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4.3. Hierarchy Theorem

Theorem 4.4 For any time limits t; and t,, we have
ve>0, ¥ n [cty(n)* <t,(n) ] > TIME(Y,) < TIME(L,).

The larger the time limit t is, the more problems computable
In time t there are.

4.3.1. Time complexities of IsProgram and eval

Important to define program encoding scheme precisely
(convention)
variable name of type X*: vl, v2, ..., pc. (called v variables)
variable name of type X: ul, u2,...  (called u variables)
Input variable is fixed to v1.
output variable is also fixed to v1.
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XM TOT S LADOI—FE

<K, L, M, <X1®3a—Fk, 3x2ma—Fk, ..., XkOa—k>>

K: case X M 53l D #

L, M: U2, vEH# D

Xk: case X HDKEBH D RIZIZEMNMNTILVSHX.
K XkE5DH<op, al, a2, a3, a4>Ta—K1k.
(451 BAT XDz

(3) ui:=head(vj); pc:=k; =>»<3,1,],k, &>

(12) if vi=s then pc:=k1l =» <12, 1i,s, k1, k2>

else pc:=k2 end-if;

A21. CEELI-1I2EADZA4T
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Encoding a program A in the standard form
<K, L, M, <code of st. 1, code of st. 2, ..., code of st. k>>
K: number of statements in the case structure
L, M: number of u- and v-variables.
st.k: k-th statement in the case structure
Each st. is encoded by 5 tuple<op, al, a2, a3, a4>.
(Example)  type form of a statement
(3) ui:=head(vj); pc:=k; =>»<3,1,],k, &>
(12) if vi=s then pc:=k1 =» <12, 1i,s, k1, k2>
else pc:=k2 end-if;

12 types defined in Section 4.2.1.



3/21
514.10.

prog A(input v1: £*): ¥
var pc, v2: £ ul: %,
begin

pc.=1;

halt(v1)
end.

RS>

while pc# 0 do
case pc of
1: ul:=head(vl); pc:=2; XA 3
2: if ul=0 then pc:=3 else pc:=1 end-if #4711
3:v1:=0; pc:=0; “#AT5
end-case
end-while;

SOWistyks ¥N) =Ny

<3,1,2,<<3,1,1,2.£><11,1,0,3,1><5,1,0,0, &g >>>
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Ex.4.10.

prog A(input v1: £*): ¥
var pc, v2: £ ul: %,
begin

pc.=1;

halt(v1)
end.

while pc# 0 do
case pc of
1: ul:=head(vl); pc:=2;  type 3
2: 1f ul=0 then pc:=3 else pc:=1 end-if type 11
3:v1:=0; pc:=0; type5
end-case
end-while;

This program is encodedas
<3,1,2,<<3,1,1,2,¢>,<11,1,0,3,1>,<5,1,0,0, ¢ >>>



HRE4.5: W HREHC,, | <X L TR O EFAE TlsProgramz
nJrﬁ?'%)? uky) 7AIsProgram75\$§&’C%%>

Vae I* [time_lsProgram(a) <cgyla| + di, ]

P BIE -
B Zzonf-a0—F alZxtL TIsProgramMERA~5&.
(@) a H<K,LM,<S,, S5, ..., S§>>ELVOFET, LB K=NM?
(b) & IZELLVTDA—RIZH>TULNEHM 2
C) EHLNTNHEHRES, caseTIKESH
SEFEAICUNFE->TLNDM?
LRDIEZENANDRSOBHFER TTEHEETEHALH.
(BT R bp.117 - 118251 )
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Lemma 4.5: With some constants ¢, and d,, we can write a program
IsProgram to compute the predicate IsProgram in time such that

Vae I* [time_IsProgram(a)< c;lal + dig, ]

Rough Sketch of the Proof:

Given a code a, we must check the followings in the program
IsProgram: B

(a) Is a of the form <K,LM,<s,, S,, ..., sy>>and K=N ?

(b) Is each s, Is a code of a grammatically correct statement?
(c) Are all variable numbers and branching numbers in the case
within the limit?

