EE A B AL BABLS A

—F [XFIERER
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- : = ] h r 6. Analysis on Polynomial-Tim
6% SEABMEHAEEO | Chapienc. Analysis on o ynomial-Time
Computability
6.1. ZIEBFRHIET AT REME 6 | | Sucib
.1. Polynomial-time Reducibilit;

E;O.L: y /

ALBEREDEALT 5. Def.6.1: _

(1) B9% h: A>B: %18z RS:E 5T (polynomial-time reduction) Let A and B be arbitrary sets.

(@) h [T MDA D 21 AR % (1) function h: A->B: polynomial-time reduction

| b)xeZ*[xe Ao h(x)eB] (a) h is a total function from Z* onto Z*

(©) h [ESEXERIGHE AT AE. )| (xeXZ*[xe Ae>h(x)eB]
(c) h is polynomial-time computable.

(2) ADSBADZERBHEETINFET HESE, )

AlEB~ %18 = B R958 5T A 5 &L VS (polynomial time reducible). (2) When there is a polynomial-time reduction from A to B,
CODEE, ROKSITEL: we say A is polynomial-time reducible to B.
- Then, we denote by -

b ] N N 2117 R - R 2117
A<, B ZEABMOEERNTIE, ADHLS < BOHLS A<P B within polynomial time, hardness of A < that of B
Fi6.1. A< Boes, 6.1 A<’ B leadsto,

(L)Be P>AEP. L)Be P>AEP.
(2)B € NP> AcAP. (2)B € NP> AcAP.
(3)B € co-ANP > A € co-NP. (3) B € co-NP > A€ co-NP.
(4)B c EXP> A cEXP. (4)Be EXP > A< EXP.
WEISREEFIS. —fRIZIE, Be £> A € E&EITEBARLN. Note:class £ is exceptional. Generally, B€ £> A € £is not true.
516.2: ONE= {1}, E &R T HLE, VYSAPDITANTHESLIC Ex.6.2: If we define ONE= {1}, for each set L in P we have
ST L<” ONE L <, ONE
i 1, ifxelL
AFEYIIO. _f1 xeloEz, If we define pyy=q ’
h(x) —{ 0. ZOHOE=E { 0, otherwise
EEETDHE, (1) hEZH oI AN LS. (1) h is a total function from =* onto =*.
(2) XxeZ*[x e L <>h(x) < ONE] (2) xe=*[xe L <> h(x) € ONE]
(3) hixZER M E T BE(Le Po>xcLDHIELZIBEXEFRHA) (3) h is polynomial-time computable(so is computation Le P>xeL)
3/17 3/17
FiH6.2.A B C.IEENES Theorem 6.2: A, B, C: arbitrary sets
(DA A DA< A
QA< BAB< C>A<C QA< BAB<L C AL C

Def:A=" B« A< BAB< A
P

=, s an equivalence relation.




4/17

| SEEREX DI R AHEMLEOM DB |

2SAT  (dnEEmIEZ(TE R MERRE: Z M)
3SAT  (aniBamEE=TE R IERERE: MM X)
SAT (dnBamiE X T R MERRE)

ExSAT  (MhskanEmmE TR EME)

2SAT <P 3SAT T
— B RkIE...
RIS, \Qtizizzﬁgxagmampﬁ—r

3SAT <” SAT <” ExSAT
2SAT <P 3SAT <P SAT <P ExSAT (6.1)
CZZT
EXSAT <P 3SAT
THHIEETEDE,
3SAT =7 SAT = ExSAT
E13%.

4/17
Relation among satisfiability problems of propositional expressions

2SAT (propositional satisfiability problem)

3SAT

SAT

EXSAT  (extended propositional satsifiability problem)

2SAT < 3SAT atmostk ... trivial
Similarly, exactly k ... report
3SAT < SAT <P ExSAT
2SAT <° 3SAT <P SAT <P ExSAT (6.1)
Here, if we can show
EXSAT <! 3SAT
then we have
3SAT = SAT = ExSAT

|#16.3: EXSATAMD3SATA DT | 517

E (X, %o, X3) =[[X% € X, 1= [X, A X ]]v =X,
R4 % %) =U AU, < U, v=x]IA[U, < [U;, - U,]]
AU; & [x o %LIIAU, < [X, AX]]
ZDEE, [E,NFERAHE] © [F AT R ATHE (6.2)
FIE=MBRRICELPLT LRG> TLS.

