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5.2. J5ANP

EHS2: EALICHLTROEHEH-IEER gL
ZIEX BRI EATREREE R N FELTZET 5.

BxeX TxelLoaweX |wiKq(xDRXxW)] G.1)
27y, L={x:3weZ*[|wl<q(Ix[) A R(x,w)]}

COEE, LENPEA LV, LORHAIBEZNPRIEELS.

Ffz, NPEREDEEREITANPENS.

E: & xerIHLT, MERX |W[Sq( x]) AR(X, W)
Einf=g W, €I ExD (FERED) FEHLELS.
UTFTE Gwe*:|wl<q(x]) = 3IwBEER.

IANFAZXDEZEXRDIERS EZoNT-LE, TNAED
EHEBTHESHELEXRHTHETES. |

## I : N’P=Nondeterministic Polynomial
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5.2. Class NP
Def. 5.2: Suppose that we have a polynomial q and
polynomial time computable predicate R for a set L such that

foreach xeZ*,xe L Iwe X" | wl< q(| x)[R(x,w)]
ie., L={x:3weZ*[|w|<q(x]) AR(X,W)]} (5.1)

Then, L is called an AP set, and the problem of recognizing L
is called an AP problem.
Also, the whole set of NP sets is called the class A/P.

Note: For each xeX* W, €X* satisfying the predicate
[wl<q(] x[) A R(x,w) is called (polynomial) witness of x.
Hereafter, we use notation 3w e T*:|w[<q(|x|) = 3Jw

“Given a witness of polynomial length in the input size, we can
determine in polynomial time whether it satisfies the condition

of a given problem.” L .
c.f.: A’P=Nondeterministic Polynomial

#15.7: /N3 L+ BARRRIRE (DHAM) c VP 2112

JSIDTERIFL~n EBEDHTINTVDHERE.
NIRVEBOWUYHD 1~n DIEFI<], L, ..., 1, >
ZDIEFIA S E E DL

i (HEET i~ BY5H5
SEHLOD IR

fl: 10 o5
<1,234,5> DNIILAVEAE DL
50 ERNYA <12.3,54> DNIJILEUBIBTEL
<1,4,3.2,5> DN\IJLAUBBRTHLY
Rp(x, W) ©[xI&&H BT F5I7GTER) DI—K]
A WIEL~nDIEFI< I, 1, ..., 1,>]
AWIEGD NIV EBRERLTLVS]
FTRTD xeIHIDNWTROBFEAKYILD.
xD\$HBTSTCHA—KRIZHE->TINAEE:
x € DHAM « 3w, (=<1,,..., I, >)[Ry (X, wg)]
XD STOA—RITEITLENEE: Y[R, (X, W)]

I5.8; S RERID 75 21 RIEE(3SAT, SAT, EXSATAE) 82

B1%:EXSAT ¢ NP

F(Xy, ..., ) ER DR REGHE R
FMNFEZAEE < Ta,, ..., a,: FalE1M0[F@, ..., a,) =1]
LD R &g
FADEHKEDEYLTE<ay, ..., 8, >TKRY.
> R&lE 3(n+n+1)=6n+3 < 6| [F || +3
() = 61+3

B

5&R

RUx, W) © XIEHHIBEREREAF (R DI—FK]
AWIFFADEIYHT<ay, ay, ..., a,>]
A[F(@y, ..., a,) =1]

FEAREZAVSEF(,, ..., a) DEIFSRXFMTIHEATEE.
&2T, ReASEAFRHE CEERRE.
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Ex.5.7: Hamilton Cycle Problem (DHAM) € NP

Assume graph vertices are numbered 1~n.
Trace on a Hamilton cycle=» permutation of 1~n<I, I,, ..., 1,>
This permutation is a witness of polynomial length.

|_(c.f.)There are n!~n" many

Ex.: 1 ¢ o5 candidates of witness
<1,2,3,4,5> =»Hamilton cycle =>witness
50 3\4 <1,2,3,5,4> not Hamilton cycle