The above checks are obviously done in time linear in the length

of an Input text.
(see pages 117 — 118 in the textbook for detail)
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HREL.6: B LA EHC,, O, [SHLTRO BRI Teval 51 ET %
A5 5 Leval N R TE 5.
Vax eX* [time_eval(a, X)<c,|altime_a(x)
X max{|al, |x|, time_a(x)}+ d, ]

(##5FE)
aNTXTTATSLIZXxEZANLI-EEDETHR
time_ AX)I&, 5 D30F|a|B LV LY KELY.
—MD&EE, max{|al, x|, time_a(x)} = time_a(x)

&2 T, time_eval(a, x) = c,|ajtime_a(x)?

:

alZxind 5707 S LDETHRE tIZRHLT, £0
$2al—avITiFa L DERIA NS,
(BHANEEFNLSVEREMNTHIE+5).
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Lemma 4.6:

With some constants c,,, and d,, we can write a program

eval to compute the predicate eval in time such that
Va,x €X* [time_eval(a, x) <c, |altime_a(x)

X max{lal, [x|, time_a(x)}+ disp ]

(Remark)

The time time_a(x), which is the time for the program A with
an input x, is generally larger than |a| and |x|.

Then, we have max{|al, [x|, time_a(x)} = time_a(x)

Thus, time_eval(a, X) = ¢, |ajtime_a(x)?

When the program corresponding to a runs in time t,
its simulation takes time about |a|*t?.
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#RE4.6 DEEFR

( V a,x €X* [time_eval(a, x)<c, Jaltime_a(x) ZHVIIZAD
x max{al, |x|, time_a(x)}+d,, ] ) | AF&HS

-eval D E & a=Al%

_[f a(x) [IsProgram(@)DEE, |5 =%
eval(a, x _{ 2 x;&Ul,...,UL
@05 TOMDEE. 2 "EHvi,...,vM
-eval(a, )DEHEIZH BRI E ~ Ol KB Dcases s
(1)IsProgram®DFv%
2) lal DAAXITHTHEITZEUIaL—FL, faX)Z2ReHD.
2alb—avD=HIZE#Hu, vERE.
ZFHu 7O SLATDOESHUL, ..., ULDEDOEE: <ul, ..., uL>
ZHyv: TOTSLAFDEHVL, ..., WIDEDEIE: <vl, ..., vM>
uD #HA{E = <O, ..., 0>
VDOMEE = <x, ¢, ..., e> mwIIDxITvI=xDIE.
DEal—I 3R TEOEAZBVIOEIFIVDOE—5|HOIE.

A
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Rough proof of Lemma 4.6

( V ax eX*[time_eval(a, x)<c,|altime_a(x) vl is input and
x max{|al, [x|, time_a(x)}+ d,, ] ) | outputof A

-definition of eval

fa(x) iflsP (a) o
_[fa(x) if IsProgram(a), (ul,...,uL: X
eval(a, X) {? otherwise. Jvl,...vM: 2*

What Is required to compute eval(a, X) O _ K case statements
(1)Check of IsProgram(a)
(2)Simulate the execution of |a] to compute f_a(x).

Prepare variables u and v for the simulation
u: maintain variables ul, ..., uL in the program: <ul, ..., uL>
V: maintaining variables v1, ... , vM in the program: <v1, ... , vM>
initial value of u =<0, ..., 0>
Initial value of v=<x, ¢, ..., >  xisinitially set to vi=x.

The value of the output variable v1 is the first argument of v when

the simulation is terminated.
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UEalb—aring oA
prog eval(input a, X);
% K, L, M, pcODIEIZ 1 EREED B A
begin
If —IsProgram(a) then halt(?);
K:=get(a, 1);
ADNXFIMLKLMDIEZERS. ssldcaseXDES
L:=get(a, 2); M=get(a, 3); ss:=get(a, 4);
u:=<0, ..., 0> vi=<x, g, ..., £>;
L& M-1{&
pc.=1;
while pc =0 do
s:=get(ss, pc); % caseX DR FIMbpcE B DX T
SICR G T A XZTEIT(pcDEFLEL)
end-while;

halt(get(v, 1
D) gripEEmnLTRT



Simulation Program

prog eval(input a, x);
% K, L, M, pc are integers of unary representation
begin

If —IsProgram(a) then halt(?);

K:=get(a, 1); // get a values of K, L, and M from input string.

