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1. Mathematical preliminaries:
Formal proof

« ‘Figure’ and ‘formal description’
— Figure...Intuitive, but ambiguity
— Formal description...Correctness, and not

ambiguity
Example: Prove 1+3+5+7+...+(2n-1)=n?

o|olo|o]o n=1:2n-1=1
O o|o|lo|o n=2:2n-1=3 m
&

O 0 0|0|0 n=3:2n-1=5
O 0 O 0|0 n=4:2n-1=7
00 O0O0O0 n=52n1=9
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1. Mathematical preliminaries:
Proof techniques

 Proof technique in this class

— Deductive proof There are a few techniques
_ to deal with infinitely man
— Proof by contradiction Yy /

cases with finite words.
— Induction

— (Diagonal method is out of this class)
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o 777~y (alphabet): BEDETLHWVERESR

- 3={0,1}

- 2 ={ab,c,d,....x,y,z}

- X={H, N, ..., F A BE
o XZFFl(string)(Ff=[FEE(word)): TILT7AvEMS

BALESOAREDS

— 01011, 000, alphabet, 3% [£5 &

- OEDESDHNEZEFIEN, € THLHT,

- XFIHICEFNLRBOEHE. RS,
|01011|=5, [000|=3, |alphabet|=8, | € |=0
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1. Mathematical preliminaries: 1. BFHI%EE:

Basic notions for automaton A—b b EROERES
* Alphabet: Nonempty finite set of symbols e TR TFIITFRYNIDESKNENES
- I=04 #; {0,1)°={000,001,010,011,100,101,110,111
- X ={ab,c,d,...xy.z} '{Z 5_}{8{} 001,010,011,100,101, 110,111}
- I={H, L, .., % A} etc. . B e 4o =
« String (or Word): Finite sequence of symbols in E 2={0 1} 21={0, 113 R 1B BRCEABRAES.

the alphabet
— 01011, 000, alphabet, 3% &5 etc.

— The string consists of 0 symbol is said ‘empty string,’
which is denoted by &

2={0,1} ET7 L IT7RYL, HAIWEXFOEE
=0, RSIOXFIINES

{0,11*={£,0,1,00,01,10,11, ...}

— The lI)erlwgth of a string is defined by the number of e I*=30UXIUZ2U... {0.1={0,1,00,01,20,11, ..}
symbols e
?,01011|=5, |000|=3, |alphabet|=8, | & |=0 A 2tu2zu..
1. Mathematical preliminaries: 1. BFHI%EE:
Basic notions for automaton A—bT b EROERESS
« 2k The set of words of length k over the o W=EEID; ion):
alphabet jf—‘!—ﬂd):ﬂé?%(concatenatmn). )
Example; {0,1}*={000,001,010,011,100,101,110,111} ZODXFE x=a;,8,838,...8; & y=b;b,bs...b; 12
yo={e} *FL. a13,858,...80,b,05...0;ZXFF x &y D
C.f.; ¥={0,1} and X !={0,1} look the same, but have EREEEDL, xy EEL,
different meanings
> ={0,1} is alphabet, or a set of letters (characters).
21={0,1} is a set of strings of length 1.
{0,11*={£,0,1,00,01,10,11, ...}
e YH*=3O0UYlUI2U... {0,1}'={0,1,00,01,10,11, ...}
o Y= 21U 22U ...
1. Mathematical preliminaries: 1. BFHI%EE:
Basic notions for automaton A—h b EROERSS
e Concatenation of two (or more) strings: « E&&(Language):

SEE&IF, SURMICIEEL

For any two strings x=a,a,a5a,...a; and TFILIFAYR T IZHL., NXEFDES

y=b;b,bs...b;, the string LS s+

8,8,833..-8i0;b,b3...b; is ‘concatenation’ of x ERETES LES FOSEELNS
and y, and denoted by xy. = °

L={x|xIZ&FEND
0&1 OEHIFFELLY

LIZEENSXFIIDL
BENBVXFIID
ERIZHD,
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1. Mathematical preliminaries:
Basic notions for automaton

e Language: Language is a set of
For any alphabet 2, a strings which are
LS S * grammatically correct

is a ‘language’ over 2.

L ={ x| x contains the same
number of Os and 1s.}

There are infinitely
many strings
in L and notin L

1. BFHI%EE:
A—rbe U EHROERE R
« E:&(Language):
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1. Mathematical preliminaries:
Basic notions for automaton
e Language:
For any alphabet 2, a set L with
LS >*
is a ‘language’ over .

L ={ x| x contains the same
number of Os and 1s.}

* Automaton=Formal language

— The different forms to the same
concepts

Computation/Program
Grammar for a
language
Problem
Set

1. Mathematical preliminaries:
Proof techniques
 Proof technique in this class
— Deductive proof

— Proof by contradiction
— Induction

— (Diagonal method is out of this class)

There are a few techniques
to deal with infinitely many
cases with finite words.
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1. Mathematical preliminaries:
Proof techniques
o Deductive proof ‘ Showing X—Y and Y—X to prove X=Y ‘
Deduction: we have
special statement from general statement
concrete statement from abstract statement
by some accepted logical principle.

