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DHAMIZEE Y S 7IZBRELTENPTES
DHAMIZITE R DRI =3 |IZRELTENPES
DHAMIE2&887 5 7ICBREL TENPEZ ...




6.2.2. Proof for completeness 1/10

Two ways to prove (NP-)completeness
() show “for all L’ according to definition
(1) use some known complete problems

Ex for (1) : Theorem 6.7,
Theorem 6.9(=Cook’s Theorem; simulate TM by SAT)

: x Basically...
Easy to manipulate 1

_ For any program in standard form,
since, e.9., 3SAT has a 2. simulate it by SAT formulae

uniform structure. —pretty complicated and tedious

Ny
Ex for (I1): Example 6.4(3SAT<, DHAM), Theorem 6.10, ...

DHAM is NP-complete for general graphs
DHAM is NP-complete even for planar graphs
DHAM is NP-complete even for graphs with max degree=3
DHAM is NP-complete even for bipartite graphs ...
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EH6.10: ULTFIZHITHEEIETRTNP-EL
(1) 3SAT, SAT (EXSATHMSDIETT)
(2) DHAM, VC (3SATHMSMIRITT)
(3) KNAP, BIN (3SATH/ 5 METLEKNAP < BIN)

(1) NPEEEAHLMNO>TLSEEMN D ZIERFFREHEIT:
1. 3SAT<! VC
2. DHAM </ TEA D XM S < 51ZHIREh -DHAM

y

Vertex Cover: $ANTDEAD ., DIGKEL—TFTDTERZELES
Hamiltonian cycle: ¥ R TDIEmE—E D D@ HH K

HE(T: DHAMITI X Z# S <3 TENPEE,
=R 2L ER R CETE AT 5E,
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Theorem 6.10 The following sets are all NP-complete:
(1) 3SAT, SAT (reduction from ExSAT)
(2) DHAM, VC (reduction from 3SAT)
(3) KNAP, BIN (reduction from 3SAT and KNAPSE’1 BIN)

(1) Polynomial time reductions from NP-complete problems:
1. 3SAT< VC

2. DHAM <’ DHAM with vertices of degree <5

y

Vertex Cover: a vertex set that contains
at least one endpoint for each edge
Hamiltonian cycle: a cycle that visits all vertices exactly once

Note : DHAM remains NP-complete even if max degree 3.
But it Is polynomial time solvable if max degree 2.
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FEI26.10(2) : VC [ NP £ RZE

[EEBA] VC € NP 72D T, 3SAT <° VC THAHZEZETREIXLLY,

RIER F(X X,.... X)) BEZBNT-ET B,
FNGUTDEEERI-TI57EBRBDIE<G, k>
ZIEA B TR TEAEETT

FELUZT AENENEFET HSCH YA XKDTERBEBEZRED

GOER(FIZNZEHMIAELT D).

1. FOJIEH L. TER x* x5 &L Bt x)ZEMA 5

2. FOEIAC(, VI, VIIZH UL TR Ly, by, by ED(1, 1)
(liplia), (ligli)ZMA B

3. HCDUTII Iy B x DESFD(I,x") 7. —x; DESIFA
(LX) ZINZ 5,

4, Kk=n+2m
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Theorem 6.10(2) : VC is NP-complete

[Proof] Since VC € NP, we show 3SAT <, VC.

For given formula F(x,x,,...,X,), we construct a pair <G,k>
of a graph and an integer in polynomial time.

There is an assignment that makes F()=1
<G has a vertex cover of size k

Construction of G (F has n variables and m clauses):

1. add vertices x;*,x; and the edge (x;*,x;") for each variable x; in F

2. Foreach clause C=(I;; V1;, Vl;5) in F, add vertices I;;, I;,, l;; and
three edges (liylip), (liz.lia), (hia.lir)

3. add the edge (l;;,x*) If the literal I, is x;, or add (l.,,x;") 1f it IS =X
for each clause C;

4. letk =n+2m
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FELUZT AEIENEFETHSCH YA XKDTERBEZRED

GOE(FIXNEZEMIEET D).

