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P = TIME(p())

— P ZIEX

E = ooq TIME(2%)
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exp= TIME(200)

p:£E=

(E#E5.2) EELMNIVTANPIZAS®
LTzt 2IERqL L IEXFHEETE T 55RO FTE:
£ x e txelLeawe 2w =q(x)[R(x,w)]

1'I'I

BREC: I wWE 27 [R(X,W)]

(EIE5.5) EGLMNITRCo-NPIZA S &
LTzt 2R qL L IEX M E T ZERONFTE:
£ xertxeLevwe 2w =q(x)[R(xw)]

BREC: V WE 27 [R(X,W)]
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Complexity Classes

P =

EF =

exp=

\/

\_/

TIME(p(1))
P.polynomial

c>1 TIME(2

TIME(200)

P-polynomial

(Def 5.2) Set L is in the class NP
There exists a poly g and a poly-time computable pred. R s.t.
foreach xe 2", xeLe® Iwe 2 ":|w|=q(Ix])[R(X,wW)]

Abbr. 3 w& 27: [R(x,w)]

(Theorem 5.5) Set L is in the class co-NP <
There exists a poly g and a poly-time computable pred. R s.t.
foreach xe 2", xeLeVvwe 2 ™:|w|=q(Ix])[R(x,w)]

Abbr. V. w& 2 7: [R(x,w)]
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U1
W

ETE=V7ARBOREER

H56: P S E S EXP.

EEKIY, B

Al

FH57: P S E S EXP.
sEER:
(1) PS E.

t(N)=2" ty(n)=2%"¢&9 B¢, [EREHELY,
TIME(2") & TIME(23")
—7A, P S TIME(@2") ¢ TIME(2®*") € E f=hio,
PSS E.
(2)% Bl k.

Ak BA #%
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5.3. Relation in the Complexity Class

Theorem5.6: P € E € EXP.

Obvious from the definition.

Theorem5.7: P & E & EXP.

Proof:
(1) P & E.
For t,(n)=2", t,(n)=23", from the hierarchy theorem we have
TIME(2") & TIME(23")
On the other hand, since P & TIME(2") & TIME(2®") € E
P % E
(2) is similar.
Q.E.D.



2/8

E 5.8,
()P S NP, P S co-NP (&>T, P S NP N co-NP)
(2) NP € EXP, co-NP S EXP (&>T, NP U co-NP S EXP)

EEBA: (1) P € NP (P S co-NP £ [E#k)
L EEDPES
9 L‘j: IE_EH#FEﬁ—CnL. n!&_.r
£oT, yIETH#FHEIn'fﬁ_lﬁua_nnP’éFﬁL\’C&O)J:')L [+5.
VxeZ*[xeL< P(x)] or P={x: P(x)}
Rx, W) =P(X)EERE (25T #ELR)
> FEEDZIEARICTDOUT,
L = {x: W[ R(x,w)]}
£oT, NPOEZELY, L NP ie, P S NP.
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Theorem 5.8.
(1P € NP, P S co—-NP (thus, P € NP N co—-NP)
(2INP €& EXP, co—NP S EXP (thus, NP U co—NP € EXP)

Proof:
(1) P € NP (P € co—NP is similar)
L: arbitrary P set
=>» L is recognizable in polynomial time
Thus, we have the following description using a polynomial-time
computable predicate P.
VxeX*:[xeL<>P(x)] or P={x: P(X)}

We define R(x, w) = P(x) (neglecting the second argument)
—> for any polynomial g,

L = {x: 3 w[ R(x,w)]}
Thus, from the definition of NP, L € NP 1.e.,, P € NP.



(2) NP S EXP (co-NP € EXP) 3/8

L: EEDONPES
2> ZIEKqE L EHARRBFTERIRRERNFELT,
L ={x:3,WR(x, w)]} ={x:3w[| wl< q(| x[) A R(x,w)]}
q&RéﬁﬁL\—C L%nbniia—éjl:l77i\€ﬂzé
prog L(input Xx);
begin

for each w e 29" do
If R(X, w) then accept end-if
end-for;
reject
end.
RIIDAAIZHTHTOTSLOEBRETES:
RIZZIEX RIS E TS o100, HBBERXpIZRIL,
ROFTERR=p(X| + W) <p(l+q(l)) — | DZIEXK
£{KTIL, {p(+q(D) + cq(1)}290) + d = O(21+aM)
&2T, LeEXP > NP € EXP =TT BR #&



(2) NP SEXP (co-NP S EXP) 3/8

L: any NP set
=» There is some polynomial g and polynomial-time computable
predicate R such that
L ={x:3,WR(x, w)]} ={x:3wf| wi< q(| x[) A R(x,w)]}
prog L(input X);
begin

for each w e 2= do
If R(X, w) then accept end-if
end-for;
reject
end.
time complexity of the program for an input of length I:
Since R is polynomial-time computable, for some polynomial g
time of R=p(|x| + |w|) <p(l + g(l)) «— polynomial of |
In total, {p(I+q(l)) + cq(}29M) + d = O(21+a)
Hence, L eEXP - NP € EXP Q.E.D.

program recognizing L using q
and R
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TEHE5.9.