F, DAL ik
(L) DV, =V, v —x,

@ @V, =)V, 5V

mJEX\ @V, =[x o x,]
x/\x/ \ 4V, =X, A X
1 2 3

F.2HEHT 5012, Vo UEL, VOEERE ATES

‘ Ex. 6.3: Reduction from EXSAT to 3SAT ‘ 57

E (X, %o, X3) =[[X% € X, 1 [X, A X ]]v =%,

R0 % %) =U AU, < U, v=x]IA[U, < [U;, - U,]]
AlU; © [x © 1A U, < [X A X%]]

Then, [E, is satisfiable] «» [F, is satisfiable] (6.2)
F, is easier to be converted to 3SAT form.

How to construct F;
Y DV, =V, v —x,

(2 —>/ \ﬁ 2V, =[V; > V,]
AN _
(%+WA\ @V, =[x %]
/\/ \ (4V, =X, A X
X X X3

To construct F, we let V; =U;, and connect expressions of V; by A

F, OBAAELY, =
LBV, DIEZEV, (X, Xy, X)) ELBEWRY, FIXEICIERSALN.
(QBUDBEV(x,, %, ) ELT=EE, F, =F;

EOMEARYI DL, FMiEERALSEE LTI
FERAITH B,

By

a>b =—avb
aob = (a>b)A(b>a) = [ aVvb] [~ bVa]THAIZLERALS.

U, o U, v=x]=[-U; vU, v =x]A U v U, v=x,]]
=[-U,vU, v—=x]A[U, v[=U, A X,]1]
=[=U; vU, v=x]A[U v =UL T AU v X, ]
=[-U, vU, v —-x]AU, v =U, v =U,JA[U, v X, v X, ]

bt Rk
FoT, TRTC=MBHRICERTEEIEN O S.

From the construction of F, 6/

(1) F, is never true unless each U is V{(X,, X,, X3).
(2) If each U, is Vi(xy, X,, X3), we have F; =E;

The above properties are proved by using induction.
proof is omitted.

‘ Conversion to 3SAT form ‘

a—-b =—avb
aob = (a»>b)A(b—>a) =[—aVb] A[ ~bV a]: useful relations
U, U, v-x]=[-U,vU, v -x]AU, v U, v=x]]
=[-U,vU, v—x]A[U, v[=U, A X,]]
=[-U, vU, v-x]A[U, v =U, AU, v x,]
=[-U, vU, v -x]AU, v=U, v =UJA[U, v X, v X, ]
Others are similar.
Thus, every 3SAT form is converted.




(6.2. BERERBT AR E 2 | i
6.2.1. REMDERLZTDERNMEE
EFE6.2: HEEIIACIIHL, KEANRDEHEH-TLE,
FhE (S OTO)CREENS.
(@) YLeC[L <PA]
()AccC
W FH@EH-TEEISC-RE

7117

6.2.Completeness based on Polynomial-time Reducibility

6.2.1. Definition of Completeness and its Basic Properties

Def.6.2: For aclass C, if a set A satisfies the following conditions,
then it is called C-complete (under Sz

(@) vLeC[L <7A]

(b)AEC

Note: Sets satisfying the condition (a) are called C-hard.

8/17 8/17
6.2. ZIEAFRETAIHEEICEO(EL M — —
e L | | 6.2.Completeness based on Polynomial-time Reducibility |
6.2.1. 5¢ & P
EEAEOERLTOEFMIER 6.2.1. Definition of Completeness and its Basic Properties
$16.5. YZANPOTELEE DA
3SAT, SAT, EXSAT, DHAM, KNAP, BIN, VC#i:&E Ex.6.5. Examples of A’P-complete sets
ISREXPDTEEESE 3SAT, SAT, ExSAT, DHAM, KNAP, BIN, VC, etc
EVAL-IN-E, HALT-IN-EZ£ & EXP-complete sets
EVAL-IN-E, HALT-IN-E, etc.
EVAL-IN-E:
Adr<ax,t> EVAL-IN-E:
alATa I a0a— R xex {20 Input:<a,x,t>
Hi 7 eval-in-time(a, x,2") = accept ? a: the code of a program with 1input, x e £, f > 0
Output : eval-in-time(a, x,2) = accept ?
9/17

FIH6.3 EFREDC-RUEE (B:C-TE2EE)AITHL,
LAeP>CCSP SHBIX C 2P > AgP
(QAeNP>CES NP HBIL CZNP > Ag NP
(B)A €co-NP > C S co-NP ®H&IE CZco-NP > A€ co-NP
@HAcEXP>CC ExP WHBI&L CLEAXP > AZEXP