1. FOJIEH I L.TER x* x & Bt x)EMA 5

2. FOFIRC=(l VI VIITHUTAER lig, Iy, g 381, 1,),
(o lia), (g li)ZMAS

3. ICDUTII Iy A x DESIEA(,x*) & —x DEEIL
(%) ZMA B,

4. k=n+2m

. F(x1 Xo, x3 X,) = (X, VX, VXA (X VX VX)) A (X Y X,V X,)

@@@@@@

k=442 x%x3=10
' ;@




There 1s an assignment that makes F()=1 4/10
<G has a vertex cover of size k

Construction of G (F has n variables and m clauses):

1. add vertices x;*,x;” and the edge (x;*,x;") for each variable x; in F

2. For each clause C;=(I;; VI, VI;3) in F, add vertices |y, I;5, ;3 and
three edges (Ijy,li), (Iiz.lis), (i lip)

3. add the edge (l;;,x;*) if the literal I, is x;, or add (l;;,%;") If it is —X;
for each clause C;

4. letk=n+2m

EX: F(Xy,X0X3,X,) = (X VX, VX A (X VX V) A (X Y X3V X,)

@wﬁs@ %) ) G

G 4 k = 4+2 X 3=10
/BT
(x )y (x)  —(xy)

NG
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GOERIZ. EZzoNT-F NS F DY AXIZxT B ZIEX R
THEE . LIASTUTZEREIELLY:

FELIZT BENUNTFERETIHO96CH YA AKDIEREELZED
RS

GOERNCEEDIERBEESIE
£oTIS| = n+2m =k TH 5.

~ 8

Xt X DELLMNESD
COIERP. HIE2DEFL

Bl F(xpXoXa%g) = (X VX VX)) A (X VX3 VX A (X Y X3V X,)

k=4+2 % 3=10
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It IS easy to see that the construction of G from F can be done in

polynomial time of the size of F. Hence, we show that...

There iIs an assignment that makes F()=1
<G has a vertex cover of size k
Observation:

From the construction of G, {
any vertex cover S should contain
Hence we have |S| = n+2m = k.

EX: F(Xy,X0X3,X,) = (X VX, VX A (X VX V) A (X Y X3V X,)

at least one of x;* or x;”
at least 2 of 3 vertices in Cj




FELT BRI AAEET BoCHY A kD BESHEEE> O
N | X=1735 X &SICANDS
1L ENENDE X B (=025 X-ESIZ ANLB
2. TNENDIEC=(l;y lip 1) FFERBENTLSD T,
FIE1DD)TZIL(1)IZDNTIXEREDRDD(,,x,)
(X X, ICKO>THBEINTULNS, LA T, NS D
ZO0DYFII(,1)E S IZAND,

= [HE &Y. SIEH A XKDTERBEICLED,
Bl F(xyX0XaXg) = (X VX V) A (X VX3 VX)) A (X V 71XV X,)

k=4+2 % 3=10




If there Is an assignment that makes F()=1, 6/10

G has a vertex cover of size k
1. Put{ Xi+_if Xi=1 } Into S for each x;.
;" 1T x;=0
2. Since each clause C;=(l;;,l;,1;3) Is satisfied, at least one literal,
say l.;, the edge (l.,,x;;) Is covered by the variable x;,. Therefore,

put the remaining literals (l;,,l;;) into S.
= From the|Observation, S is a vertex cover of size k.

EX: F(Xy,X0X3,X,) = (X VX, VX A (X VX V) A (X Y X3V X,)

k=4+2 % 3=10




A A RO TEEREE S>> FEL-T AR UnEETE 0

1. (&R LY HESIKIEIS2ME. THHMAONEDTERZZT,
2. ELIZREHXICDNTIIx DX D—H LA,
FIRCITOVWTIEEEIE2DDIERLMSICEL CEMNTELL,
3. FOTHRIECIISICTEENTEWWITIILILEZET H,
SIS BET B30I A A B SN COE R IEAS ALY,

X DSIZEENDED Xi:l} \SE L (L
:[Xi_ B oo (T | B msaFERR T 5.

Bl F(xpXoXa%g) = (X VX VX)) A(TX VX VX A (X Y X3V X,)

k=4+2 % 3=10

QED.



