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Problem 1

As mentioned in the class, it is trivial that 2SAT <P 3SAT if we define
“each clause contains at most k literals.” However, if we define “each
clause contains exactly k literals,” we have to construct some polynomial
time reduction to show 2SAT <P 3SAT. Now, show polynomial time
reductions under the following assumptions.

@ Each clause can contain two or more same literals.

@® Each clause consists of three distinct (different) literals.
(Hint: introduce new variables.)
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Solution 1-1

Solution  Each clause can contain two or more same literals

@ An instance A of 2SAT consists of clauses so that each clause contains
exactly two literals.

@® Let C be a clause consisting of two literals 1 and z». (i.e., C' = (z1 V x2).)

© Replacing C to C’ = (z1 V 22 V x2), it is obviously that C is satisfiable if

and only if C’ is satisfiable.

@ Hence, replacing each clause in formula L with this rewriting rule, we
obtain a new formula L’ such that

> L' is an instance of 3SAT
> This reduction can be done in polynomial time
> [ is satisfiable <= L’ is satisfiable

Therefore, 2SAT <P, 3SAT.
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Solution 1-2

Solution  Each clause consists of three distinct (different) literals

@ An instance A of 2SAT consists of m clauses so that each clause contains
two different literals. So, let A=C1 ACo A--- A Cp, and
X ={z1,22,...,Zn} the set of variables.

@® Now, we introduce additional variables Y = {y1,42,...,Ym}-
© Let C; = (1 V x2) denote the ith clause in the given instance A.
@ Then, we rewrite C; into two clauses as follows:
D; =(z1 Va2 Vy) A(z1 VaaV—y;)
@ Hence, we know that C; is satisfiable if and only if D; is satisfiable.
(i.e., each satisfiability is invariance, no matter what we assign 0/1 to y;.)
@ Therefore, rewriting each clause C; with two clauses D; by using y;, we
have new formula L’ such that
» L' is a instance of 3SAT
» This reduction is in a polynomial time.
> [ is satisfiable <= L’ is satisfiable
» L' consists of clauses whose literals are not all same.

Finally, we have 2SAT <b, 3SAT. O
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Show KNAP <E, BIN. }

KNAP

Given: A natural number tuple (a1, ...,an,b). Froblem 2
Ensure:  Determine whether there exists a natural number tuple

S C{1,...,n} such that > a; =b.

i€S
v
BIN
Given: A natural number tuple (a1, ..., an,b, k).
Ensure:  Determine whether there exists a subdivision of U = {1,2,...,n} to

Ui, ..., U such that Z a; < b, foreach j =1,2,... k.
i€U;
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Given: A natural number tuple (a1, ..., an,b).
Ensure:  Determine whether there exists a natural number tuple
S C{1,...,n} such that Zai =b.
i€ES
v
Solution
Solution 2
» For aj,...,an,b,
S Remainings
[ele] e [e[el - o]
b . <—>d
Our purpose is to find S s.t. Za:b Zai—b:c
a€s i=1

» Now, we assume b < c.
(if b > ¢, then we add ap = b+ 1 into the instance of BIN.)

» Then, let d =c—b.




Solution 2 (contd.)

Solution

» For ai,...,an,b,c (=> a—>),and d (=c—b),

S Remainings
[ele o [e]
’ ! T
Our purpose is to find S s.t. Za:b Zai—b:c
aes i=1

» We construct an instance for BIN as follows:
(a1,a2,...,an,ant1 = d, (ao,) ¢,2)

point!: Suvdivide into two subsets so that each total cost at most or equal to c.. J

BIN

Given: A natural number tuple (a1, ...,an,b, k).

Ensure:  Determine whether there exists a subdivision of U = {1,2,...,n} to

Ui, ..., U such that Z a; < b, foreach j =1,2,... k.
=
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Solution 2 (contd.)

Solution
» We construct an instance for BIN as follows:
<a1a az,...,0n,dn41 = d7 (a07) c, 2>
» When this instance (a1, ap,...,an,an+1 = d, (ag,) ¢,2) has a solution ...
c=b+d c
[efe] - Ta]
» Since the total cost (ap + Y a; + d+ c) of the instance in BIN is exactly 2c,
each bin has to be filled with a’s of total cost c.
»> Note that ag is not put into the bin that contains a,4+1 = d.
(- at+d=b+1l4+d=c+1)
» Removing a,+1 form the set containing a,+1, the total cost is equal to b.

= An answer in BIN gives an answer in KNAP.
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Solution
» We construct an instance for BIN as follows:
<(117 az,...,0an,dn41 = d7 (a07) c, 2>
= An answer in BIN gives an answer in KNAP.
. ) . Solution 2
= The original instance of KNAP has a yes-certificate

<= the constructed instance in BIN has a yes-certificate.
» The reduction can be done in polynomial time.

> . KNAP <Z, BIN.
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