<1,4,3,2,5> =»not Hamilton cycle
Rp(x, W) €>[x is a code of a graph G(with n vertices)]
A [w is a permutation of 1~n: <1, I,, ..., 1, >]
Alw represents a Hamilton cycle in G]
For each x e Z*we have
if x is a code of a graph G:
X € DHAM © 3w, (=<1,,..., 1, >)[Ry (X, W5)]

if x is not a code of any graph: VW[—RD (x,w)]
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Ex.5.8: Satisfiability Problem of Prop. Express. (3SAT, SAT, ExSAT)
Goal :EXSAT ¢ NP

F(xy, ..., X,): arbitrary extended prop. logic. expression
F is satisfiable«~> Ja,, ..., a,:eacha;is0or1[F(a, ..., a,) =1]
length of a witness ¢
Truth assignment to F is denoted by < a,, ... , a, >.
- its length is 3(n+n+1)=6n+3< 6|[F||+3
ae(l) = 61+3
predicate Rg
Re(x, w) <> [x is a code of an extended prop. express. F (n variables)]
A [wisanassignmentto F: <ay, a,, ..., a,>]
A [F@y, . a,) =1]
Using a computation tree, the value of F(a,, ... , a,) is computed in
polynomial time. Thus, R is also computable in polynomial time.
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NPEATHAHZEDERRITAM?
(G.L)ERE=q REALSE, X EL? ZRDEIITHIETES.

for each we 29 do

if R(x, w) then accept end-if
end-for;
reject;

REHX) AT OXFINETRTHHBELTARNIE,
accepthrejectMHIE TES. f=f2, TD LI XFFIE
20q(x)FME FERBIR) FHET HEITEER.

LROHEAXTRHTEIRAENPREALBEATEL.
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What does it mean by being an AP set?
Using g and R satisfying the predicate characterizing an AP set,
we can determine x €L ? in the following way.

for each we 29 do

if R(x, w) then accept end-if
end-for;
reject;

If we enumerate and check all possible strings of length at most
q(Jx]), then we can accept or reject them. Here note that there are
2 to the q(|x]) (exponentially many) such strings.

We may think that those sets recognizable as above are NP sets.
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NPIZBEEL=I5R

EEE3 AL, TOBESLHINPIZBLTLDEE,
CO-NPHREEWS. Fz, co-NPEEDEAEREDITAcO-NPELS.

X co-PEEERLTH P LRLADTHEERK.

EHESS5 TRTHEALITHL, ROEHILEE.
(@) L eco-NP
b) & L% BHLZIER q LB
FHEATREREEQE AT,
L={x:vweZ*:[wl<q( x D[Q(x,w)]}
LRES.
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Classes related to NP

Def.5.3. A set L is called a co-AP set if its complement L belongs
to A/P. The whole family of co-A’P sets is called the class co-A/P.

Note: It is nonsense to define co-P since it is equal to P.

Theorem 5.5. For every set L, the following conditions are equivalent.
(@ Leco-NP
(b) The set L can be represented as
L={x:vweX*:|wl<q( xD[Q(x,W)I}
by using some polynomial g and polynomial-time computable
predicate Q.
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$i15.9: FR¥HIE R
[n] & PRIME <> 3m:1<m< n[ n mod m = 0]

L1=h3oT, gy(n) =n&l,
R,(x,w) & [xeN]v[[weN]A[l<m<n]A[n mod m=0]]

(7=12L, n, miE & 2 x, whiR T BRE,
NIZBERBD2ERTE LR
EEETHE,
FARTDxeZ*[ZxtL, x¢PRIME < 3g,WR,(x,w)]
IhiE, x ¢ PRIMEIZx S EEHL
&>7T, PRIME € NP, i.e., PRIME ¢ co-NP
KR, QW) & —~Ry(x, w) £EF5H&
PRIME = {x: Y qw [Q,(x, W)I}
ERED.