If G has a vertex cover of size k, there is an assignment s.t. F()=1  7/10

1. From|  Observation, a cover S contains 2m vertices
from the clauses, and n vertices from the variables.

2. Thus the cover S contains exactly one of x;* and x;” and
exactly two literals of a clause C;.

3. Hence each clause C; contains exactly one literal |; which is not in S,
and hence incident edge should be covered by a variable vertex.

= The following assignment satisfies F: [ Xi=1 !f o _in > J
;=0 1f X7 In S

EX: F(Xy,X0X3,X,) = (X VX, VX A (X VX V) A (X Y X3V X,)

QED.



FE B T4V
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F(X1,%5,X3) = (X VX VX)) A (X VY %V 7 5) A (G V X3V X,)

A (X VX,V —x,)
G

&
ofols ¥

@ a ‘@ 319 % 4=11
/ \\
5/ ey

FERETELEVLFTIK, EDVTIILETER TH/N—ENTLVEL
BN FHET D, COIED)T3)LIF3DES Vertex Cover [Z
ANETBEEHLLY, 5T Vertex Cover DH A XL k+1LL L2435,
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Unsatisfiable example:

F(X1,%5,X3) = (X VX VX)) A (X VY %V 7 5) A (G V X3V X,)
A (7% VX,V 7X,)

@ Xy ‘@ k= 3+2x4=11

{8

&
&) 66 ONOES

When F Is unsatisfiable, it contains at least one clause such that each
literal is not covered by a vertex. So, Vertex Cover should

contain three literals in the clause. Hence any vertex cover has size
at least k+1.

G
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T R¥MER5OFMEY 57 LD DHAM [E NP £ E

T~

[EERFA] (LECDREIREZDHAM . LREEET D)

DHAM . A*NPIZ]

29 AHNDIE. DHAMMDNPIZ

RE: TERIZfT
9 5B DARE

B9 H5IEMNLEA, LEN>TEEMZTREIEELLY,

DHAM<" DHAM % 7R¥, OO O
~ QO OO

TATT: ‘ Q ‘ o.,‘;‘o“.
r#usoEsvED QOO ‘.g.
(A>TLHAEER)E N
(HTLKIER)EER W)

M gadget’ TEZHEZ D V., .;?‘:
ERTVELEEHES T
AR LA X TVvAE]

FEAEEERETE,. O O O

Ef ““““
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Theorem: DHAM on a directed graph with max. degree=5

(abb. DHAM ;) is NP-complete X\ degree: the number
[Proof] 1 of edges incident to

Since DHAM € NP, DHAM; €NP. a vertex
We DHAM <" DHAM .

|dea: “““‘

Replace the set of “arcstov” () () () &y 4
(J

and the set of “arcs fromv” () \ ) |C Y O P
by a right ‘gadget’. =7
A Hamiltonian cycle through v @) .g.
on the original graph ,g‘-,'
corresponds to the O

Hamiltonian cycle through v
on the resultant graph. “““‘ “““‘
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T XS R5OFMY 57 LD DHAM (£ NP £ 68
TATT:

R4 -

. %I%EJE%I;U:@\B‘F > =N O(log d))

. %Iﬁ,ﬁlizﬂz%zésy B o(d)
[EERA (T 22)]

BEZ6N=05T7CGOREMMLULEDFNFNDIERIZADDE
H5i0% L8 D gadget TEEHRZ B,

1. JTTDT S7GHnIEEMATH 145, gadget TEZHLZ 1=
HEDT G L O(n+m)IER O(Mm)BL/ESd, LI=M>TL
BEDIZTTIEIGCHKREFZD ZIE K B5fE] THIEE,

2. E-GC DI ARTOIEAITREII-II=N5ThHb,

3. GHNILLURREELDSCHNIILLVEBERD op
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Theorem: DHAM on a directed graph with max. degree=5
(abb. DHAM <) Is NP-complete

ldea:

Points:
* Up to down via cycle

> height: O(log d)
number: O(d))

[Proof (sketch)]
For each vertex v of degree=6, replace the edges around v
by the gadget.
1. If the original graph G has n vertices with m edges, the
resultant graph G’ contains O(n+m) vertices with O(m) edges.
Hence the reduction can be done in polynomial time of n & m.
2. Each vertex in G’ has degree at most 5.
3. G has a Hamiltonian cycle < G’ has a Hamiltonian cycle. QED.
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