SIEBA:
(1) BEREEDCEE LT HE, AlFC-REEM D,

B< A —7, AcPOIRELY, Be P (FH6.1)
(2), 3), BRIk

9/17

Theorem 6.3. For any C-hard (or C-complete) set A,
(1)AeP>CES P CP: CaP > AgP
QAcNP>CE NP CP: CaNP > Ag NP
(3)Ac co-NP > C S co-NP CP: Cz co-NP > Ag co-NP
(4)AEEXP>CC EXP CP: CZEXP > AgEXP
Proof: CP: contraposition
(1) Let B be any C-set. Then, since A is C-hard,

B<P A and by the assumption A € P we have B € P (Th. 6.1)
(2), (3), (4) are similar.
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EH6.3 EFBDC-RHEES (B :C-TEEH)AITHL,
WAcP>CSP HBIE C 2P > Aep
)AeNP>CES NP SHBIEZ CZNP > Ag NP
(B)A€co-NP > C S co-NP  F{&IL CZco-NP > A& co-NP
() ASEXP > CC EXP HBIL CZEXP > AZEXP

Bl6.6. EHE6.3DER (VTANP)
AENP-ZEEELTD.
EE6.3(1)DRHBLY,

TEHES.90.
(1) NP € co-NP > NP =co-NP

NP#EP>Ag P
EH6.3R)DRHBLEES.I(1)DxHELY,
A ¢ co-NP
DFY, NP-EEEEIEP2NPTHARY,
LA CIXERE TELRL.

Theorem 6.3. For any C-hard (or C-complete) set A,
LAeP>CS P CP: CaP > A¢P
QAcNP>CE NP CP: CeNP > Ag NP

(3)Ac co-NP > C S co-NP CP: Cz co-NP > Ag co-NP
(A)ASEXP>CCS EXP  CP: CZEXP > AgEXP

10/17

Theorem 5.9.
(1) NP € co-NP > NP =co-NP

Ex.6.6: Meaning of Theorem 6.3 (class N'P)
Let A be A/P-complete set.
By the contraposition of Theorem 6.3(1) we have
NP£P>AEP

By the contraposition of Theorem 6.3(3) and that of Theorem 5.9(1),
A g co-NP

That is, NP-complete sets are A’P-sets that cannot be recognized in

polynomial time unless P = NP.

11/17

11/17
NP-ELEEITPNPTHARY, NP A co-NPIZIFASEL NP-compete sets are A’P-sets that do not belong to
NPEETHS. NP N co-NP unless P = NP.

NP co-NP
co-AP -complete
NP-complet
12/17 12/17
#l6.7. EE6.3DELK(VFREXP)

DFEEXP-EEER LT S.

FEE6I(L)DRBE(C TP > AgP, ZITIEEXP TP >D 2p)
P£EXP > EXPLP (WP S EXP)> DgP
TEE6.3Q2) DRHE (C NP > AENP,
ZCTIEEXPZ NP >DENP)
NP#EXP > EXPZNP (NP S EXP) > DENP
EH6.3(3) D XA (C zco-NP > A€co-NP,
CZTIEEXP Zco-NP >D €co-NP)
CO-NP# EXP > EXP Zco-NP >D¢g co-NP
LEIANEES TS poexp THAHMD, D EP.

EXP-EERE X SEARMTITFHERARE.

EX. 6.7. Meaning of Theorem 6.3 (class EXP)
Let D be an EXP-complete set.

Contraposition of Theorem 6.3(1)
(CZP > A¢P, where EXP ZP D €P)
P#EXP > EXPLP (P S EXP) > Dep
Contraposition of Theorem 6.3(2) (CZNP > A gN'P,
Here, £EXP ¢ NP >D&NP)
NP#EXP > EXPe NP (“NP S EXP) > DENP
Contraposition of Theorem 6.3(3) (C€ co-NP > Agco-NP,
here, EXP Zco-NP D ¢ co-NP)
co-NP# EXP > EXPz co-NP >D g co-NP

But, by Theorem 5.7, since we know P & EXP, we have
Dg¢P.

EXP-complete sets are not computable in polynomial time.
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FE64 A FEDC-ELEE Theorem 6.4. A: any C-complete set
TRTDEEBIZHL, For any set B we have
(1) A <°B >BIZC-HE. (1) A <°B B is C-hard.
(A <'B ABeC>BIFC-E2. (A <'B AB eC-> Bis C-complete.
FIEBA - Proof:
EE6.2&Y, VLeCL<T Al By Def. 6.2 vLeC[L<? A]
EE6.2&Y, L AAA<LB LB By Theorem 6.2, L<; AAA</ B> L<; B
Lo T, viec[L<’ B] Therefore, vLeC[L < B]
That is, B is C-hard.

JhEhn, BIEC-RE.

