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F6E ZIATFFRIETE A gETE

6.1. ZIRIFFRlZE TRl AETE

E$%6.1:
ALBZIEEDNDERE LT S
(1) F;'sj’!;jz h: A>B: % I8 =L B [ 1= 7o (polynomial-time reduction)
(@) h [T B AN EIHRIBE LK
| (b) xeX*[xe A< h(x) e B]
(0 h XZIEAFERET R ATRE.

2) ADGBADZEREFHEETTNFAET HEF,
AlEB~ L IE A B iE ST I BE &L VD (polynomial time reducible).

ZDNEE, IDEHIZTEL: -
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Chapter 6. Analysis on Polynomial-Time
Computability

6.1. Polynomial-time Reducibility

Def.6.1:

Let A and B be arbitrary sets.

(1) function h: A->B: polynomial-time reduction
(a) h is a total function from X* onto **
| (h)XxeZ*[xe A< h(x) e B]

_(c) hiis polynomial-time computable.

(2) When there is a polynomial-time reduction from A to B,
we say A is polynomial-time reducible to B.

Then, we denote by -
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A<’ B ZEAXBEOEENTIE ADELS < BOHLE

FH6.1 A< B,

()BeP>Ac€P.

(2)B< NP> A eNP.

(3) B e co-NP > A co-NP.
(4)B € EXP 2> A < EXP.

FHE:OSREIEZBIS. —H2IZIE, BEE > A € EEIETALALN.

516.2: ONE= {1} TFEET HEE, I7APDITRTHESLIC
2LVT L< ONE
MRELYILD. _f1, XxeLDEEFE,

=1 ; ZOHDEE

LEES DL (1) hES h DI ~D % 5 RIS,
(2) XxeZ*[xe L <> h(x) e ONE]

(3) hIFZIEXFMETERIRE(Le Pox LD HIE L ZIEKXFEHEA)
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A Sri B  within polynomial time, hardness of A < that of B

FH6.1 A< B leadsto,

()BeP>Ac€P.

(2)B< NP > A eNP.

(3) B € co-NP > A co-NP.
(4)Be EXP > A< EXP.

Note:class E Is exceptional. Generally, B € E - A € E Is not true.
Ex.6.2: If we define ONE= {1}, for each set L in P we have
LSEONE

- 1, ifxelL,
1T we define h(X)E{ 0, otherwise

(1) h is a total function from X* onto X~*.
(2) xeXZ*[xeL <> h(x) e ONE]
(3) h is polynomial-time computable(so is computation L€ P2>x <L)
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FiE6.2: A, B, C.EFENES

(1A <" A
QA< BAB< C >A< C

=" 13 FEES R
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Theorem 6.2: A, B, C: arbitrary sets

(A< A
QA< BAB< C > A< C

Def:A =" B« A< BABZ< A

m -m

= is an equivalence relation.
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f R D FE B AT BE i R RE OO S 0D RE AR

2SAT (dndEmmERXFTEERME: ZFf k)
3SAT (mdEmEXFTEERRE: =F1f20)
SAT (AneBimi 3“&3’5?!:1‘&%@)

ExSAT (#hsRanEamiE X 2 ERRE)

2SAT <" 3SAT T
e =ARkiE... 585
R4k, § L& EKE...LR—F

3SAT <P SAT < ExSAT
2SAT <P 3SAT < SAT <F ExSAT (6.1)
—_TC
EXSAT Sf; 3SAT
THdHETTHE DL,
3SAT = P SAT = P EXSAT
E1EB.
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Relation among satisfiability problems of propositional expressions

2SAT (propositional satisfiability problem)

3SAT

SAT

EXSAT (extended propositional satsifiability problem)

2SAT Srljl 3SAT at most k ... trivial
Similarly, exactly k ... report

3SAT < SAT <P ExSAT

2SAT < 3SAT < SAT < ExSAT (6.1)

Here, if we can show
ExXSAT sf; 3SAT

then we have
3SAT Ez SAT E; ExXSAT
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1516.3: EXSATHMB3SATANDIZETT

E, (%, X5, X5) =[[X © X, ] = [X, A X ]] v =X,
F (XX, %) =U AU < U, v—x]IA U, < [U; - U, ]
AU, < [X © X]IAU, < [X, AX]]

ZDEE, [E,AFTREAEE] © [F AT EAIEE (6.2)
FIE=FFEERXICELOTLMIEIZESTLS.

