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6.2.2 SELMEDFERA 6.2.2 Proof of Completeness
| EE6.7: EVAL-IN-EFEXP-5E2 | Theorem 6.7: EVAL-IN-E is EXP-completeness.
SEBA:f5I5.6 k1Y), EVPAL-IN-EE EXP, £0T, Proof: By Example 5.6, we have EVAL-IN-E € EXP. Thus, it
V0LeEXP L < EVAL-IN-E] suffices to prove
EREIEEL. V0LeEXP[ L <PEVAL-IN-E]
LEEDEXPEELT . L:any EXP set.
LE2P ORI CERH T 2RI S LN ELEP(N)FZIER) There is a program recognizing L in time 2¢O (p(1) is polynomial)
ZTOTATSLEA LTS COLE, Let the program be A_. Then, we have
x €L « A (x)=accept X €L < A (x)=accept
time_A_ (x)< 2r(X) time_A_ (x)< 2r(X)
Lb\BEVAL—IIFl— ~ADEFTELTROEHhEEZD. Consider the f?JI wing function h to reduce from L to EVAL-IN-E.
h(x) =<'Al ,x, p(x))> for vxeZ* h(x) =<'Al ,x p(x)> for X€Z*
T3 hFLEMT, ZIEAREHGETRE. Then, h is total and computable in polynomial time.
2/13 2/13
Ffz, TRTDxez*ITHL Moreover, for each xe=*  we have
xe L «> AL(X)=accept xe L «> AL(x)=accept
> eval(jp], x) =accept > eval(jp], x) =accept
«> eval_in_time(p], x, 2°™) = accept «> eval_in_time(p], x, 2°™) = accept
o <[P, x 27 >e EVAL-IN-E o <[P, x, 27 >e EVAL-IN-E
< h(x) e EVAL-IN-E < h(x) e EVAL-IN-E
W Z 2, hIZLAMSEVAL-IN-EAD ZIE B E T Thus, h is a polynomial-time reduction from L to EVAL-IN-E.
. P
oL Sm EVAL-IN-E for VL E(C/‘XP L S:‘ EVAL-IN-E fOr VL GSXP
FhH5, EVAL-IN-EFEXP-TEZ. B That is, EVAL-IN-E is EXP-complete.
SEER#R Q.E.D.
3/13 3/13

FEHE6.8.

(1) EVAL-IN-E ¢ P

(2) EVAL-IN-EIZNP-E #
(3) HALT-IN-E[&EAP-5E£.

BIEBH:
1) EVAL-IN-EIXEXP-ELEE T, EXP-EE%EE ¢ P.
(@ viegxp [A<? EVAL-IN-E] &
NP C ExP &Y.

Theorem 6.8.

(1) EVAL-IN-E¢ P

(2) EVAL-IN-E is A’P-hard.

(3) HALT-IN-E is ExP-complete

Proof:
(1) EVAL-IN-E is EXP-complete and any EXP-complete set & P.

(2) 1t follows from
vLe gxp [A<’ EVAL-IN-E] and
NP € EXP




4113
6.2.2. T2 MELEA

(NP)SEZMEDEEBR A %
() BFEYIZ[FTRTOLIZDWVTRT
(1) FTIZERTHIZ LN >TWHRHEEFIATS

(HDF: EIE6.7, EIE6.9(=Cookd FEHE(SATTTMZEIEIH))

HARMICIZ...

> 1 SEABMTHGRETOTSLEEXT
N—HLED THRL 2. IRYSLOBEEHERER TEMTS
PFL —ETHREFHEAHH D)

3SATHREF, Fexk

(DI $516.4(3SAT <& DHAM), E¥E6.10, ...
DHAMIE—f& D557 L TNPES

DHAMIZEE Y S 71 BRELTHLNPES
DHAMIZITE m D XR#=31IZRELTENPEE
DHAMIF2E8Y STICIREL TENPREE ...

