1/13

43. BEREE (T

EHL4: EEDOHIBREE t, t, [TXTL,
ve>0, ¥ n [ety(n)? <t,(n) ] > TIME(Y,) ¢ TIME(L).

DIAG = {<a,w>: RD3EHZEimI=-7.
(a) IsProgram(a)
(b)I<t B
(c) eval-in-time(a, <a,w>, t) # accept }
f=1ZL, x=<a,w>, I=|x|, t = [/t, () /H ]
([IEETIVET)

JOJ5LA= |a|lx=<aw>ZEANT DL,
X < Jt:(4) /8 t= Jt,(X) /| AR IZacceptL7E0)
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4.3. Hierarchy Theorem (Cont’d)

Theorem 4.4 For any time limits t; and t,, we have
ve>0, ¥ n [cty(n)* <t,(n) ] > TIME(Y,) < TIME(L,).

DIAG = {<a,w>: the following three conditions are satisfied:
(a) IsProgram(a)
(b) I <t
(c) eval-in-time(a, <a,w>, t) # accept }
where, x=<a,w>, I=|x|, t=[ () / [a]] [] denotes round-off

If we input|xF<a,w> to a program a as an input, |x| <t(]x|) / |a| and
It does not accept before time t=/t2(|x|) / |a|.
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##%84.8: DIAG € TIME(t,) | MDEEFA:

DIAGETIME(t)EL TFEEEL

* DIAG Z#O(t) BRI TR#M T 5T 0T S LZFA, O—F%F a,tT 5.
— time_ Ay(I) = ¢, ty(I) ......... (1) (c,EED)

s FEORE Ve 0,vIet (1) <t (1)]
&Y 1ETHRECEDE, ot () <L) /|ag)] e (2)

 t, I BERGHIRFR TH AN L. | =<a,W>Z2+ 7 R<T D&
|, < [m/‘ao‘](z t)) e (3)

* (3) £DIAGDEE KLY
<a,W,>E€DIAG <« eval-in-time(a,,<ay,wy,>,1,) # accept ........... (4)
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Proof of | Lemma 4.8: DIAG € TIME(t,)

To derive contradictions, we assume DIAG € TIME(t,).

* Let A, be the program that recognizes DIAG in O(t,) time, with

codea, —time_ A,() =c,t,(l) ........ (1) (cy;constant)
« By the assumption of theorem VC> 0,§|[Ct1(|)2 <t,(1)]
for sufficiently large /¢t (1) <[/, (1) /][] --vvvvvee- (2)
» Since t, Is a natural limit, for sufficiently long |,=|<a,,wy>|,
|, < [m/‘ao‘](z t)) e (3)

By (3) and definition of DIAG,
<a,Wy,> €EDIAG < eval-in-time(a,,<ay,w,>, ;) # accept ........... (4)



(1) time _ A, (1) < ct, (1) — D 1122 T 3/13
(2) cot, (1)) <[Vt (1) /Bl =1, +HEL l=<a,w,>

4) <a,,w, >e DIAG < eval-in-time(a,, < a,,w, >,t.) = accept
0 0 0 0 0 0

(1))&KY, time_A, (< a, W, >) < cot, (I) <[V, (5) /Bl =ty - (5)

(5) &Y. +H R |=<a,w>ZFT 0T T LAJIZAALTZEE,
TR T t, FFRELARICER NS, DFY
eval-in-time TOHIBRIEFME t) (EARE R TIEZLLD.
— eval-in-time(a,, <a,,W,>, t,) = eval(a,, <a,w,>)

(4) [Z eval-in-time(a,, <a,W,>, t,) = eval(a,, <a,w,>) XA :

<a,,W,> e DIAG < eval(a,, <a,w,>) # accept
< Ayhi<a,w>ZacceptL7EL Y.