~[l'ssis a set of statements In the case structure
L:=get(a, 2); M=get(a, 3); ss:=get(a, 4);
u:=<o0, ..., 0>; vi=<x, g, ... , € >,
_ LO's M-1

pc.=1;
while pc =0 do

s:=get(ss, pc); % get the pc-th statement from ss

execute the statement corresponding to s (and update pc)
end-while;

halt(get(v, 1 _ _
end. (Getl ‘L halt with the variable of v1.

7121



JO045S Leval DEBRBEEE.. 3 aL—aVvOBBEHES

l; AflaD &S
L AR X DES

caseX M, u

K, L, M: a’&KRIT 70T S LAFD

O, vEHDE
D Deval DN EH VD RSN KIE

|y 2L —232F

4D get 4(c

get
IsProgram ¢ |.+d

pcDPEE 1

IHH AT H B I

+1,+ dgey) 1514.3
isp'a " “Misp *ﬁ%ﬁ4.5

uVOFERE c (L+M) +2d, + cou(I<, ... >[+L)+d oy,

whileXX 2tk time A){c, (I, + I...)+d.}
halt> dget  Coeldmaxy + Aot 1514.3

8/21
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Evaluation of time complexity of program eval (or the S|mulat|on§

|,: length of input a

|.: length of input x

K, L, M: the number of statements in the case structure of
the program A, the number of u and v variables.

| .. maximum length of v during the simulation of eval

maxv*

ltem Computation time reason
four get 4(Cyetla + dyey) Ex.4.3
IsProgram Cisplatdisp Lemma 4.5

initialization of u,v ¢, (L+M) + 2d, + C (<, ... ,>[+L)+d,,
Initialization of pc 1

entire while loop time_A(x){c,(l, + | .. )+td.} —
getinthe halt  Cyolauy + dyer Ex.4.3




05 LevalDEEEIEEE.. U3 al—avOBEEERE

L ABhaD RS
L AR XDES
K, L, M: a’&KRIT 70T S LAFD
caseX D, UEHDE, VEH D

|y 22— 30 Deval DAEBEFHVO RSN R KE

ICYS AT E B ]
whileX £k time A(X){c,(I, +1_..)+d.}

It

a2

= while)L—T1RIZDFE: c (I, + 1 .,)+d; FFRE LA

JL—T %[\ SEIE: time A(X)

" whileX£ATIE, time AX){c,(I,+1_..)+d}

FoT, BIATIE, HAERC,, dIZHfL

time_eval(a, X) = ¢ (I, +1.....,) time_A(x) +d,

9/21
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Evaluation of time complexity of program eval (or the S|mulat|09r4§

|,: length of input a

|.: length of input x

K, L, M: the number of statements in the case structure of
the program A, the number of u and v variables.

| .. maximum length of v during the simulation of eval

maxv*

ltem Computation time reason
entire while loop time_A(x){c,(l, + | ,0)+d1} —

= computation of while loop: ¢,(I, +1_..)+d, time
# of loop iteration: time_A(X)
— In the whole of while loop: time_A(x){c,(l, + | ..,)+d.}

Thus, as a whole, for some constants ¢, and d,
time_eval(a, X) = c,(I, + 1) time_A(x) +d,
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maxy P FHIE (NERZE VD RS DR KE)

t A7V T B CAFOVERIZERELTLAXXFI DA,

RORVWRSE [ LT 2L, 12EOEARSI=(E
lh =1, [3CE 5]+ XEF]EAEL

| <max{]s|, l.;+1} < max{l,, l.;+1}
(7=1=L, s [T a PO ZLRL\XFIIEH)
L7=h'>T,
| = Max{l,: 0< t < time_A(X)}
EH<E,
| <max{l,, L} + time_A(X)
v DfElE<v], ..., VM>HED T
I <Ml .. < M(max{l, I} +time_A(x))
< 1, 2max{l, |, time_A(x)}

maxv X
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Evaluation of | ... (Maximum length of internal variable v)

Mmaxv

Let | be the maximum length of string stored in the v variable
In the program A at the t-th step, then we have

l, =1, Twelve basic statements do
|, < max{|s|, | ;+1} < max{l,, |, +1} not contain “string+string”

(where, s is the longest string constant in a)

