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, Ac

prog Ac (input x);
begin

if x is not (n,k) for some m, k then

halt(1);

else if cf(n) =1 then
halt(n);

halt(1);

end.
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for (t =2 to o0){
for (s=1to t) {
=i +1 /] (s,t—s)
if i/ =i then output (s,t — s)

}
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0 ifn=1
i o if i =1 and n is even
x‘(n) = 2 s .
3n+1 if i =1 and n(# 1) is odd

x(x*~(n)) ifi>1.

n€C < [n=1V3k [x"(n)=1].
,neC ,n>1 [x*(n) = 1] k
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prog Collatz(input x);

begin
report (1) ;
X = €;

while true do
if (x is (n,k) for some n, k) A (x*(n)=1) then
report(n) ;
X :=
end-while
end.
v
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@ HALT RE
ha

@® HALT <,, EVEN

1

©® EVEN € REC

) RE A

z €A <= ha(z) € HALT.
, HALT EVEN

y € HALT <= h(y) € EVEN.
, T , h(z) € EVEN

RE

HALT

RE-complete
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@ HALT RE . ) RE A )
ha .
z €A <= ha(z) € HALT.

® HALT <,, EVEN , HALT EVEN h 2

’

y € HALT <= h(y) € EVEN.
© EVEN € REC : x , h(z) € EVEN

x€A <= ha(z) € HALT
<=  h(ha(z)) € EVEN

, h(ha(x)) € EVEN . zeA
, AeREC
RE A A€ REC , RE C REC
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Problem 1

Let ¢ be a function of a positive integer defined as follows:

i) = % n is even
" |l 3n+1 nisodd

The function ¢* of a positive integer n for a positive integer k is defined as
follows: (n)

k . c(n fk=1

)= { o(*Hn)) ifk>1

Now we define a set C as follows:
C={n | "(n) =1 for some positive integer k}

Besides, Collatz conjectured that C = N, and it has been checked for all
n < 3 x 2% by brute force. We do not know whether the Collatz
conjecture is true or not. However, the set C is enumerable. Show a
program that enumerates the set C.
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Solution 1

Solution

First, let's consider the following program Ac¢ :

prog Ac (input x);

begin
if x is not (n,k) for some n, k then
halt(1);
else if cf(n) =1 then
halt(n);
halt(1);
end.

Then, obviously,
» Ac never reports any element not belonging in C.
> For any n € C, there exists a k such that c*(n) = 1.
Hence, given an input as (n, k), the program Ac report n.
Therefore, we have RANGE(Ac) =C.
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Solution 1 (contd.)

We define our transiting order O on the tuple (k,n) as follows:

(L1

(L,2)  (2,1)

(L3) (220 (31
L4 (23 &2 &1

The ith tuple on O is computable with the following program.
(Overview of Program)
=1
for (t = 2 to co){
for (s=1tot) {
=4 +1 // (s,t — s) is the i’th element
if i/ =4 then output (s,t — s)

}

On the other hand, for any string « on X, the lexicographic order with length
prefered of x is also computable, since it is identified uniquely.
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Summing up, we can show the program that enumerates each element in C one
by one.
v
0 S=0
@ for (i =1 to o)
Solution 1

(3) Compute the ith tuple (k,n) on our transiting order O;
(4] if Ac({k,n)) =n and n ¢ S then
(5] Report n; S — SU{n};

Comment
The above program satisfies
» For an n € C, there exist k such that Ac((k,n)) =n
.. Hence, n is reported, once the i’th tuple (k,n) is computed on O.
> never reports any element except for in C.
» never duplicate to report a same element in C.

Therefore, the program is for enumerating each element in C.




Solution 1

Let's consider the following characteristic function instead of c¥ :

0 ifn=1
i z if ¢ =1 and n is even
x'(n)=4q % i’y :
3n+1 if i =1 and n(# 1) is odd

x(x*~Y(n)) ifi> 1.
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Now we can redefine C by x as follows:

neC < [n=1]V 3k [x"(n) =1].

Moreover, if n € C and n > 1, then we can uniquely identify a constant k such

that [x*(n) = 1].

Solution 1
(simpler)
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Solution 1 contd.

Therefore, the following program Collatz enumerates C.

prog Collatz(input x);

begin
report(1l);
X = €;

while true do
if (x is (n,k) for some n, k) A (x¥(n) =1) then

report(n);
= the next word of x in the length prefered

X :=
lexicographical order.
end-while

end.
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Problem 2
Suppose that HALT <,,, EVEN. Then show that we can obtain
RE C REC.
Problem 2

—— 3y

- Alan Turing
Alonzo Church
Kurt Godel
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@ HALT is in RE-complete. Hence, for any A € RE, there exists a reduction

h 4 such that
z €A <= ha(z) € HALT.

@® Supporting HALT <,,, EVEN, there also exists a reduction h from HALT to
EVEN such that
y € HALT < h(y) € EVEN.

©® By EVEN € REC, for any z € X*, [h(z) € EVEN] is recognizable.

EVEN

Solution 2

RE

HALT
RE-complete



Solution for problem 2

Solution

@ HALT is in RE-complete. Hence, for any A € RE, there exists a reduction
h 4 such that
z €A <= ha(z) € HALT.

@® Supporting HALT <,,, EVEN, there also exists a reduction h from HALT to
EVEN such that
y € HALT < h(y) € EVEN.

© By EVEN € REC, for any xz € ¥*, [h(z) € EVEN] is recognizable.

» Finally,
€A <= hy(r) € HALT
<  h(ha(z)) € EVEN,
and [h(ha(z)) € EVEN] is recognizable.
> Hence [z € A] is also recognizable, and this implies A € REC.

» For any A € RE, we have A € REC.
.". we can obtain RE C REC.
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