6.2.2. Proof for completeness 413

Two ways to prove (AP-)completeness
(1) show “for all L” according to definition
(11) use some known complete problems

Ex for (1) : Theorem 6.7,
Theorem 6.9(=Cook’s Theorem; simulate TM by SAT)

Basically...
1. For any program in standard form,
2. simulate it by SAT formulae
—pretty complicated and tedious

Easy to manipulate
since, e.g., 3SAT has a
uniform structure.

Ex for (11): Example 6.4(3SAT<;, DHAM), Theorem 6.10, ...
DHAM is N'P-complete for general graphs

DHAM is A/P-complete even for planar graphs
DHAM is A’P-complete even for graphs with max degree=3
DHAM is N’P-complete even for bipartite graphs ..
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EH6.10: UTITHITHERITTRTNP-TE
(1) 3SAT, SAT (EXSATH B METT)
(2) DHAM, VC (3SATMHMD3ETT)
(3) KNAP, BIN (3SATMSMDETLEKNAP <! BIN)

(I NPEEMEDHLH>TULDEEN S D ZIE K FFEETT:
1. 3SAT<" vC
2. DHAM <" TR 5 O R AE 4 5= HIB SN F-DHAM

Vertex Cover: $RTDILD , Lt —ADTEREZETESR
Hamiltonian cycle: ¥ X TDITERE—E T DB HEAK

HFET: DHAMIZRHE 2R3 TENPER,
B R21EZEZEX R CTEE AT RE,
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Theorem 6.10 The following sets are all A/P-complete:
(1) 3SAT, SAT (reduction from ExSAT)
(2) DHAM, VC (reduction from 3SAT)
(3) KNAP, BIN (reduction from 3SAT and KNAP<P BIN)

(I1) Polynomial time reductions from A/P-complete problems:
1. 3SAT<! VC
2. DHAM <P DHAM with vertices of degree =5

Vertex Cover: a vertex set that contains
at least one endpoint for each edge
Hamiltonian cycle: a cycle that visits each vertex exactly once

Note : DHAM remains A/P-complete even if max degree 3.
But it is polynomial time solvable if max degree 2.
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| E6.10(2) : VC (& NP EL I

[EEBA] VC € NP ED T, 3SAT<, VC THAHLERE LY,

B F(X X, %) NMEZONT=ET D,
FIOVo LT D EEEmI-TI57EBRBDH<G, k>h'
ZIERAFETHERTEDILERT:

FZLUT BB ANFET HSCH YA XKDIEREELHD

GOEM(FIEnEHMIELT B):

1. FOEEH x TRL. TER X X & B x)EMAS

2. FOBIEC=(ly VI VIIZH UL TRR 1y, by, lig (1 1),
(lilig), (lisvlil)i’mié

3. CDUTII Iy A x; DEEED(,x7) &L —x; DEEITA
(X)) ZMNZ %,

4. k=n+2m
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‘ Theorem 6.10(2) : VC is A’P-complete ‘

[Proof] Since VC & AP, we show 3SAT <, VC.

For given formula F(x;,X,,...,X,), we construct a pair <G,k>
of a graph and an integer in polynomial time.

There is an assignment that makes F()=1
&G has a vertex cover of size k

Construction of G (F has n variables and m clauses):

1. add vertices x;*,x;" and the edge (x;*,x;") for each variable x; in F

2. For each clause C;=(l;; VI;, V1) in F, add vertices I, Iy, l;; and
three edges (liy,lip), (liz.lia), (ialin)

3. add the edge (l;;,x;*) if the literal I;; is x;, or add (I;;,x) if it is —x;
for each clause C;

4. letk =n+2m




FELCT BRI LATET HOCHY A XKDAAREERD 0

GOHBH(FIInEHMIELT 5):

1. FOBEH X ITRL.BA X X E DX X)EMRS

2. FOEEC=(, VI VT UL AR 1y, lp, g EB (1 1),
(o). (e li)ZMZ S

3. ECOUTIIL I, A x, DEFIFD(,x7) &\ X, DEEIE
A(l,.x) EMZ %,

4. k=n+2m

Bll: F(XpXoXgXa) = (X1 VX VX A (T% VX VX)) A (X V =XV X)