Hence, if we define

| = Max{l,: 0< t < time_A(X)}
then we have

| <max{l,, L} + time_A(X)
Since the value of vis <vl, ..., vM>, we have

I <Ml .. < M(max{l, I} +time_A(x))

< 1, 2max{l, |, time_A(x)}

maxv X
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7055 Leval DEHEETEE: HAER ¢, d, [TXL

time_eval(a, x) = c,(l, +1_...) time_A(x) +d,

Imaxvo)

HE (RS EHDEESDRKAIE):

|y = 1, 2 max{l,, I, time_A(X)}

time_eval(a, x)
= c,(I, +2 1, max{l,, I, time_A(x)}) X time_A(x) +d,
= C,l, time_A(x) X (1+2max{l,, |, time_A(x)}) + d,
= 3¢l time_A(x) X 2max{l,, I, time_A(X)} +d,
= C, Jal time_A(x) X 2max{|al, [x|, time_A(x)} + d,,

ALk B #%
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Evaluation of time complexity of program eval:

time_eval(a, x) = c,(l, +1_...) time_A(x) +d,
for some constants ¢, and d,

Evaluation of |, (Maximum length of internal variable v)
| ooy = L 2 max{l,, I, time_A(X)}

Mmaxv — "a a’

time_eval(a, x)
= c,(I, +2 1, max{l,, I, time_A(x)}) X time_A(x) +d,
= C,l, time_A(x) X (1+2max{l,, I,, time_A(x)}) + d,
= 3¢, time_A(x) X 2max{l,, I,, time_A(x)} + d,
= C, Jal time_A(x) X 2max{|al, [x|, time_A(x)} + d.,

End of Proof
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l14.11: 32 “vi:=tail(vj); pc:=k;"Z# 2L — b, BDIZE T SHEMH]

122¢ ATYTHOHE
s:=get(ss, pc); Caerl5SI+0e=O(l,)
XDEATDHIE O(1)

1:=get(s, 2) Cyet IS+ dger =O(1,)
j:=get(s, 3) Caet ISI+ dger = O(,)
K:=get(s, 4) Cyet IS|+ dger = O(l)
tmp:=get(v, J) Cget vt dger = OC(l,)
tmp:=tail(tmp) O(1)

put(u, i, tmp) Cou(la +tmp])+ d,y =O(1, )
pc:=k O(1)

£oT, time< c(l,+1)+d, cdiZl,, I, &ML
ZDc, dEXDEATIEITED
ZIT, xKDHD%c,,d, £TDE, XDAATIZERLES
1RTYTHIEYDERM <c (,+1)+d;
gcl (Ia + Imaxv) t d1



Ex.4.11 time to simulate the statement “ui:=tail(vj); pc:=k;”

what to do approximate number of steps

type check of statement O(1)

S:=get(ss, pc); Coel5S+dge=O(1,)

1:=get(s, 2) Cyet IS+ dger =O(1,)
j:=get(s, 3) Caet ISI+ dger = O(,)
K:=get(s, 4) Cyet IS|*+ dger = O(1)
tmp:=get(v, J) Cget vt dyer = OC(l,)
tmp:=tail(tmp) O(1)

put(u, i, tmp) Cou(la +tMPI)+ dy =O(1, )
pc:=k O(1)

Thus, time <c(l,+1,)+d, c,dareindependent of |
These ¢ and d are different for each type.
So, let the largest ones be ¢, , d, , then for any type we have

al’v

time per 1 step <c (l,+1)+d
gcl (Ia t Imaxv) t d1

12/21
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SETDERDIGAELT, XDOBEEDET FEEFE% T
Fa, x ex*, te NIZRLT
) f a(x), IsProgram(a) m™2|al(x)h’
eval_in_time(a, x, t) = { t BRI LLRIC{E LT 5 EE
? ZTDDEE

HRELT EEGEH Cp, Q| SHLT, ROGHEET
eval_in_timeZFEt&E 95704 S Leval-in-timeh B TE 5.

