = g(m] > f=0(9)

(2) Ic>0, @n[f(n) = cg(n)] > f=0(g)

(3) [f =0(g) M2 g=0(h)] > f=0(h)
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EHEAL O ZHEMBEL, tZERYM LOBESKETS.

WEOEHETEZTOTSLAEES ¢, d>0NFEHELT,
VI [time_A(l) = ct(l) +d]

HnlE, OIXOM)FMETERIEE, HAVNIODEHERE

0N THBELS.

AERCCCTIETEMRBELLT, £EOREMBEZRELTLS.
BEHMICIXTREDE t BRI LT CrEmTREI LV SER,

(E1) A DEREEFHEEF t KVELDBLNEL.
(E2) A YL EOERETHT0I S LA HHMELNALN.
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Bl4.7. REHERE ORI TR

FHHIERIRE(PRIME) 7~’>’—'J>7“0)'Lﬂ§z€;
A% BAMn(LEL, 2R el

B0 ARG 2 =202
PRIME ={[n] :nlZ&#}

Erog Naive(inputn); 2 ~ n- 1D TEI>TH S
egin

Rk

foreachi:=1<i<ndo 20024 (<
if n mod i = 0 then reject end-if o(l%)
end-for; o
' ~ ‘logi DOFILTYR L
ad log 109 5 BERELN

time _ Naive(n)<»" . (clognlogi+d)
=clog n log n+dn = O(n(logn)?)

nDESE LT 5L, | XIFXlog nf2h 5, time_Naive=0(122")
HIC, Y EREORHGERT (F L) 0(122)
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Definition 4.3: For functions f and g on natural numbers, if
Sc,d >0, Vn [f(n)= c g(n) +d]
then we say f is in the order of g and denote it by f = O(g).

Remark: the constants ¢ and d must be determined
independently of n.

Theorem 4.1: The followings hold for any functions f, g and h on
natural numbers:
1. vn[f(n) = g(n)] > f=0(g)

2. Fc>0, yn[f(n) = cg(n)] > f=0(g)

3. [f =0(g)and g = O(h)] > f= O(h)

8/14
4.2.3. Time complexity of a problem

Def.4.4. Let @ be a computing problem and t be a function over
natural numbers. If we have a program A to compute ® and some
constants ¢ and d > 0 such that

VI [time_A(l) = ct(l) +d]
then we say that ® is computable in O(t) time, or time complexity
of @ is O(t).

Notice: We assume here that a computing problem is that of
recognizing a set.

Intuitively
problem ® is computable within time t
* time complexity of A may be less than t.
+ there may be a faster program to compute @ than A does.
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Ex.4.7. Time complexity of the problem determining primes

Prime-determining problem(PRIME)
Input:a natural number n (binary representation)|  Stirling’s Formula:

Question: Is n prime? ~ lf(ﬂj"
PRIME ={[n] :nisprime} MmN e

EFOQ Naive(inputn);  try to divide by numbers between 2 — n-1
egin
foreachi:=1<i<ndo
if n mod i = 0 then reject end-if
end-for; h L
accept "~ log n-log i time
end.
time _Naive(n)< » . (clognlogi+d)

=clog n log n+dn = O(n(log n)?)

0(1°) time algorithm has
been proposed in 2002!!

When the length of n'is I, | is approximately log n. So, time_Naive
=0(122"). Thus, time complexity of PRIME is O(122').
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HIFREFR t [Z5SHLLEROFKE

BRLHIRFRE (D EH)

(& gnln<t(n]

(b) ny, 0y [ny <0y > t(ny) < t(ny)] B

(©) A=A N x IZRL, ) (t(X)D1ERE) &
RO DEHEM O(t) B THI Bk

(QDEH: ANEFRLTTT n BRSNS TLEINS.

(©)DEM - BEREM t(n) [T EET BB E512T 218
DEIAI—INRETEDLSITT H7=0.
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Bl4.8: E£AD = {<a,b>: al¥b TRV YN S} DB E R
K£EDERMTEIIAISLELT, FTOTATSLEERD.

prog D(input x);
begin

a:=get(x, 1); b:=get(x, 2);

% x=<ab>DFTHENEE(E, ZDRH Treject

if amod bithen accept else reject end-if

end. T O(alb) BRI TR E A AE
time_D(x) = O(|x[?)