&, T ADDIAGZRE T A1ELSREICFE. (GEBARK)
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(1) time_ A, (1) <c,t, (1)

(2) COtl(IO) < [\/ L, (Io) /bo‘] =1,

(4) <a,, W, >c DIAG <> eval-in-time(a,, < a,, W, >,t,) # accept

By (1)(2), time_A,(<a,, W, >) <cyt,(l,) <[yt,(,) /pfl=t, .....(5)

From (5), program A, halts in t, time for sufficiently long l,=<a,,w,>,
which means

the time limit t; in eval-in-time Is not essential.

— eval-in-time(a,, <a,,w,>, t;) = eval(a,, <a,wy,>)

For sufficiently long |,=<a,,w,>

Substitute eval-in-time(a,, <a,Wy>, t,) = eval(a,, <a,w,>) to (4):

<a,,W,> e DIAG < eval(a,, <ay,wy,>) # accept
< A, does not accept <ay,w,>.

Which contradicts the assumption that “A, recognizes DIAG.” Q.E.D.



I A RREICEDHER
=O(t)PEEFEEZLORHM IOV ILIRTDES
={AL A, .}
FNoDTO05S5L0NDa—K%Ea, a, ... £T 5.
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Fal EITEABLGTEHCEEZADE,

X=<a,w>, | = x|

time_A(l) < c;ty(l)
ML, I512, %a G IZxL, +oa&ElL\wW ZEHE,
et < /e /all < [/60) /la]

ETES. HETATI LA, ODJUJX IS HHADRZEEDL,

X{ Xy Xz eevrrenn. X, X{ Xy Xz eeverenn. X,
A[A R A ... A R
T
AJR R R ... A A ;‘ﬁﬁﬁ
AJA A A ... R R
AJR R A ... A R
A DIE x; €DIAG?MD%E

DIAGAZR# 4 A3T70O4 7A(ig@§‘»%iﬁf%f&L\ FE
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Interpretation based on Diagonalization

F, = a set of all recognizing programs of time complexity O(t,)

Lot bt probram codes b
et their program codes be a,, a,, ....

Considering F;n gppropriate c:onstlantzc:i for each a;, we have W
time_Ai(l) < c;ty(l)

Moreover, we can take sufficiently long w; for each a; and c; s.t.
ity () < V() /al ], i < [Vt(l) /a1

Putting the outputs of A, for input x; in the table:

Xx=<a,w>, | = |x|

X; Xo Xz eveerns X, X; Xo Xz eveerns X,

A[A R A .. A R Compare

AR R R ... A A :

A2 A A A R o Diagonals

3 --------- /

AJR R A ... A R
values of A;(x;) answer to x, € DIAG?

This table can't include a program recognizing DIAG...contradiction.
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{514.12: TIME(n?) S TIME(n®)
& Vve>0,Vnx>c[c(n?d)? <n°]

E9 51,
iminf (N
n—oo (N

Enld, BEEEXIYTIME(,) ¢ TIME(L)

)2~
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Ex.4.12: TIME(n?) & TIME(n®)
< Ve>0,Vnx>c[c(n?)? <nd]

If we have
iminf -2(0)
n—oo t,(n)

2 — OO

then the hierarchy theorem tells us that TIME(t;) ¢ TIME(t,)
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FOE KXW GHEEISX

5.1 REMGREFEEISR
P =, gmst TIMER®)

E =\UL.; TIMEQ)

exp= \UJ_ ___TIME@20)
p:Z IR

CEE: FFEEVSACIZADES.
CFEﬁE %Ao)nb H%Fﬂﬁaﬁ ——

<

HAHEEDPIZADTULNVELNE S,
IREMIZITFICEZLGL...
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Chapter 5
Representative Complexity Classes

5.1. Representative time complexity classes

P = Up:polynomialTlME(p(l))
E =\UL.; TIMEQ)

exp= U TIMEQ0)
P:polynomial

C set: setinthe complexity class C.
C problem: problem of recognizing a C set.