There is an assignment that makes F()=1 7/13
©G has a vertex cover of size k

Construction of G (F has n variables and m clauses):

1. add vertices x;*,x; and the edge (x;*,x;") for each variable x; in F

2. For each clause Cj=(I; VI, V1;3) in F, add vertices I;;, I;,, I and
three edges (liy,lip), (liz ia), (lialin)

3. add the edge (I;;,x") if the literal I;; is x;, or add (I;1,x;) if it is —x;
for each clause C;

4. letk=n+2m

EX: F(X X0 XgXa) = (X1 VX0 VX)) A (77X VX5 VX)) A (X V %5V X,)
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GOHEMIZ. ANz F hid F DY A RICHT B LIEXER It is easy to see that the construction of G from F can be done in
THEE . LIz > TUTEREELRLY polynomial time of the size of F. Hence, we show that...
FELUZTRENUNFET IHOCH YA RKDTESHBEHFD There is an assignment that makes F()=1
<G has a vertex cover of size k
— - X DELLNEED S— at least one of x;* or x;°
COERNSIEBRDERBESIE | ¢ paEst. BIE2H>EE; From the construction of G, { i O
FoT[5| 2 n+2m =k TH3. ! mee any vertex cover S should contain | at least 2 of 3 vertices in C
Hence we have [S| 2 n+2m =k.
Bl: (XX X5 %) = (X, VX VX)) A (TX VX V) A (X V =%V X,) EX: F(XyXpX3%,) = (X VX VX)) A (TX VX3 VX A (X Y %5V X,)
G k =4+2x3=10 G k =4+2%x3=10
s e s /13 ; ; ~ /13
FELUZTZEILUNELET 526D A RKDTEABKEERED If there is an assignment that makes F()=1,
L ZNER DTS x A x=115 X ESICANS G has a vertex cover of size k
. 1 %05 X ESISAND 1. Put{ X" if %=1 } into S for each x;.
2. ZNENDOEC=(ly b lp) FFRBESNTLBDT, - ifx=0 :
RIELDDUTZIL()ICDWTIFEZHREDE DB, %) 2. Since each clause C;=(I;;,,.1;3) is satisfied, at least one literal,
[ Xy [TEOTHBEENTLVD, L= 2T TN LS D say l;;, the edge (I;,,X;,) is covered by the variable x;,. Therefore,
ZODYTIN(Ll)E S ITANS, put the remaining literals (I;5,1;3) into S.
= g5 kY SIEH A RKDIESHBIZH S, = From the Observation, S is a vertex cover of size k.
Bl: F(X X X5 %) = (X, VX VX)) A (T VX V) A (X V =%V X,) EX: F(XyXX3%,) = (X VX VX)) A (TX VX3 VX A (X Y —1%5 V X,)
G k =4+2x3=10 G k =4+2%x3=10




CAYA XKD B AMEEE = FELT BEIUAERET S U1

1 [BE Ly ESIESS2mE. EHASMEOEAEEE,
2. EBITREHXITOVTIEX A D—FH LD
BECITOVTFBESE2DDTAERALMSIZEL TEMNTELL,
3. FOTHRIECIISITEFNLELITIILIZETH.
CRISHEET 3RS A EESh TOEFRIEESEL,
X HISICEENDLS x=1 J S
il b s LR LB s

Bll: F(XpXoXgXa) = (X VX VX A (T% VX VX) A (X V =XV X)

If G has a vertex cover of size k, there is an assignment s.t. F()=1 10/13

1. From|Observation,| a cover S contains 2m vertices
from the clauses, and n vertices from the variables.
2. Thus the cover S contains exactly one of x;* and x;” and
exactly two literals of a clause C;.
3. Hence each clause Cj contains exactly one literal I; which is not in S,
and hence incident edge should be covered by a variable vertex.

