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43 BEEBRES)

FEE44 EEOHIRERM t, t, (TXL,
Ve>0, §n [ety(n)? <ty(n) ] > TIME(t) g TIME(L).

DIAG = {<aw>: RD3IFEHEHT1-F.
(a) IsProgram(a)
(b) 1<t _
(c) eval-in-time(a, <a,w>, t) # accept }
2L, x=<aw>, 1=, t= [t (¥) /4]
([1IFTIYET)

TRISLA= |a|IZ x=<aw> EANT DL,
X < \/t,(4) /M t= Jt,({) /d LAM [ZacceptLAz LY
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4.3. Hierarchy Theorem (Cont’d)

Theorem 4.4 For any time limits t, and t,, we have
ve>0, ¥ n [ety(n)? < t,(n) ] > TIME(ty) g TIME(L).

DIAG = {<a,w>: the following three conditions are satisfied:
(a) IsProgram(a)
(b)I<t
(c) eval-in-time(a, <a,w>, t) #accept }
where, x=<a,w>, I=|x|, t=[ f() 7|a]] [] denotes round-off

If we input|xE<a,w> to a program a as an input, |x| < t(x]) / |a| and
it does not accept before time t=/t(x]) / |a].
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[#%84.8: DIAG ¢ TIME(t) | OFEBR:

DIAGETIME(t)EL TFBEEEL.

* DIAG Z0(t) B TR T 270U 5 L%A, O—FKE a, kT 5.
— time_ Ay(l) = ¢y ty(1) e D) (co:ESR)

«EEORE Vo> 0,V (1) <t ()]
FY IEFHRECEDE. ot ()<L 0) /a]] @
ot X B ALFIREEE THED D, l=<a,w> &+ R<THE

<G fafit) ®

*(3) EDIAGDEHE KLY
<a,W,>EDIAG « eval-in-time(a,,<ay,wy>, Tp) # accept ........... (4)

) time_ A, () < c,t,(1) —#ED | 1221 T 3/13
@ctl) <G d=t, [ TARN=<aws> |

(4) <a,,W, >e DIAG < eval-in-time(a,, < a,, W, >,1,) # accept
(WY, time_A, (< . >) <t () S G0 Bl =ty 5)

(5) &Y. +H RV I=<a,We>ETAT T LAJTAALIZEE,
FRIIBT t, BREILURNIZEDD, DFY
eval-in-time T HIBREFR t, (FAREHI TN,
— eval-in-time(a, <a,,wy>, t,) = eval(a,, <ay,w,>)

(4) IZ eval-in-time(ay, <a,Wy>, t)) = eval(a,, <a,w,>) ZHE A :

<ay,Wy> e DIAG © eval(a,, <a,w,>) # accept
© Aghi<ag,we>ZEacceptLAELY.

ShIE, T ABDIAGERH T HIEWVSREICFE. (GEBARK)
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Proof of| Lemma 4.8: DIAG € TIME(t,) ‘

To derive contradictions, we assume DIAG € TIME(t,).

* Let A, be the program that recognizes DIAG in O(t,) time, with
codeay,. —time_Ayl) = coty(l) oo (1) (co;constant)

« By the assumption of theorem V¢ >0,V [ct,(1)* <t,(1)]
for sufficiently large /, et (1) <[, (0) /‘ao‘] ___________ 2)
« Since t, is a natural limit, for sufficiently long l,=|<a,wy>|,

<l lo) faliity) e ®
* By (3) and definition of DIAG,
<a,Wy>EDIAG « eval-in-time(a,,<ap,Wy>, 1) # accept ........... (4)
| Forgenerall | 3/13

(1) time _ Ay (1) < ct,(1)

)= L0 )1, | Forsuffcienly long y=<aq ;> |
0 0/ = 2\'0 ]
(4) <a,,W, >e DIAG «> eval-intime(a,, < a,, W, >,t,) # accept

By (1)2), time_Aq(<ay, W, >) ¢ (1) <[V, () /Bl =ty -.(5)

From (5), program A, halts in t, time for sufficiently long l,=<a,,wy>,
which means

the time limit t, in eval-in-time is not essential.

— eval-in-time(ay, <a,wy>, ty) = eval(a,, <ag,wy>)

Substitute eval-in-time(a,, <a,Wy>, t,) = eval(ay, <a,,wy>) to (4):

<ay,Wy>e DIAG « eval(a,, <a,wy>) # accept
A, does not accept <a,,wy>.