Problems not in P are intractable
from the practical viewpoint...
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$515.1: V5 AP, E, EXPTIL, 2IEAXBBEEEDEWIRE
TIXARLY.
P:- ZIEX x ZIEXOZER
E:20#2E x ZIEXK > 20EHE
EXP: 20 %IEXFE x ZIEX > 20 ZIEAFE

15']5.2: PR|ME®E’|’§%75Z ',—‘F(Eﬁé: 20024E = Oﬁ
514.7 > PRIME € TIME(2') DT LY R LHEE
<, PRIME € E SNF=DT. STIEP

EFS.1L T HIRFFRIORS

Ut <+ TIME(): TR RIEHEEY SR
—>ZNETIME(T)ERT.

FI5.1: (1) P = UesgTIME(IS),  (2) EXP = Uss TIME(2")
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Ex.5.1: Polynomial makes no serious difference in the classes
P, E, EXP.
P: polynomial X polynomial->polynomial
E: linear power of 2 X polynomial = linear power of 2
EXP: poly. power of 2 X poly. = poly. power of 2

Ex.5.2: Complexity class of PRIME
Ex.4.7 2 PRIME € TIME(2))

o
Thus, PRIME e E 0(1°) time algorithm pui

_ o it in PI!
Def.5.1: T: set of time limits

Ut < TIME(): T time complexity class
— It is denoted by TIME(T).

Theorem5.1 (1) P=U IME(I°), (2) EXP = UC> TIME(2"%)

>0 0
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H51: (1) P = UysgTIME(R),  (2) EXP = U TIMEQ2')

SEHA: (2)DEERA (L &R,
T FEVWSHOEZBERXDES.
T,. ZIHKX DK
ST, S T,50T, TIME(T,) S TIME(T,)
p EFENZIEX (PIEIT,OEENER)
L EXPDRAREEKET BE, p(l) = O
FIHE43LY,
TIME(p(l)) € TIME(IY) € TIME(T,)
Lt=5>T, TIME(T,) = TIME(T,)

ALk BA %
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TIME(2' )°

Theorem 5.1: (1) P = 5o TIME(F), (2) EXP=U .,

Proof: The proof of (2) is omitted.
T,: set of polynomials of the form of I°.
T,: set of all polynomials

2> since T, € T,, TIME(T,) € TIME(T,)
p: arbitrary polynomial (p is any element of T,)

if the maximum degree of a polynomial p is k, p(l) = O(I¥)
From Theorem 4.3,

TIME(p(l)) & TIME(I¥) & TIME(T,)

Therefore, TIME(T,) = TIME(T,)

Q.E.D.
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1515.3. an =8 5w 28 =0 5T (M 1 =B (PROP-EVAL)
AN:<F <aj,ay...,a,>>
FIZILEE R ERER AV - > ©
(@, a,, ..., a )X FIZRITHEEEZIUET
Bi: F(a,a, ... ,an): 1?

X—Y X ©y

(xy) [(xVy) [ (x=y) A(y—X)
(0,0) |1 1

0,1) |1 0

(1,0) |0 0

(1,1) |1 1
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Ex.5.3. Problem of evaluating propositional expression(PROP-EVAL)

Input:<F, <a; a,, ... ,a,>>
F Is an extended prop. expression
(a,, a,, ..., a,) isatruth assignment to F
Question: F(a,, a,, ... ,a,) =1?
Xy X <y
(xy) | (™xVY) [((x=y) A(y—X))
(0,0) |1 1
(0,1) |1 0
(1,0) |0 0
(1,1) |1 1
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1515.3. an =8 5w 38 =0 5T fE =B (PROP-EVAL)

AHN:<F,<a;a, ..,a,>>

F(i*ff\?}ﬁnntnﬂﬂ B AV = ©

(@, @y, ..., 3, ) IFFICXTHEEEZIYHT
BiH: Fa,, a,, ... ,an): 1?