A B hx=<a,b>DFDEE(ZO(XP) NN DZH, FITHL
HEIZIEmodEt E DRI ZrejectT AN T, O(X|)BEREITR-T
LES. ChIEBRGHIREFBOEME(D) ISKRTEH,
DOREBHDHREZRT BIZ(E, HIREMELTREREL,
time_D(I) = O(R)EEFHEL TH+ R THS.

[—)
Now, PRIME € TIME(I®)
Polynomia 6
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Def.4.5.
For a function t over natural numbers, the set of all sets
(i.e. recognition problems) with time complexities O(t) is
called O(t)-time complexity class, and it is denoted by TIME(t).
And such a function t is called a time limit.
For example, a class of sets recognizable in time O(122') is
TIME(I22"), and the set PRIME is one element.
PRIME € TIME(I22')

=

— )
Exponential
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Conditions for a function t appropriate to time limit

(Definition of) natural time limit

@ gnln<tn)]

(b) gy, N, [Ny <Ny > t(ny) < t(ny)]

(c) Given any input x, we can compute T{[x]) (unary representation
of t(|x])) in O(t) time.

Condition (a): It takes n time to read input.

Condition (c): To allow us to use a timer to break computation
at time t(n).
(We decrement the unary representation).
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Ex.4.8: Time complexity of a set D = {<a,b>: b divides a}.

Consider the following program to recognize the set D.
prog D(input X);
begin
a:=get(x, 1); b:=get(x, 2);
% if x is not in the form of <a,b>, reject immediately.
if amod b = 0 then accept else reject end-if
—

end. ~— computable in time O(|a||b|)

time_D(x) = O(|x|?)

If an input is in the form x=<a,b>, it takes O(|x|?) time.
Otherwise, we can reject it before computing mod, and thus

it terminates in time O(|x|). This contradicts to the condition
(b) of a natural time limit, but to discuss about the worst case
performance of D it suffices to evaluate it as time_D(l) = O(I)
by using n? as the time limit.
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ABF x> O(xP) BRI CH 0" 2 .
UTFIC®AMETATA7ETT (TO5 S5 Lsq)

wli=x#0; y:= g XIFANEH, ylEHHEHK
while wls£€ do
wl:=right(w1l); w2:=x;
while w2 #¢ do ZOIL—TT
w2:=right(w2); y:=y #0;  |y| €ly|[+x|&%5
end-while
end-while;

ANDRSZIET DL,
REIDOwhile)L—T1FIE  (1EI&HYIRTYT)
SHElDwhile)L—F (&I+1[E]
2K T 2+(1+1)(3+31) =312+ 61 + 5
time_sq(l) = O(1»)
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EE42: B, LEEROBAGFIRKELET 2. CDLE,
ttt, b X b, ty oty B B AR HIBRERR.

EH4.3: TRTOH BN, (3L,
t,=0(t,) > TIME(t,) < TIME(t, ).

REER:
FTRTOLT, LETIME(t,) > LETIME(L)EREIELL.
EHEKLY, LEO(L) TRHETHTOI S LANEE.
D&Y, time_A = O(t,).
t, =0(t,) 2,
time_A = O(t,).
&oT, LOBEEEZ(EO(,).
Fabhb, LETIME(®,). SEBA#E

Ex.4.9: Time limit n? satisfies the condition(c). 13/14
input string x = Output 02 in time O(|x?).
A basic idea is as follows: (program sq)

wl:=x#0; y:= € X isan input variable, y is an output variable
while wl£g do
wl:=right(wl); w2:=x;
while w2 #¢ do In this loop
w2:=right(w2); y:=y #0; |yl €Iyl+x|
end-while
end-while;

Let | be the length of an input.
inner while loop is iterated | times (3 steps per iteration)
outer loop is iterated I+1 times
intotal 2+(1+1)(3+31) =312+ 6l +5
time_sq(l) = O(1)
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Theorem 4.2 Let t,, t, be any natural time limits. Then, so are
t+t, b X t,andt oty .

Theorem 4.3 For any time limits t, and t,, we have
,=0(t,) > TIME(t,) < TIME(t,).

Proof:

It suffices to show LETIME(t,) >L € TIME(t,) for any L.

By definition, there is a program A recognizing L in time O(t,).
That is, time_A = O(t,).

Since t; =O(t,), we have
time_A = O(t,).

Thus, the time complexity of A is O(t,).

Therefore, LETIME(t,) . End of Proof
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