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Theorem3.5. For any set L, the following conditions are equivalent.
(a) L i1s enumerable.
(b) For some computable predicate R, we have
L={x: dw € Z* [R(X, w)]}

Proof : (a)=>(b)
L is enumerable, so there iIs a computable function e enumerating L.
Define R(x,w) =[e(w) =X]
Since e Is a function enumerating L,
L = {x: 3w ex*[e(w) = x]}
= {Xx: Iw ex*[R(Xx,w)]}
e Is computable — there Is a program that computes e
Moreover, e is total, and thus the program always stops and outputs
an answer. Thus, the predicate R Is computable.
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SO Em-IREEZETEITHSEBM RXW) FE-T,
L #3957 095 LCHAENS.

prog C(input x);
var w: Y¥;
begin
W:=¢€;
while true do
If R(X, w) then accept end-if;
w:=next(w)
end-while
end.
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Theorema3.5 For any set L, the following conditions are equivalent.
(a) L i1s enumerable.
(b) For some computable predicate R, L={x: 3w e =* [R(x, )]}

Proof: (b)—>(a)
Using a program that computes a predicate satisfying the
condition (b), we have a program that semi-recognizes L.

prog C(input x);
var w: Y¥;
begin
W:=¢€;
while true do
If R(X, w) then accept end-if;
w:=next(w)
end-while
end.

Therefore, L 1s semi-recursive. That is, 1t IS enumerable.
Q.E.D.
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For any enumerable set L there is a computable predicate R satisfying
“for any x €X*we have X € L+== 3w eZ*[R(X, W)].

The problem of recognizing L can be determined by the predicate
of the form Iw[R(X, w)].

Conversely, sets whose recognition problem can be determined in
this way are enumerable sets.

predicate of the form Iw[Q(x, w)]: predicate for enumerable sets
(RE predicate)
Q 1s a kernel of the RE predicate.
RE predicate for L: the RE predicate for an enumerable set L

If the RE predicate of L is Iw[R(x,w)],
for each x €L there is w, € ¥* such that R(x, w,) Is true.
Such w, is called a witness for ‘x € L’



5/11
3.3. 75 ARECEVSARE

PS5 AREC= {L: L [XIF#EY}: IFFINEEDITR

5 ARECO4MATIRIARI TR WE S D FEE
ETCHWIERRELM D O>TULWVEWNCZETDERTIE)

HALT ¢ J3AREC

ZEROFT ¢ “5AREC
ZEROFTEIL, Bffifor-times7 O S LNEIZ0EH B
TAOMNEONZTHITET AR BEFHBELTLHIEED
Z&. 1=1=L, for-timesIZB89 AEiBAIXARELT-.

H1%: REC DO4MAI0D B IE D 1EE D AT
RECOMATHRELEZNPTNRED ISR IX A ?
— BEARERS.



3.3 Class REC and Class RE >/11

Class REC = {L: L is recursive}: a class of recursive sets

Outside of the class REC is a region for non-recursive sets.
It is only known that it Is not empty (by the argument so far).

HALT ¢ class REC

ZEROFT ¢ class REC
ZEROFT is a set with characteristic predicate that a
simple for-times program always outputs 0.
(although the explanation for for-times has been omitted.)

GOAL.: Analyzing the structure outside REC
What iIs the easiest class of sets outside REC?
— enumerable sets.
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RE ={L: L [E#¥ZA]8E

co-RE ={L: L A Z A 8E

F L ES
LA EZE AT RE —L D FIFHAEY
—LEFRBHITLHT0ISLANEE.
XxeX*, xe L <A(X) = accept
X€L <=A(X)= |

95 Ac0-RE[FISAREDH IS ARETIEHR NI &ITTE.

1513.8. 75 ARE, co-REIZABESDH.

HALT € RE, HALT € co-RE

ZEROFT € RE, ZEROFT e co-RE
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RE ={L: L is enumerable}

co-RE = {L: L is enumerable}

E:L:set
L is enumerable <=L Is semi-recursive
—there Is a program A that semi-recognizes L.
XxeX*, Xe L —=A(X)=accept
XgL =AX) = 1

Note that the class co-RE is not complementary of the class RE.

Ex.3.8. Examples of sets belonging to class RE and class co-RE.

HALT € RE, HALT € co-RE

ZEROFT € RE, ZEROFT e co-RE
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RE&cO-REIIFIFEED“EHLI”

AITEDREES
xeX*[(xeA — X(x)=accept) A(x € A — X(x)=1)]
E155700 F LXHIMENS
B:EEMco-REE S
XEX*[(XxEB — X(X)=1) A(x € B — X(X)=accept)]
L15HTRT S LXHENS

FEED200T7OTSLIZELLETEY, #ELIITENDITLNALY.
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RE and co-RE are equally “hard”

A:arbitrary RE set
we can write a program X such that
XxeX*[(xeA — X(x)=accept) A(x €A — X(X)=_1)]
B:arbitrary co-RE set
we can write a program X such that
XeX*[(x€B — X(X)=1) A(Xx ¢ B— X(x)=accept)]

The above two programs are similar, and there is no difference.
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EH3.6. TNTHESLIZHL, ROBFZRARYILD.
(1) LeREC — L e REC
(2) LeRE <« Leco-RE

sIERA -
(1) LeRECET B, LZFR#MITSTATILLHD.
accept ->reject, reject - accept

EERTDHE LEREIT D703 LE%/5.
&>T, L € REC

(2)I&co-REDEZR LY L.
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Theorem 3.6. For every set L, the followings hold:
(1) LeREC+— Le REC
(2) LeRE <«— Le co-RE

Proof:
(1) Le REC, then there is a program that recognizes L.
If we exchange accept with reject
accept ->reject, reject - accept
then, the resulting program recognizes L.
So, L € REC

(2) is obvious from the definition of co-RE.
Q.E.D.
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Theorem 3.7. (1) REC ¢ RE

(2) REC < co-RE

Proof: Omitted.
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FiE3.8. REC=RENCco-RE
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FEZD Le REAN co-REIZDUVT, L € REC#ERLT-=L.

REXY L cRE D L cRE
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prog B(input x);
var t: num;
begin

fort:=0to do

if HaltinTime([ A, |, X, t) then accept end-if;

if HaltinTime([ A, | , X, t) then reject end-if
end-for
end.

Ak BA %

XELDEE,
A DMEITELELT
accept&riA.

X¢ LDESE,
A, DEIZIZIELT
reject&7i 5.




Theorem 3.8 REC=RE " co-RE

Proof:
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By Theorem 2,7 we have RECERE nco-RE
We want to show that L € REC forany L € RE n co-RE.

By the assumption, L e REand L  RE

—>there are a program A, that semi-recognizes L and

a program A_that semi-recognizes L.

Then, the following program B recognizes L.

prog B(input x);
var t; num;
begin
fort:=0to do
if HaltinTime([ A, |, X, t) then accept end-if;
if HaltinTime([ A, | , X, t) then reject end-if
end-for
end.

Q.E.D.

If X €L,
A ,stops before A,
and accepts X.

If X €L,
A_stops before A,
and rejects X.




FIE3.9 RE # co-RE
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Theorem 3.9. RE # co-RE

Proof:

If we assume RE=co-RE, we have RE=RE " co-RE.
Hence, by Theorem 3.8 we have REC=RE, contradicts to

Theorem 3.7.

co-RE

OFT

Q.E.D.
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