Example: Syllogism (A—B and B—C imply A—C), Proof
of equivalences

1. Reduction to Definitions

2. Proving equivalences about sets
» Fortwo sets X and Y, showing XSY and YESX to prove X=Y.
» (To show XSV, we prove that x€Y for any x€X.)

3. Contrapositive
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1. Mathematical preliminaries:
Proof techniques
 Proof by contradiction
—To prove ‘if A then B’, showing
“‘A and not B’ implies falsehood”

Prime: Only 1 and itself divide it

Proof of ‘primes are infinitely many’:
* We assume that ‘primes are finitely’. Then we can order
them p,<p,<...<p, for some finite n.
* Define p=p, Xp,X... Xp,+1.
« If p is prime, p>p,, contradicts the maximality of p,,.
« If p is not prime, at least one of p,,p,,...,p, divides p. However, by

definition of p, we have the surplus 1 for any prime p;, which is a
contradiction.

« Hence the assumption ‘primes are finitely’ is not correé@t/s

1. Mathematical preliminaries:
Proof techniques

¢ Induction

— Itis crucial to deal with infinitely many cases like
automaton

— It deeply relates to the proof of the correctness of a
program that contains recursive call

« Typical case (prove ‘correctness of a proposition
S(i))
— Base step: show the correctness for small cases (e.g.,
$(0), S(1))
— Inductive step: show ‘S(i+1) holds if S(i) holds’
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1. Mathematical preliminaries:
Proof techniques

Induction (example)

— S(n): [1+3+...+(2n-1)=n2 for any nJ

It is impossible to check S(n) for all possible ‘n’s

1. Base step: Show the correctness of S(1)
2. Inductive step: Show that ‘S(i+1) holds if S(i)

holds’.
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1. Mathematical preliminaries:
Proof techniques

Induction (example)

— S(n): [1+3+...+(2n-1)=n2 for any nJ
1. Base step: Show the correctness of S(1)
2. Inductive step: Show that ‘S(i+1) holds if S(i)

holds’.

— If1 and 2 are correct, ...
@ Since 1, S(1) holds,
@ Since M+2, S(2) holds,
@ Since @+2, S(3) holds,

@ ..
% S(n) holds for every n 27138
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1. Mathematical preliminaries:
Proof techniques

Induction (example)

— S(n): [1+3+...+(2n-1)=n2 for any n]
1. Base step: Show the correctness of S(1)
2. Inductive step: Show that ‘S(i+1) holds if S(i)

holds’.

— If 1 and 2 are correct, ...
@ Since 2, we have S(n) if S(n-1) is correct,
@ Since 2, we have S(n-1) if S(n-2) is correct,
® ..

@ Since 2, we have S(2) if S(1) is correct.
% Since 1, we have S(1). 29/38
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30/38




1. Mathematical preliminaries:
Proof techniques
e Induction (example)
— S(n): [1+3+...+(2n-1)=n2 for any n]

1. Base step: Show the correctness of S(1):
When n=1, clearly, we have 1 = 12,

2. Inductive step: Show that ‘S(i+1) holds if S(i) holds’.

Make
Hypothesis: When n=l, 1+2+...+(2i-1) = 2 ‘Hypothesis’ and
Goal: 1+2+...+(2i-1)+(2(i+1)-1) = (i+1)2 ‘Goal clear!!

1+2+...+(2i-1)+(2(i+1)-1)=1+2+...+(2i-1)+(2i+1)

=i2 + 2i +1 (By inductive hypothesis)

=(i+1)2
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1. Mathematical preliminaries:
Proof techniques

* Relationship among ‘Induction’, ‘Recursive
definition’ and ‘Recursive call’
— Typical recursive definition (of a function f(i))

« Base step: definition(s) for some finite instance(s)
(typically f(0) or/and f(1))
« Recursive step: define f(i+1) by using f(i)

Recursive definition Deductive definition

e f(1)=1 f(n)=1+3+...+(2n-1)
« f(n)=f(n-1)+(2n-1) (for n>1)
Theorem: we have f(n)=n®forn = 1
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1. Mathematical preliminaries:
Proof techniques

« Relationship among ‘Induction’, ‘Recursive
definition’ and ‘Recursive call' 5. 4ucive definition
— Property of recursive definition f(n)=1+3+...+(2n-1)
* We have no [...] in definition Recursive definition
=Easy to deal with by computers *f(1)=1
(easy to compute by recursive call) * (=100 D) (for =)
— The function which can be proved by induction
« can be defined by recursive definition
« can be computed by recursive call
% For the function which can be computed by recursive

calls, we can show the correctness of the computation
by induction.
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1. Mathematical preliminaries:
Addendum

The base of the correctness of ‘Induction’,
‘Recursive definition’ and ‘Recursive call’
— Introduction to Mathematical Philosophy, Bertland
Russel, 1920.
— How can we define ‘Natural Numbers'??

« There is the first natural number.
« There is the next natural number for each natural

number.
« There is no natural number that is the next natural
number of two or more different natural numbers.
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