. . . =1ifx*inS
= The following assignment satisfies F; [ =+ TXi"
wing assig 1o [xi:O ifx7in$S }

EX: F(XXpXgXa) = (X1 VX0 VX)) A (77X VX5 VX)) A (X, V %5V X,)

k=4+2x3=10

G k=4+2x3=10
QED. QED.
11/13 11/13
FE R TEELMI: Unsatisfiable example:
F(X1.X0Xg) = (X, VX VXD A (X VY 7%,V 1%) A (%, VX5 V Xg) F(XpXo%g) = (X, VX VXD A (T V=%,V —1%,) A (%, VX5 V X3)
A (™% VX,V —x3) A% VX,V —xg)

FERTELEVFTIE, EQVTIILELTERTHN—SINTLVEL
ENLTEET D, COEDYTFILIE3DEL Vertex Cover 12
ANEBEBALL, &2 T Vertex Cover DH A X (& k+1LL EIZH 5,

When F is unsatisfiable, it contains at least one clause such that each
literal is not covered by a vertex. So, Vertex Cover should

contain three literals in the clause. Hence any vertex cover has size
at least k+1.
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EE REBEARSOERYS 57 L0 DHAM [E NP T2

[FEBA] (LEEDREEZDHAM (LBREE T ) ¥ TEAIS
DHAM _; BNPIZBE 50 1%, DHAMA APz | BT BADAL

BRI HILNBEH, Lizh o TREMEREELL,
DHAM<| DHAM . #~¥, O

FTATT:
REBLADTERV(E)D
(A-TKBBLEE)E
(HTLDEES) AR
D gadget’ TEEHZ S

EXTVEIERLTES
FEaRTVELESR
(B HEABIEHIES B,
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Theorem: DHAM on a directed graph with max. degree=5
(abb. DHAM <;) is A/P-complete degree: the number
[Proof] of edges incident to

Since DHAM € NP, DHAM; ENP.  [aVertex
We DHAM<] DHAM .

Idea:

Replace the set of “arcs to v”
and the set of “arcs from v”

by a right ‘gadget’.

A Hamiltonian cycle through v
on the original graph
corresponds to the
Hamiltonian cycle through v
on the resultant graph.




(EE: REEASOFREY 57 LD DHAM [E NP e

TATT:

« ZEABEEADT
» BTEMIERH=5

[REBA(BLE)]

=< O(log dy)
B O(d)

EZoNT5TCOREMULDENZTNDIERIZASDIDE
Hi%5i0% EFED gadget TEEHZ D,

. DT SICHNIEEMIBTH =45, gadget TEEHZ 1=

HEDNYZTC’ & O(n+m)TE M O(M)iB&# S, Lizh>TLE
ROETIECOAREFZD ZEXFM THIEE.

. FEC DI ARTOERIZREUI=MNEASTH D,

GV BABREE DG HANIILA AR ERED QED.
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Theorem: DHAM on a directed graph with max. degree=5 13113
(abb. DHAM <) is NP-complete

Idea:

Points:
« Up to down via cycle
« Each vertex has deg=5

height: O(log d;)

number: O(d;)

[Proof (sketch)]
For each vertex v of degree =6, replace the edges around v
by the gadget.
1. If the original graph G has n vertices with m edges, the
resultant graph G” contains O(n+m) vertices with O(m) edges.
Hence the reduction can be done in polynomial time of n & m.
2. Each vertex in G’ has degree at most 5.
3. G has a Hamiltonian cycle < G’ has a Hamiltonian cycle. QED.

5% D F %E (Schedule)

11/24 (Fri): &3 57>~ —bEHE(Anonymous

Questionnaire) « Chapter 4 ~

11/29 (Wed): * #5314 #F Al (No text, No notes, ...)

- HAREHERL6[E B O L R—F D ER(Final Exam. & 6th report
submission.)

- A 74277 —(Office Hour): 6[E B DL R—+DERE L. #iK
SHER D ARE L 255 (Answers and comments for 6th report and final
exam.)

12/1 (Fri): {K&&(No class)

L EBLARE(After that...):

- &R E DRIV EHE (L A—ILT(Ask by e-mail if you have any
questions about records, etc.)

- LR—+, RERDBRINFLE LBEEEYIZ<SIE(Come to my
office to receive the reports and/or final exam, if you want.)