(1) NP € co-NP = NP =co-NP
(2) co-NP & NP - NP =co-NP
(3) NP #co-NP = P =#NP

#E: (3)&kY, NP # co-NPDEEBAIL, P=NPDEEBALYEELL.

SEBA: (1) NP S co-NP > NP =co-NP ((2)DFEEALREI#R)
EFE DL €co-NPIZXLTL € NPATRENILX, co-NP S NP
MEFBHTCEAD T, (REFEDNP S co-NPEESHHBTNP =co-NP
NEZD. -
L e co-NP —L €NP (E#5.3&Y)
L €co-NP (NP € co-NP&XY)
—~L NP (EF:5.3¢L=L&Y)
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Theorem 5.9.

(1) NP € co-NP = NP =co-NP
(2) co-NP & NP - NP =co-NP
(3) NP #co-NP = P =#NP

Note: from (3) the proof for NP # co-NP is harder than that
for P=NP.

Proof: (1) NP < co-NP = NP =co-NP (proof of (2) is similar)
Since co-NP & NP is shown if we prove LeNP for any Le co-NP
Combining it with the assumption NP € co-NP, we have
NP =co-NPandso
L e co-NP —L €NP (by Definition 5.3)
~L<co-NP (NP S co-NP) _
—L eNP (Definition 5.3 and L=L)
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(3) NP # co-NP = P # NP.

5HE: P = NP > NP =co-NP

P=NP&LRET D&, TRTOLIZHL
LeNP <> L eP (P=NP &Y)
<L eP (7% & 5] E5.5)
< TeNP (P =NP &VY)
< L(=L)eco-NP (E#5.3&Y)
NP =co- NP sl BA #2

NP #co-NPHYIELLYE

(o)
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(3) NP # co-NP =2 P = NP.

Contraposition: P = NP > NP =co-NP

If we assume P=NP, for any L we have
LeNP <> L eP (P=NP)
<L eP (Exercise 5.5)
<> LeENP (P=NP)
<L (=L) €co-NP (Definition 5.3)
-~ NP =co- NP Q.E.D.

If NP #co-NP Is true,

(o)



AMMREVSARDERZHERT HE. ..

IS5 APDEEGBGE)
EEBLAITAPIZAS®
LT Zimf-9 ZIEXFHEETE A gER EBRMEFE:
£ X € L TXELSR(X)
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75 ANPD 7E 2 (FE #5.2)
EELMNITANPIZASS
UTZiml-9 2ERqE L EXBFRETE AR BERNFE:
&Zx e txeLeawe 27 \w=q(x)[R(x,w)]

75 Aco-NPD 7E 2 (FE HE5.5)
EELAITAco-NPIZAS S
UTZimT-9 2IERqELIEXFRETE T EEREERNFE:
£ x ey TxeLevwe I |w=q(x))[R(x,w)]
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Observation of the definitions of the classes...

Def: Class P (Chapter 5)
Set Lisin the class P+
There exists a poly-time computable predicate R such that
foreach x€ 2, x€EL&R(X)

Def: Class NP (Def 5.2)
Set L is in the class NP &
There exists a poly g and a poly-time computable pred. R s.t.
foreachxe 2", xeLe® Iwe 2 ™:|w|=q(|x])[R(X,wW)]

Def: Class co-NP (Theorem 5.5)
Set L i1s in the class co-NP &
There exists a poly g and a poly-time computable pred. R s.t.
foreachxe 2", xeLevwe 2™ |w|=q(Jx])[R(x,w)]




X, A%, IXg [R(X,Xp.X5)] @ FW(=<X1, X5, %5>) [R7(W)]
VX VX, V X3 [R(X1,X0,X5)] €V W(=<Xq, %, X5>) [R7(W)]

LREZE IxvyIw[RKX,Y,wW)] 127

PSR 2L ={x: 3wV wa.. P Wi[R(X, ws,...
IATEL ={x:V w3, wz.. D Wi R(X, Wi,...

(LLEREI) I <hoh BB
2, =10=P  T1I
2, =NP )
17 =co-NP

P P
I, N2,
P P
..L..Lk_i_l mZk_'_l

N 1N

) ~ o

718



718

X, A%, IXg [R(X,Xp.X5)] @ FW(=<X1, X5, %5>) [R7(W)]
VX VX, V X3 [R(X1,X0,X5)] €V W(=<Xq, %, X5>) [R7(W)]

...How about, e.g., AxVy3Iw[R(x,y,w)] ??

Class 2} : L ={x: 3wivwz.. D w[R(x, ws,..., Wk)]
ClassII} : L ={x: Vwidwz.. D Wk[R(X, Wx,..., Wk)]

It 1S not difficult to see that...

2, =11y =P 11
>? =NP >
17 =co-NP

P P
Iy, nx .,
P P
..L..Lk_i_l mZk_'_l

N 1N

) ~ o
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(LB TN OE R
2P =NP —3X) —3XF —XP

Z§=ﬂ§=P< >< >< >< >EXP

[} =co-NP —~TI1) —I17 —II}
K K
FHOEE: PH < PP -




8/8

It 1S not difficult to see that...

SP=NP ——XP 2P 3P

N >< XX >EXP

17 =co-NP 110 —I1) —II}
_ P __ P
PH=| |2 = JTT}
[ A
Toda’s Theorem: PH € PFP