Which contradicts the assumption that “A; recognizes DIAG.” Q.E.D.
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> eI E SER

F,=O(t)DEEFEEZELORHINISLTRTOES

={A, A, .}

FhEOIOTSLDI—KE a, a, .. £F5,

BalLITBABERCEERDL,

time_A(l) < c;ty(l)
PRI 512, Fa, ¢ [THL, +HELW, ZER5E,

cty(l) < VeI Mall i< V) /ail]
LTED. FETOTSLADANXICHTDHENDEREERDL,

X1 X, Xy Xy Xg eeowrens Xy
AJA R
Ai R R *‘mﬁf
AlA A R | REABSE
AJR R A ... A R
Ax)DIE X, <DIAG?MD%E

DIAGERH T HTOJ S LAIXEDRIZEZTELGWN..FFE
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Interpretation based on Diagonalization

F, = aset of all recognizing programs of time complexity O(t,)

={AL A, .}
. =< > =
Let their program codes be a,, a,, .... e U=
Considering an appropriate constant c; for each a;, we have

time_A(l) < city(1)
Moreover, we can take sufficiently long w; for each &; and ¢; s.t.
ctil) < V) /all i< Vi) /faill
Putting the outputs of A, for input x; in the table:
Xp Xp X3 eeeern Xy Xy Xp X3 evenrn Xy

values of A(x;) answer to x; € DIAG?
This table can't include a program recognizing DIAG...contradiction.
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1514.12: TIME(n?) S TIME(nS)

& ve>0,Vn>c[c(n?)? <n®]
TR AC)
= o0
N t(n)°

LnE, BEREERLYTIME®R)  TIME(®)
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5% RERMUAHEIFR
5.1 REMNGHMEAREISZ
P Eup:glﬁﬁ TIME(p(l))

E =L TIME@)

= (1)
EXP Kggrﬁit.TlME(zp )

CHA: HHEHEVISACIZASESA.
CHE: CRANRRHEE —
L—

HBHRREAPIZADTULVELES,
HEMIZEFICRZRRL...
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Ex.4.12: TIME(n?) & TIME(n®)

& V>0,V nx>c[c(nd)? <n®]
If we havt? t,(n)
lim inf 5=
n—o t(n)

then the hierarchy theorem tells us that TIME(t;) ¢ TIME(t,)
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Chapter 5
Representative Complexity Classes

5.1. Representative time complexity classes
F= UP3P0|yn0mia|T IME(p(1)
E= Uc>1 TIME(2))

exp= U TIMEQD)
P:polynomial
C set: setin the complexity class C.
C problem: problem of recognizing a C set.

Problems not in P are intractable
from the practical viewpoint...
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#I5.1: V5 RP, E, EXPTIE, 2IEXFHEREDEVILME
TIE%EL.
P: 21X x FEXS>LER
E:20#HE x 21EKX > 20BHE
EXP: 20 ZEAE x LR > 20ZEAE
1515.2: PRIMEDETHEEI5X 5% 20024E(2 0(1°)
{514.7 > PRIME e TIME(2') DT ILTYRLRER
#12, PRIME ¢ E INF=DT. §TIEP

EZESL T: FIRHEORE

U e 7 TIME(): TESRIEH B S5 R
—ZhETIME(TERT.

FEHES.1: (1) P = UesgTIME(IS),  (2) EXP = Ugsg TIME(2®)
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Ex.5.1: Polynomial makes no serious difference in the classes
P, E, EXP.
P: polynomial X polynomial->polynomial
E: linear power of 2 X polynomial - linear power of 2
EXP: poly. power of 2 X poly. = poly. power of 2

Ex.5.2: Complexity class of PRIME
Ex.4.7 > PRIME € TIME(2)

Thus, PRIME < E 0(1°) time algorithm put
o itin Pl
Def.5.1: T: set of time limits

) E_I_TIME(t): T time complexity class
t — It is denoted by TIME(T).

Theorem5.1 (1) P = U JIME(),  (2) EXP =U__ TIME(2")
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Theorem 5.1 (1) P= U5 TIME(I), (2) EXP = U TIMEQ' )’
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FEIE.L: (1) P = UgsgTIME(R),  (2) EXP = U o TIME(2')
FEBA: (2)DEERA T A BE.
TelEWVSHOZEXDES.
T, BIEAD LK
> T, S T,HDT, TIME(T,) € TIME(T,)
p: EENZERX (PET,NEENER)
ZERXpDORRREEKET BE, p(l) = 01
EHE43&Y,
TIME(p(l)) € TIME(IY) € TIME(T,)
Li=At>T, TIME(T,) = TIME(T,)
FEEA#E
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1515.3. A ek 5 B2 =X ST f 28 (PROP-EVAL)
AKN:<F <a,a,,...,a,>>
FIZHRRamEREX AV - ©
(a8 ..., 8, ) [FFICHT 2EBERYST
B Fa, ay ..., a,)=1?
X=y X ey
(xy) [ (xVy) [(x=y) Aly—X))
0,0) |1 1
0,1) |1 0
(1,0) |0 0
11 |1 1

Proof: The proof of (2) is omitted.
T,: set of polynomials of the form of I°.
T,: set of all polynomials

>since T, € T,, TIME(T,) & TIME(T,)
p: arbitrary polynomial (p is any element of T,)

if the maximum degree of a polynomial p is k, p(l) = O(I¥)
From Theorem 4.3,

TIME(p(l)) € TIME(IX) € TIME(T,)

Therefore, TIME(T,) = TIME(T,)

Q.ED.
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Ex.5.3. Problem of evaluating propositional expression(PROP-EVAL)
Input:<F, <ay, ay, ..., a,>>
F is an extended prop. expression
(a;, a,, ..., &, ) isatruth assignment to F
Question: F(ay, ay, ... , a,) =1?