PRIME eNP HiRtdh, ZTOIEHEH-LEH#.
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Ex.5.9: Primality testing
[n] ¢ PRIME <> 3m:1<m<n[ n mod m=0]

Therefore, for qp(n) =n,
R, (x,w) & [xN]v[[weN]A[l<m<n]A[n mod m=0]]

(where, nand m are natural numbers represented by x and w.
N is a set of all natural numbers in the binary form)
This definition leads to
for every xeZ* we have x¢PRIME < 3q,w[R,(x,w)]
This is a witness to x € PRIME
Thus, PRIME < NP, i.e., PRIMEs co-NP
In fact, using Q(x, w) <> —R(x, w), PRIME can be expressed as
PRIME = {x: ¥g,w [Q,(x, w)I}

We can also show that PRIME < AP, but its proof is more complex.
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NPRIEDFI
- & B E B (COMPOSITE)
AB:B%#n
B nEEREN ? (RETHELLN?)

- Fy TSy RIRE(KNAP)
AR BRA#DHME<a, ay, ..., 8, b>
B Y a=b LEBFFOEESC {L, ..., n}H’HIHN?

-FEEORBE(BIN)
A BR#ODM<a,, a,, ..., a,b k>
B RFOEEU={L, ..,n}2U,, .., UDKREIZHEIL,
T, , a<b&FBIEETEEN?
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Examples of AP problems
-Composite Number Testing Problem(COMPOSITE)
input: natural number n
question: Is n composite? (Is it not prime?)

*Knapsack Problem(KNAP)
input:n+1 tuple of natural numbers <a,, a,, ... , a,, b>
question: Is there a set of indices S S {1, ..., n}st. >, & =b?

+Bin Packing Problem(BIN)
input: n+2 tuple of natural numbers < a,, a,, ... , a,, b, k>
question: Is there a partition of a set of indices U={1, ..., n}
into Uy, ..., U, such thatz‘iElJ a, <b foreachj?
*Vertex Cover Problem(VC) l
input: pair of undirected graph G and natural number k <G, k>
question: Is there a vertex cover of k vertices over G?

\ Vertex Cover S contains at least one of u and v for each edge (u,v).\

-ERHERRE(VC) JBRHEES:
AN ERTSTCEBREKDH<G, k> EDDuv)b
Bl GIKKERDERBEENFETHMN? uvd—%l%

SIT&EFEND
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53. At EEV S AR DERF

[EHE56: P S EC AP
EELY, BHoH.
[EH57: PG EG EAP]
SIEER:
L Pg &
t(M)=2", t(n)=20Ed Bk, BEEEELY,
TIME(2") S TIME(2%)
—%. P S TIMER") ¢ TIME@™) € £#mb,
Pg &
(2 R4k

SEER#E
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5.3. Relation in the Complexity Class

‘Theorem 56: P C EC EXP. \

Obvious from the definition.

‘Theorem 57: PSS € & SXP.‘

Proof:
@HPeE
For t,(n)=2", t,(n)=23", from the hierarchy theorem we have
TIME(2") & TIME(23")
On the other hand, since P S TIME(2") ¢ TIME(2*) < &
PG E
(2) is similar.
Q.E.D.

9/12

TEHES.8.
Q)P E NP, PEco-NP(&2T, PE NP N co-NP)
(2Q) NP S EXP, co-NP S EXP (&>T, NP U co-NP S EXP)

FEBA: (1) P € NP (P S co-NP £RE4HR)
L FBOPEE
D LIF S EX R TRB AR
&oT, FIEARRFHAREBREPERAVTRDOLSIZETS.
vxeX*:[xeL->P(X)] or P ={x: P(x\)}
R(x,w) = P(X)&EEE (EB25I1 8T ER)
> FEOZEHKITDONT,
L = {x: 3 w[ R(x,w)]}
FoT, NPOEELY, Le NP ie, P S NP.
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Theorem 5.8.
L)P € NP, P S co-NP (thus, P & NP N co-A'P)
QNP S EXP, co-NP & EXP (thus, NP U co-NP & EXP)

Proof:
(1) P € NP (P S co-NPis similar)
L: arbitrary P set
=> L is recognizable in polynomial time
Thus, we have the following description using a polynomial-time
computable predicate P.
vxeX*:[xeL- P(X)] or P ={x: P(X)}

We define R(x, w) = P(x) (neglecting the second argument)
-> for any polynomial g,

L ={x: I W[ R(x,w)]}
Thus, from the aefinition of NP, Le NP ie., P S NP.