Va, xeX* te N [time_eval-in-time(a, x, t) <c, a2t max{|x|,t}+d,,]

(B&EE)
JO554al XDETERRBMNtZBRAEBFRTTH=0H0
NORAZEHWNTUIal—i 3 aELT.
FNn Lo  [Eeval ) 5E{f & B k.
L BA R
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As an application of the discussions so far, evaluate the computation
time of the following function:
foreacha,x e X*,te N
B f a(x), IsProgram(a) and| a |(x)
eval _In_time(a, x, t) = { stops before time t,
?  otherwise.

Lemma 4.7: For some constants c,,and d,, we can write a

program eval-in-time to compute eval-in-time in time such that

Va, xeX* te N [time_eval-in-time(a, x, t) <c, a2t max{|x|,t}+d, .}

(Proof)
Execute the simulation using a counter to force halting when
computation time of a program|a ] (x) exceeds t.
The remaining analysis is just the same as in eval.
Q.E.D.
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4.3.2. BEEHE DA

EHLA: EEDOHIBREME t, t, [TXTL,

ve>0, ¥ n [cty(n)* < t,(n) ] > TIME(Y,) < TIME(t,).

RE LY, BASHIZL=0(t,) THSM b, TIME(,) S TIME(L).
&2 T, TIME(t,) - TIME(t) ¢ THdEZE LKL,

IahHnL, ORI TIXERBTESHH, ORI TIXER# TS
BOLWEREDHFREZREIELL.

O3 LA=|a] I
DIAG = x=<aW>Z ANT D&,
{<a,w>: RDIFEH%EimT-7. X < Jt,(¥) /4
(a) IsProgram(a) t=t,(X) /8 LA ZacceptL7EL D
(b) 1<t

(c) eval-in-time(a, <a,w>, t) # accept }
=120, x=<aw>, I=[x, t = [/t,({) /[ ]
([1IEEIY$ET)
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4.3.2. Proof of the Hierarchy Theorem

Theorem 4.4. For any time limits t, and t,, we have
ve>0, ¥ n [cty(n)* < t,(n) ] > TIME(Y,) < TIME(L,).

By assumption we have t,=0(t,) and thus TIME(t,) € TIME(t,).

Thus, it suffices to show TIME(t,) — TIME(t,) = ¢.
That is, it suffices to show that there is a set which can be recognized

In time O(t,) but not recognized in time O(t,).

DIAG = {<a,w>: the following three conditions are satisfied:
(a) IsProgram(a)
(b)lI<t
(c) eval-in-time(a, <a,w>, t) # accept }
where, x=<a,w>, I=|x|, t =[ tz() /|a]] [] denotes round-off
If we input|xE<a,w> to a program a as an input, |x| < t(]x|) / |]a| and
It does not accept before time t=/tz(]x|) / |a|.
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##84.8: DIAG ¢ TIME(t,)

##84.9: DIAG € TIME(t,)

fHRE4.9D EEBA:
XEDIAG Z§i~470% 5 LDIAGD i B 4.
=X, t=[/t,(1) /lal .
(1) xhi<aw>DFHEL TR ? } c,d;ZEHELT
(2) IsProgram(a)? c,I+d, B THIE ol 58
3 I<t?
(4) eval-in-time(a, <a,w>, t) = eval-in-time(a, x, t) = accept ?
(3) I <t?2t=[/t,(1) /]a]]IEO(t, (1)) B TETFE vl BE.
> B [BRE4.12
(a) 2EEREED BABNHI L LIEREENND K O(n)BFfE]
H D inv-transt,0(n) TTE 5.
(b) n M/ n (XO(nPR) B T ERIBE> T 0T T Lsqrt
(c) a4 S Linv-trans, div, sqrt, transZz LN T
Ju() Na|DLERGEZKDHD.
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Lemma 4.8: DIAG € TIME(t,)

Lemma 4.9: DIAG € TIME(t,)

Proof of Lemma 4.9:
computation time of a program DIAG to check x € DIAG.

=X, t=t(1) /lal] can be checked in time
(1) Is x of the form <a,w>? c,l+d,where c,,d, are

(2) IsProgram(a)? constants

3 I<t?

(4) eval-in-time(a, <a,w>, t) = eval-in-time(a, x, t)= accept ?