F. OB E
(Lv (1)V, =V, v =X,
(2) —>/ \_' 2V, =[V; - V,]

BV, =[x < X,]

F.z

L]

BT 5101, Vo U,EL, VOEERXE ATHAS
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Ex. 6.3: Reduction from EXSAT to 3SAT

E (X, X5, X5) =[[X, © X, ] = [X, AX ]V =X,

F (X, X%, %) =U AU, < U, v—X]IA U, < [U; - U, ]]
/\[Us g [Xl < Xz]]/\[U4 g [Xz A Xs]]

Then, [E, Is satisfiable] <> [F; Is satisfiable] (6.2)

F, Is easier to be converted to 3SAT form.

How to construct F,
(1)v (DV; =V, v =X,

(2) —>/ \_' 2V, =[V; > V,]
BV, =[x < X,]

To construct F, we let V; = U., and connect expressions of V; by A



F, DfgRAELY,

(D)EU. DIEZEV,(X,, X,, %) ELZWRY, FIFXEIZIEAESEL.
Q)& U.DIEEV, (X, X, x)ELIzEE, F, =E,
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LFOMEEARYIDOI LR, IFHEZRNDEELTEEATRE.

=HERER~NDOZEH

a—>b =—7avhb

AlE BA (L A RS

ach = (a>b)A(b>a) = [~ aVb] [~ bVa]THBIEERALS.

Ul <> [U2 \/—|X3] = [—|U1 VU2 \/—|X3]/\[Ul \/—l[U2 \/—|X2]]

=[-U, vU, v =X,]

= —|U1 VU2 V—|X3:

=[-U, vU, v =X,]

ftht [ Fk.

A\

AN

AN

U, vI[=Up A
U, v=U, AU, v ]

U, v-aU,v=U, AU, VX Vv X ]

FOTC, IRTC=ZMEHRAXICERTESTEIIENDOMNS.



From the construction of F,

(1) F, is never true unless each U, Is V;(Xy, X5, X3).
(2) If each U, i1s Vi(Xy, X5, X3), We have F; =E,
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The above properties are proved by using induction.

Conversion to 3SAT form

a—b =7avhb

proof Is omitted.

a<b = (a—=>b)A(b—>a) =[—aVb] [ 7bV a]: useful relations

Ul <> [U2 \/—|X3] = [—|U1 VU2 \/—|X3]/\[Ul \/—l[U2 \/—|X2]]

=[-U, vU, v =X,]

= —|U1 VU2 V—|X3:

=[-U, vU, v =X,]

Others are similar.

A\

AN

AN

U, vI[=Up A
U, v=U, AU, v ]

U, v-aU,v=U, AU, VX Vv X ]

Thus, every 3SAT form is converted.
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6.2. ZIRAFEETAIREEICEDO<{EL L

621 EEMENDERELTDEFWIEE

EFE6.2 FTEEVTRACIZHL, EEANRDEHERH-T LE,
FNE(SDTT)C-REENS.

(@) VLeC[L<F A]

(b)A € C

T EHQFmE-TESILC-EE.
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6.2.Completeness based on Polynomial-time Reducibility

6.2.1. Definition of Completeness and its Basic Properties

Def.6.2: For a class C, if a set A satisfies the following conditions,
then it is called C-complete (under Sf,: )

(@) VLeC [L< A]

()A€ C

Note: Sets satisfying the condition (a) are called C-hard.
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6.2. ZIEA LR T AIREEICE D<Z 2t

6.2.1. EEMEDERELLTDERMMEE

EVAL-IN-E:
ANJli<a,xt>
a: N7 I 5D a— R xex >0
H /7 :eval-in-time(a, x,2") = accept ?

516.5. 75 ANPDSTEEE DB
3SAT, SAT, EXSAT, DHAM, KNAP, BIN, VC7%: &

DS RAEXPDTEES
EVAL-IN-E, HALT-IN-EZ3 &
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6.2.Completeness based on Polynomial-time Reducibility

6.2.1. Definition of Completeness and its Basic Properties

EVAL-IN-E:
Input:<a, x,t >
a : the code of a program with 1input, xe >, >0
Output : eval-in-time(a, x,2") = accept ?

EX.6.5. Examples of NP-complete sets
3SAT, SAT, EXSAT, DHAM, KNAP, BIN, VC, etc
EXP-complete sets
EVAL-IN-E, HALT-IN-E, etc.
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EH63 EEDC-HHEES (F:C-TEERS)AITHL,
(I)AsP>CCEP B CZP > AgP
(2)AeNP > C S NP XHBIX CZNP > A ¢NP

(3) A €co-NP > C S co-NP %} {&I& CZco-NP > A £co-NP
(4) A €SEXP > C C EXP %HBIL CZ EXP > AZEXP
RIERA :