14/17 14/17

EXPC S{L: LIZEXP-E2}
NPC ={L: LIZNP-5E£}
EFBE, ROFEIKRYID.
SEHE6.5.

(1) EXPC AP = ¢

(2) EXP — (EXPC\UP) #¢

EXP

EH6.6: P 2NPERET SE
(L) NPCOP = ¢
(2) NP — (NPCUP) #¢

/NPeN

% NPA~Cco-NP

NP

EXPC ={L: L is EXP-complete}
NPC ={L:Lis NP-complete}
Then, we have the following theorems.

Theorem 6.5.
1) EXPC AP =6
(2) EXP - (EXPC P) #¢

EXP

Theorem 6.6: Assuming P = AP
Q) NPCAP =¢
Q) NP - (NPCYP) #¢

/NPeN

% NP~Cco-NP

NP

- 15/17
6.2.2 e DA

[E6.7: EVAL-IN-E[ZEXP-5E % |

SEBA: $515.6 &Y, EVAL-IN-E€ £XP, &0,
V0LeEAP[ L <TEVAL-IN-E]
FREIEERL.
LAEBDEAPEE LT S.
LE2XORF I CRET 2T DY S LM EEPD)IEZER)
FDTOTSLEAETD. ZDEE,
x €L € A (x)=accept
time_A_ (X)< 2p(XD
Lb\%EVAL-IIFI- ~NDETELTROBEHhEEZS.
h(x) =<'Al ,x p(x)> forwvxeX*
T5L, hig2EmT, SIBARBMETETA.
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6.2.2 Proof of Completeness

Theorem 6.7: EVAL-IN-E is EXP-completeness.

Proof:By Example 5.6, we have EVAL-IN-E € EXP. Thus, it
suffices to prove
V0LeEXP[L <PEVAL-IN-E]
L:any EXP set.
There is a program recognizing L in time 2°® (p(l) is polynomial)
Let the program be A,. Then, we have
X €L <> A (x)=accept
time_A_ (X)< 2p(XD
Consider the f?JI wing function h to reduce from L to EVAL-IN-E.
h(x) =<'A' ,x, p(x)> for vXeZ*
Then, h is total and computable in polynomial time.
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Ffz, TRTDxex*ITxL Moreover, for each xe=*  we have o
xeL <> AL(x)=accept xe L <> AL(x)=accept

«> eval(a ], x) =accept «> eval(a ], x) =accept
<> eval_in_time(&], x, 2°09) — accept > eval_in_time(&], x, 2°090) — accept
© <A, x, 2°" >e EVAL-IN-E © <], x, 2°" >e EVAL-IN-E
© h(x) e EVAL-IN-E © h(x) e EVAL-IN-E

BZIZ, hELABEVAL-IN-EA D SIRAFHIET. Thus, h is a polynomial-time reduction from L to EVAL-IN-E.

< L<] EVALAIN-E for VL e€xP - L<? EVAL-IN-E for VL cEXP
Fh5, EVAL-INELEXP-5T2. B That is, EVAL-IN-E is EXP-complete.
ENLES Q.E.D.
17/17 17/17

FEHE6.8.

(1) EVAL-IN-E ¢ P

(2) EVAL-IN-E[ENP-ER £
(3) HALT-IN-E[&EXP-SE£.

FIEBA:
(1) EVAL-IN-EILEXP-EEE BT, EXP-T2&EE e P.
(@ viLegxp [A<? EVAL-IN-E] &

NP C ExP &Y.

Theorem 6.8.

(1) EVAL-IN-E¢ P

(2) EVAL-IN-E is A’P-hard.

(3) HALT-IN-E is ExP-complete

Proof:
(1) EVAL-IN-E is EXP-complete and any EXP-complete set & P.
(2) 1t follows from

VLe gxp [A<? EVAL-IN-E] and
NP € €xP

5% D F %E (Schedule)

o 11/22 (Wed):
- LAR—K(6)+ o DEAR(6th report + a)
- LAR—K(5)MD B4R (submit 5th report)
o 11/24 (Fri): E&IZB T 57 >4 —kE M (Anonymous Questionnaire)
o 11/29 (Wed):
- HARBERLE6[E B O LR—h o EIYR(Final Exam. & 6th report submission.)
- A 74277 —(Office Hour): 681 B DL R—+DIRE LARE. BIRHABRDRE
& LS5 (Answers and comments for 6th report and final exam.)
12/1 (Fri): ¥K5&(No class)
52 LARE (After that...):
- BERE DREVE HEIEA—ILT(Ask by e-mail if you have any questions
about records, etc.)
— LiR—h HERORINA L& (LB E YIS &(Come to my office to
receive the reports and/or final exam, if you want.)