(3) I <t?t=[/t,(I) /|a]] can be computed in time O(t,(l)).
—>EXxercise 4.12

(a) Transformation from binary to unary representation.: O(n) time

Inverse transformation inv-trans is also done in time O(n).
(b)/n can be computed in time O(|n|*)->program sqrt
(c) Using programs inv-trans, div, sgrt, and trans

we compute unary representation of /t,(l) /|a|.



(4) eval-in-time(a,x,t) # accept?® #I|E

B4 7 RY, c,Ja’t max{l,t}+d,, BFRE THIE AT EE.
Cevtl@2[/ T,(T) /jal] max{l, [/t,(T) /|aj]}+d,
< Covfa] max{l/ty(1), t,(1) /|a}+d,,,
= Ceve Max{llal/t(1), t(13}+deye = O(t:(1)).

BB, (1)-(4)[XO(t, () B THIE "I HE.
£>T, DIAG e TIME(t,).
FHREA. 9D EE AR

16/21
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(4)Check of eval-in-time(a,x,t) # accept?

From Lemma 4.7, it can be checke in time c,|a|*t max{l,t}+d
Cevitl @2/ T(T) /Jal] max{l, [/T,(T) /|al]}+d,
< cevt|a| max{m, tz(l) /|a|}+devt
= Cer max{l]al/t,(1), ty()}+de,, = O(t,(1)).

(1)-(4) can be checked in time O(t,(l)).
Thus, we have DIAG TIME(t,).

evt

End of proof of Lemma 4.9
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#RE4.8 (DIAG ¢ TIME(t,))DIEBA:

DIAG € TIME(t)éLTFEEEL.
‘DIAG ZO(t) B TR#M TSIV S LEFA, I—F%F a,tF 5.
-time_ Ay(l) = cty(l) +d Zimf-9 E#c, d KN FET D.
co=c+td&HKL. f=1=L, c>1. L ‘
> time_ Ag() = ¢y t,(1) ... 1) (f1 = (1) — | ClFER

TEDRE: V>0, Vn [ct,(n)? = t,(n)] &Y.
T+ KRE<EbHE,
(lagl?ce?) ty(N)? = ty(n) = ¢, ty(n) =Jty(n) /|ay|
1=, BREFHIREBOEHEIY, n<t(n)
22T, +HEVXTH w, EE X BE (2L, |=l<agw,>)
Co t1(lg) < [Vty(lo) /|ag| ]
t(l) < [/to(lo) /lagl 1/ co< [V ty(lo) /]ag| ]
£oT,
I, <[/t(lo) /lag T .oeevvvee. (2)




Proof of Lemma 4.8 (DIAG ¢ TIME(t,)): 17/21

To derive a contradiction we assume DIAG < TIME(t,).
"Let A, be a program to recognize DIAG in time O(t,), and let

ItS code be a,.
-time_ A,(l) <c t,(l) + d for some constants ¢ and d.

we set c,=c+d, where c,>1.
> time_ A,(N< ¢, ty () ... (1) (if 1< t,(1) 2 Co ;constant

in the theorem:¥ ¢>0,% n [ct,(n)? < t,(n) ]
when n is sufficiently large,
(lagl2co?) ()2 < t,(n) > ¢4 t,(n) <t,(n) flagl
Also, by the condition of natural time limit, n< t,(n)
So, considering sufficiently long string w, (where, 1,=|<a,,w;>|)
o ty(lg) < [/(00) /lag]
t(lp) < [/ty(lo) /lagl 1/ ¢p < [/ ty(lo) /la| ]
Thus,
l, <[Vt (lo) /lag| T .oevvve.. (2)
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(1) time _A,(I) <ct (1)
2) I, <[Jt,(I,) /] T oKL |=<a,wy>

<a,W> € DIAG < | = t A eval-in-time(ay,<a,,w>,T) #Z accept

(we 2*, I=|<ay,w>|, t= [/L,(I) /|ay| 1)

Wol 2L TIXELID EMH 1) <to=[/t,(I0) /|ay| ]MViET=csn TLIHD T,
<a,Wy>e DIAG <> eval-in-time(a,,<a,w,>, ;) # accept ....... (3)
(1), ()KL,
time_Ay(<ag,Wg>) < Coty(lp) < to = [/t;(lo) /[ag| ]
FEHh, time A (<ay,w,>) <t
Cld<a,we>ZE T BT LA AALIZEE,
STEEWT (FFELUAICERLIIEZERL TS DD,
eval-in-time TO#l BREFMA] t, (EARE B TIEARLY.