(1) BZEEDCEE LT H&, AlFC-HEE-M D,
B<"A —A, AcPDIREKLY, Be P (EH6.1)
(2), (3), (AL FEHE
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Theorem 6.3. For any C-hard (or C-complete) set A,
(LAeP>CE P CP: CgP > AZP
(2)AeNP > C &S NP CP: CZNP > A¢ NP

(3) Ac co-NP - C S co-NP CP: C zco-NP > A& co-NP
(4) A€EXP > C € EXP CP: CZEXP > AZEXP

Proof: CP: contraposition
(1) Let B be any C-set. Then, since A is C-hard,

B<" A and by the assumption A € P we have B € P (Th. 6.1)
(2), (3), (4) are similar.
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EIH6.3. EEDC-HES (& :C-TEEH/)AITHL,

XHBEILZ CZP > A¢P

XHEBEILZ CZNP > A ¢NP
XHB(L CZco-NP > A €co-NP
XHEB(L CZ EXP > AZEXP

(H)AeP>CCEP
(2)AeNP > C S NP

(3) A eco-NP - C & co-NP
(4) A€EXP - C € EXP

16.6. TEIE6.3MERK (7T ANP)
LEZNP-EE2E£E5LT 5.

FEI6.3(1)D*HBELY,
NPP=>L ¢P

TFIH6.3(3)Dx{EEEES. I D ELY,

L ¢ co-NP

i€ I

85.9.

(1) NP € co-NP = NP =co-NP

%Y, NP-ELEAEP~NPTHIRY, SEXHMTILRS

TELLNPEETHS.
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Theorem 6.3. For any C-hard (or C-complete) set A,
(LAeP>CE P CP: CgP > AZP
(2)AeNP > C &S NP CP: CZNP > A¢ NP

(3) Ac co-NP - C S co-NP CP: C zco-NP > A& co-NP
(4) A€EXP > C € EXP CP: CZEXP > AZEXP

Theorem 5.9.
(1) NP € co-NP = NP =co-NP

EX.6.6: Meaning of Theorem 6.3 (class NP)
Let L be NP-complete set.

By the contraposition of Theorem 6.3(1) we have
NP #P=2> L¢P
By the contraposition of Theorem 6.3(3) and that of Theorem 5.9(1),
L ¢ co-NP
That is, NP-complete sets are NP-sets that cannot be recognized in
polynomial time unless P = NP.
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NP-SEEE&IEIP 2NPTHBHEY, NP ~ co-NPIZIFZ A BZLLY

NPEETHD.
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NP-compete sets are NP-sets that do not belong to

NP " co-NP unless P = NP.

NP co-NP
@ co-NP -complete
NP -complete
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#16.7. EI6.3M E 1k (75 XEXP)

DZEXP-E&E£E&6LT 5.

TFHE6.3(1)DXE(CZP > AgP, CZTIXEXPZP S>DEP)
PEXP 2> EXPZP (.P S EXP) > DgP

TEI26.3(2) D% {E (CZNP > AZNP

ZZTIXEXPZ NP >DZNP)

NP ZEXP > EXPZNP (.NP S EXP)-> DZNP
TEIE6.3(3)D¥HB (Cz co-NP > AZco- NP,

__TIXEXP Zco- NP =D € co- NP)

co-NP ZEXP 2 EXP Zco-NP ->D € co-NP

ECAM, FE

5.7, P € EXP THAEZEH>TLNSh D,

HEH(ZDE P.

EXP-EE & SIXZEARE TIXETEARAIEE.



EX. 6.7. Meaning of Theorem 6.3(class EXP)

Let D be an EXP-complete set.
Contraposition of Theorem 6.3(1)
(CZP > A¢P, where EXP <P >D¢P)
P+EXP 2> EXPZP (..P € EXP) > D¢P
Contraposition of Theorem 6.3(2) (CZNP > A ¢NP ,
Here, EXP & NP ->D ¢NP)
NP ZEXP 2> EXPzNP (.NP € EXP) > DZNP
Contraposition of Theorem 6.3(3)(C ¢ co-NP > Agco- NP,
here, EXP Zco-NP D & co- NP)
cOo-NP #EXP 2 EXPz co-NP D & co-NP
But, by Theorem 5.7, since we know P € EXP, we have
D ¢P.
EXP-complete sets are not computable in polynomial time.

12/17



EH64 A EFEDC-TEERAR

T/\f@;%AB(:TL

(1)A< B >BIZC-
(2) A < B AB eC > BlZC-T£.

A5

EBH -

EEH6.2&Y, VLeClL< A]

TEIE6.2KY, L<P AAA<P B> LB

L1z 2T, VLe C[L <! B]

9 iiHh, BlLC-

A

£33

13/17
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Theorem 6.4. A: any C-complete set
For any set B we have
(1) A <'B B is C-hard..
(2) A <'B AB eC > Bis C-complete.