Hhokan REERIET F AO—KMESh=34.D [F] DhoatEARZES.
SHEAIZO([F] BRI TR TE 3.
dﬁ*#?%%h’m\hli, RELTYTHKT
Fa, a,, ...,a ) DIEIXIBESZIZHERRE. | |

Bl . F(X, Xy, Xa) = [Xg A —Xo] v [X{—> Xa] ) o% 1
F(0,1,0)=1 (A
F(1,1,0)=0

&> T PROP-EVAL € P
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Ex.5.3. Problem of evaluating propositional expression(PROP-EVAL)

Input:<F, <a; a,, ... ,a,>>

F is an extended prop. expression

(a,, a,, ..., a,) isatruth assignment to F
Question: F(a,, a,, ... ,a,) =17

Construct a computation tree from a code | F | of ext. prop. expression
It is built in time O(|| F | ]?).
If computation tree is available, we can easily obtain the value

F(a,, a,, ..., a,) Inabottom-up fashion. , 4
computation

EX.: F(Xg, Xo 5 X3) = [Xg A 7%] v [Xp —=Xg] @ O -
F(0,1,0)=1
F(1,1,0)=0

Hence PROP-EVAL € P
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1515.3. apREamIE 07 R (£ B RE  2FNFE 2 (2SAT)

\\

o EE IR T

A :<F> FlX2FniaF
B F(a, ay, ..., a,) = 1ZHETEIY L THHZH?

iR
F=(OVOV.VOABV.VOA...A(.)
-)TFIIILOREBHNOGEE CRIHINS-ED

IR (k SAT) —15\—*’/&/ D
-FFEROLXBIBANAKEDYTIILEZED

- 3SAT, 4SAT L RIFRICEZTE S,

-SAT: FHBIBFMOYTIILOESIZHIEIZLNED

- EXSAT: AADLaEmERER(—© o 1EFY)
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Ex. 5.3. 2-Satisfiability (2SAT)

Input: <F> F Is 2-conjunctive normal form
Question: Is there any assignment such that F(a,, a,, ... ,a,) =1?
Conjunctive Normal Form (CNF)

F=(OVOV.VOABV..VOA..A(.)
- described by A of V of literals.

exactly/at most
- Each closure contains k literals

- We can define 3SAT, 4SAT similarly.
- SAT consists of any CNF.
- EXSAT consists of any extended propositional expression.
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fB15.4: Bl|:ZE [ gETEEIRE(ST-CON)

AJ1:<Gst>: BRI TG, 1=51=n(=G|)
BRl: GETs Mot ~DELHBHV?

SEAREIEX. B R LR AN RILTH SR
A AS—HREIX. TARTHDLE—EDDELHHR
>IN LR FREIZ. T RTHDIERZ—ED DR LHHR

f5i5.4: —£EEMARRIE(DEULER)
AN <G> BTG
B GIXFA15—FAZEHD2H?

515.5: NS )L+ FA B[ RE(DHAM)
AN : <G> BRI TG
BR: GIE/N\SJILF BB ELDOH?



EX. 5.4: Graph reachability problem (ST-CON)
Input: <G,s,t> : an undirectd graph G, 1=s,t=n(=|G|)
Question: Does G have a path from s to t?

» Cycle is a path that shares two endpoints.
»Euler cycle is a cycle that visits all edges once.

»Hamiltonian cycle is a cycle that visits all vertices once.

EX. 5.4: Euler cycle problem (DEULER)
Input: <G>: a directed graph G
Question: Does G have an Euler cycle?

Ex. 5.5 Hamiltonian cycle problem (DHAM)
Input: <G>: a directed graph G
Question: Does G have a Hamiltonian cycle?
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o TLWAZLE:

> LI T DEREILP:
v" PROP-EVAL, 2SAT, ST-CON, DEULER

>LUTOERRIFETHSEFHN2TNDA...
v 3SAT, DHAM

D

o)

PEEDREIZHB(?)VF5ANP
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It IS known that:

» The following problems are in P:
v" PROP-EVAL, 2SAT, ST-CON, DEULER

» The following problems are in E, but...
v' 3SAT, DHAM

)

o)

The class NP between P and E?