(2 NP S EXP (co-NP S EXP)
L EEDONPEE
-)%ﬁ‘tq&%lﬁ‘tﬂ#ﬁﬁ.d'%_thuuRb\ﬁT‘L’C
={x I WR( Wk ={x: I wllwi< q(l x]) A R(x, W)I}
qEREAWVT, LERETHI0I S LEES.
prog L(input x);
begin
for each we 259 do
if R(x, w) then accept end-if
end-for;
reject
end.
RSDAAHTEHTATSLDOERGEE:
RIFZIEX G ERIREoT=h\D, HHZIEApIIHIL,
ROEFHEBREI=p(X| + w]) <p(l+q(l)) — | DLIER
2RTIE, {p(+q(l) +cq(|)}2qﬂ>+ d =0(2 )
&oT, Le&XP D> N ENTEECS
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(2) NP SEXP (co-NP S EXP) 10112
L: any NP set
=>There is some polynomial g and polynomial-time computable
predicate R such that
L={x: [R(X W)= {x: 3wl wi< q( x]) A R(x, w)I}
prog L(|nput X);
begin
for each we 259 do
if R(x, w) then accept end-if
end-for;
reject
end.
time complexity of the program for an input of length I:
Since R is polynomial-time computable, for some polynomial g
time of R=p(|x| + |w|) <p(I +q(l)) «—— polynomial of |
In total, {p(l+q(|)) + cq(l)}zq(') +d=0(2 +ah)
Hence, L ¢ EXP > NP & Q.E.D.

program recognizing L using q
and R
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TEIE5.9.

(1) NP € co-NP > NP =co-NP
(2) co-NP S NP > NP = co-NP
(BY NP = co-NP > P NP.

#iE: 3)KY, NP #co-NPOIEBAIK, P~ NPOIEAIYEELL.

SEEA: (1) NP S co-A'P > NP =co-NP ((2)DEEEALRIHR)
EEDL co-NPIZxLTL € NPASRERIE, co-NP S NP
MEEATESDT, REDNP S co-NPEEHETNP = co-NP
NEZS.
Leco-NP =L ENP  (EZES5.3&KY)
“L€co-NP (NP ES co-NP&LY)
—~LeNP (B$5.3EL=L&LY)
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|3 NP* coNP S PE AP |

["HB: P= NP > NP =co-NP |

P=NPLRET DL, TRTOLIZHL
LeNP < LeP (P=NP&Y)
T ep (EEERE5.5)
> TeENP (P=NP&Y)
<L(EL)eco-NP  (EE5.3&Y)
“ NP =co-NP FEBA#E

NP #co-NPHMIELLVE

OFEEANG
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Theorem 5.9

(1) NP € co-NP > NP =co-NP
(2) co-NP € NP > NP = co-NP
BYNP= co-NP > P NP.

Note: from (3) the proof for AP = co-A/P is harder than that
for P=NP.

Proof: (1) NP S co-A'P > NP =co-NP (proof of (2) is similar)
Since co-NP S NP is shown if we prove Le V’P for any Le co-NP
Combining it with the assumption NP S co-NP, we have
NP =co-NPandso
L e co-NP — L ENP (by Definition 5.3)
“LeEco-NP (NP ESco-NP) _—

—~LeNP (Definition 5.3 and L=L)
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| (3) VP £ coNP > P# NP.

‘ Contraposition: P = AP > NP = co-NP ‘

If we assume P=A/P, for any L we have
LeNP <> LeP (P=NP)
T ep (Exercise 5.5)
<TeNP (P=NP)
<L (=L) €co-NP  (Definition 5.3)
“ NP =co-NP Q.ED.

If NP #co-NPis true,

OFGIANG