Proof:
By Def. 6.2 VL eC[L <, A

By Theorem 6.2,L <, AAA< B— L< B

Therefore, VL eC[L < B]
That 1s, B 1s C-hard.



EXPC ={L: LIXEXP-5E£} 1417

NPC = {L:LIINP-5E2}
9L ROEEMNRYILD.

TE H6.5.
(1) EXPC AP = ¢ /EXPC\
(2) EXP — (EXPC UP) # ¢

EXP

EIE6.6: P «NPERET 5&
(1) NPCOP = ¢ P
(2) NP — (NPCY P) #¢

NP~ co-NP
P
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EXPC={L: L is EXP-complete}

NPC ={L:Lis NP-complete}
Then, we have the following theorems.

Theorem 6.5.
(1) EXPC NP = ¢ /EXPC\
(2) EXP — (EXPCUYUP) #¢

EXP

Theorem 6.6: Assuming P NP
(1) NPCNP =¢ P
(2) NP — (NPC YP) #¢

/}NPmco-NP
P



6.2.2 STEEDEILER

EIE6.7: EVAL-IN-EIZEXP-5=%¢

ZEBA : f515.6 &Y, EVAL-IN-E € EXP, £ T,
VLeEXP[L <] EVAL-IN-E]
A ¢ AN
L EEDEXPES LT S.
LZ2PORFRI CRRE T 57 0T S LD FE(PN)IELER)
FDTOTSLELETS. CDEE,
X €L <> L(x)=accept
time_L (x) <2r(x)
LMSEVAL-IN-EANDETELTRODEHNEEZS.
hx) =<IL! x, p(x)> for vxeZ*

I H&, hiT2ET, LIRFFREETHEATEE.

15/17
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6.2.2 Proof of Completeness

Theorem 6.7: EVAL-IN-E is EXP-completeness.

Proof: By Example 5.6, we have EVAL-IN-E € EXP. Thus, It
suffices to prove
VLeEXP[ L <] EVAL-IN-E]
L:any EXP set.
There is a program recognizing L in time 2P0 (p(n) is polynomial)
Let the program be L. Then, we have
X €L <> L(x)=accept
time_L (x) < 2r(x)
Consider the following function h to reduce from L to EVAL-IN-E.
hx) =<IL! x, p(x)> for vxeZ*

Then, h is total and computable in polynomial time.
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El=, IRXTDxex*ITxL
XelL<«> L (X)=accept

> eval(L|, x) =accept

<> eval_in_time([L|, x, 2°™) = accept
< <L]|, x 2°" >eEVAL-IN-E
< h(x) e EVAL-IN-E
B ZIZ, hIZLMSEVAL-IN-EAD ZIER BEETT.
-.L<” EVAL-IN-E for VL eEXP
4 H5, EVAL-IN-EIZEXP-5E£.

ALk B #%
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Moreover, foreach xeX*  we have
XelL<«> L (X)=accept

> eval(L|, x) =accept

<> eval_in_time([L|, x, 2°™) = accept
< <L]|, x 2°" >eEVAL-IN-E
& h(x) e EVAL-IN-E

Thus, h is a polynomial-time reduction from L to EVAL-IN-E.

~.L<" EVAL-IN-E for VL eEXP

That is, EVAL-IN-E is EXP-complete.
Q.E.D.



E H6.8.
(1) EVAL-IN-E ¢ P
(2) EVAL-IN-EIENP-

(3) HALT-IN-EI&XEXP-5= 4.

A

2

sEBH -

(1) EVAL-IN-EI[XEXP-5c 25K & T, EXP-T2& & ¢ P.
(2) VvLeExp [A<' EVAL-IN-E] &

NP € EXP &£VY.

17/17
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Theorem 6.8.

(1) EVAL-IN-E¢ P

(2) EVAL-IN-E is NP-hard.

(3) HALT-IN-E is EXP-complete.

Proof:
(1) EVAL-IN-E is EXP-complete and any EXP-complete set ¢ P.
(2) It follows from

VLe Exp [A<] EVAL-IN-E] and
NP S EXP



ZYUDFE

TR22B(€). #&HICEAIT 57— ER
7R 27H(K):

- BEIIKE

— A T74RT7T—: 6EIBDOLAR—FDEIUN, R EER
7H29H(E):

~- BAREBR(KRBEEICT, BEXIERE

T LU

- BELGEDRINEDHLEIEA—ILT

- LiR—h HERORNFLHITEERYIZ<HZE
HEIT:

- FIRIZ7A258B(RA)~7R278B(K) (X H 5k

- TAOFARELTA25B(A)~7A26B (X)X HE