D&Y, eval-in-time(a,, <ay,Wy>, ty) = eval(ay, <a,wy>)
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(1) time _A,(I) <c t (1)
@)1, <[ /t2(|0) /)ao‘] For sufficiently large |,=<a,,w,>

<a,,w>€ DIAG <> I<tA eval in-time(a,,<a,,w>, t)= accept

(we X, I= |<ao’W>| [/ &0 /lagl 1)
Since the condition IS t,= [\/ '[2(|0) llag| ] 1s satisfied for wy,
<a,W,> €DIAG < eval In-time(a,,<a,wy>, t,) # accept ....... (3)
From (1), (2),

time_Ag(<ag,Wp>) < Coty(lg) < 1o = [/tz(Io) /|ag| ]
Therefore, time_A,(<a,w,>) < t,
This implies that program A, terminates within time t, for the input
<a,,W,>, and so

the time limit t, in eval-in-time Is not essential.
That is, eval-in-time(a,, <a,,w,>, t,) = eval(a,, <a,,W,>)



<a,,Wy,> € DIAG <> eval-in-time(a,,<a,,w,>, t;) # accept ....... (3)
(2
eval-in-time(a,, <a,,wy,>, t;) = eval(a,, <a,wy>)

ZHTIEDHDE,

<a,,W,>€ DIAG <> eval(a,, <a,w,>) # accept
< A h¥<a,w,>ZacceptL7RLD.

NniE, T ADDIAGZERRH T DIELIREICFE.
(GERA#%)
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We apply

eval-in-time(a,, <a,,w,>, t;) = eval(a,, <a,wy,>)
to

<ay,W,> € DIAG <> eval-in-time(a,,<a,wW,>, t,) #accept ....... (3),
we have

<a,,W,> €DIAG <> eval(a,, <a,w,>) ==accept
<> A, does not accept <a,,w,>.
This contradicts to the assumption that A, recognizes DIAG.

(Q.E.D.)
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it A RIREICEDHER
F =0t DBRFHEEZEZLDORHBTIOIILIRTDES
={A, A, ..}
FnonT0T5LNa—KR%E ay, a,, ..
Fal EITHELGERMCTERDE,
time_A(l) < c;ty(l)
ML, I512, %a G IZxL, +oa&ElL\wW ZEHE,
city(lh) < [V (1) /|a|] i < [Vi,(1) / a] ]
ETED. %7D77A0)J\73W! X HHNDEREEDE,

£ B.

Wy Wy Wa .o, W, Wy Wy Wa e, W,

AJAR A . A R

AJR R R .. A XART A

A A A A .. R ReAD R

.................................... L

AJR R A ... A R
Ai(w) DAE w, € DIAG?D %

DIAGAER# 4 A3T70O4 7Ali_0)i\=zkﬁ<iﬁf%7ab\ FE
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Interpretation based on Diagonalization

F, = a set of all recognizing programs of time complexity O(t,)

={A A, ..}
Let their program codes be a,, a,, ....

Considering an appropriate constant c; for each a;, we have
time_Ai(l) < c;ty(l)

Moreover, we can take sufficiently long w; for each a; and c; s.t.
cti(lh) < [VH(h) M al ], T < [Vih) /al ]

Putting the outputs w; for input in the table:

Wy, W, Wy ., W, Wy, W, Wy e, W,
AJA R A .. A R
AR R R ... A compare A
AJA A A ... R diagonals R
AR R A ... A R
values of A;(w;) answer to w; € DIAG?

This table can't include a program recognizing DIAG...contradiction.
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{514.12: TIME(n?) S TIME(n®)
& Vve>0,Vnx>c[c(n?d)? <n°]

E9 51,
iminf (N
n—oo (N

Enld, BEEEXIYTIME(,) ¢ TIME(L)

)2~
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Ex.4.12: TIME(n?) & TIME(n®)
< Ve>0,Vnx>c[c(n?)? <nd]

If we have
iminf -2(0)
n—oo t,(n)

2 — OO

then the hierarchy theorem tells us that TIME(t;) ¢ TIME(t,)