X—y X <y

(xy) [(xVy) [(x=y)Ay—x))
0,0 |1 1

©01) |1 0

1,0) |0 0

@11 1
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#l5.3. S REEH 2 X SF AT RE(PROP-EVAL)

AB:<F <a, 8, ...,a8,>>

FlXtRkamE/ERX AV -2 ©

(g, 8y, ..., &, ) IFFITR T2 EEERY LT
BM: Fa, ay ..., a,)=1?

RERanREFRIER F AO—MESh 30 [F] D EAREES.
FTERIZO([FIPHETHER TES.

HFEANGONTONIE, RELATYTRT
F(ay, 8y, ..., a,) DIEREZICFHETEE. , ,

Bl Fxy, %, %) = [X1 A %] v IXp— %] 0 O;\D\ 1

F(0,1,0)=1 ,0

F(1,1,0)=0

&2 TPROP-EVAL € P ‘

Ex.5.3. Problem of evaluating propositional expression(PROP-EV}AOI/_:I)'3
Input:<F, <a,, ay, ..., a,>>
F is an extended prop. expression
(@, @y, ..., ) isatruth assignment to F
Question: F(ay, a,, ..., a,) =1?

Construct a computation tree from a code [ F | of ext. prop. expression
It is built in time O(|[F1?).
If computation tree is available, we can easily obtain the value
F(a,, a, ... , &, ) inabottom-up fashion.  ( ; )
computation

EX.: F(Xy, X5, Xg) = [X3 A 7%, v [X =X%5] 0 0/( \O tree
F(0,1,0)=1
F(1,1,0)=0

Hence PROP-EVAL € P ‘
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f915.3. dn e s ER = 3T S8 1 R RE - 2R HE L (2SAT)

AR <PF> FlE2ffER admE=
BR: F(ay, ay, ..., 8,) = 1&H TRV THHEH?
&R

F=(®OVOV. .VOABV..VO)A..A(.)
-UTILORENOREETRRESN LD

KFORER (k SAT)
- MR OERENS KEOUTFSLERD

- 3SAT, 4SAT LRIFRICEERTED,
- SAT: ZREFDYTIILOELKIZHIBRALZNED
- EXSAT: AADREREERERX (P o HIFY)
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Ex. 5.3. 2-Satisfiability (2SAT)

Input: <F> F is 2-conjunctive normal form
Question: Is there any assignment such that F(a,, a,, ... , a,) = 1?

Conjunctive Normal Form (CNF)
F=(@OVOV.VOA(OV..VOA..A(.)
- described by A of V of literals.

exactly/at most
k SAT

- Each closure contains k literals

- We can define 3SAT, 4SAT similarly.
- SAT consists of any CNF.
- EXSAT consists of any extended propositional expression.
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f15.4: F|E AT REMERIRE(ST-CON)
AF1:<Gst>: EMY TG, 1=st=n(=|G|)
Bl GETsADtADELHHH?

FEAREIE SRR LR AN ELTHDEE
FAAT—EBLIE. TRTOIDE—EDDELHR
FNIILEUHREE. TRTOTERE—EDDEIHR

{5i5.4: —E£E=FEMRE(DEULER)
AA:<G> HRI TG
B GIIA17—FHlELDH?

f55.5: /N2 )L+ BARRRARE(DHAM)
AN <G> HERMT TG
B GIENSILEURRBELE DA
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Ex. 5.4: Graph reachability problem (ST-CON)

Input: <G,s,t> : an undirectd graph G, 1=st=n(=|G|)
Question: Does G have a path from s to t?

»Cycle is a path that shares two endpoints.
»Euler cycle is a cycle that visits all edges once.
»Hamiltonian cycle is a cycle that visits all vertices once.

Ex. 5.4: Euler cycle problem (DEULER)
Input: <G>: a directed graph G
Question: Does G have an Euler cycle?

Ex. 5.5 Hamiltonian cycle problem (DHAM)
Input:<G>: a directed graph G
Question: Does G have a Hamiltonian cycle?
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HMoh TSI E:

> LU T ORREILP:
v' PROP-EVAL, 2SAT, ST-CON, DEULER

>UT OREXETHAHEFHM>TNDH...
v/ 3SAT, DHAM

PLEDMIZEH 5 (?)VFANP
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It is known that:

» The following problems are in P:
v" PROP-EVAL, 2SAT, ST-CON, DEULER

» The following problems are in E, but...
v 3SAT, DHAM

The class NP between P and E?




