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3. EHE AR D ST

3.1 B#MHhLEEN
Eﬁﬁ@%ﬁbé‘?%ﬁ@%ﬁbé

SRR

L S X *DFR A REFE =1L IR %E 4 78 (recognition/decision problem)
SEZLNEXFH x N LICBTENESHEHTE
LOHFEREE R (X)© xel

f5I3.1: EVEN = {[n]: n (£{8%k}, EQ = {<a, b>: a=b}

- EQMERRIRE:
F5z5ht=XFHh<ab>EV5ELTNT, MhDa=hh 7?1
2203 FHNFHFELLMN? )

ERIZIE, Eq(x) < Ja,b[x=<a,b> Na=b]
BEHMICIE, Eq(a b)«— [a=b]
EqQLEqDELSICIEFREENZLDT, RLEB>TLLN.
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LT T,

SAORHHBOHLE > £EOHLS
1% ME=BROHEHE
$E: ME=ILOBMROHENE
#38: ME=T LOSAORHMAE

Yes/NoZA 7 D70
ISLHEET D

EE3L Z*LOEEE TOHYMBENTHEARETHDILE
IR ENBY (recursive) TH B &LV,

153.2. HALT= {<ax>: Halt(a, x)}
HALTAVZ#AAEY— Halth\ st E mT ke
&2T, HALTIZIEMBITALY.

bl 5=y
FHAREES
AR S
RERRER S
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FHE3L 525N *ED n 515 ITRL.

BIT-f = {<x,... xn, [ 1,d> : f(xs,..., ) D i bit B A% d}
ZDEE,

BIT-f ARk © f (XETE ATHE
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3. Analysis of Computability
3.1. From Functions to Sets
Hardness of a function=>hardness of a set

structural analysis

Problem of recognizing a set (or decision problem)
L € X *, recognition problem of a set L
Given a string x, decide whether x belongs to L or not.
Characteristic predicate of L RL(x) «x L
Ex.3.1 EVEN = {[n} niseven}, EQ = {<a, b>: a=b}
~Recognition of EQ: “Given a string, is it of the form <a,b>
and a=b?” or “Are two strings equal to each other?”
Formally, Eq(x) <—3a,b[x=<a,b> A a=b]
Intuitively Eq'(a, b) «—[a=b]
There is little difference in hardness between Eq and Eq',
so they are considered the same.
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Hereafter,

Chapter 2: Problem =Problem of computing a function on =*
Chapter 3: Problem=Problem of recognizing a set on £*

Ex. 3.2. HALT ={<a,x>: Halt(a, x)}

hardness of recognition problem of a set - hardness of a set

Chapter 1: Problem =Problem of computing a function

Def. 3.1: A set S is recursive if its characteristic predicate is
computable.

HALT is recursive «— Halt is computable
Thus, HALT is not recursive.
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Theorem 3.1. Given function f with n parameters over % *,

BIT-f = {<xu,....xn, [i 1,d> : the i-th bit of f(xs,... xn) is d}
Then

BIT-f is recursive ¢ f is computable
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;@Y D REE R A & Two different ways of problem descriptions
X5 i 14 ¥ 7E I RE(EQ) BZzohfxizxL String equivalence(EQ) Given an x, determine whether
AN T EOXFHDff<ab>| |“x € EQ?EHIET HEE Input: pair <a, b> of stringson £ | | “x € EQ?”
B a=b? 1=12L, EQ={<a,b>:a=b} Question: a=h? where, EQ={<a,b>:a=b}
B ER Intuitive Formal
RETOTSL=THOANEHELDIANDTOISLT Recognition program= a program of one input on =*
EAGEAAITHLTHIFERIXOEH DT EH0. which outputs 1 or 0 for any input.
BHETOTILAICHLT, For a recognition problem A
ADS A Hx% Z 3 (accept) = AX)MW1EH DTS A accepts an input x < A(X) outputs 1
F0i& : A(X) = accept notation: A(x) = accept
A A SIXEHNT (reject) & AX)DOEH DTS A rejects an input x <> A(x) outputs 0
055 A(X) = reject notation:A(x) = reject
ANEELEDH (recognize) = L={x: A(x)=accept} ArecognizesasetL < L={x: A(x)=accept}
LAVEHE & LEREBTEI0TS5L0%5 L is recursive <= There is a program recognizing L
BI3.3. RISRT DITEBEQERHT 5T S L. 5/16 Ex.3.3 The following program recognizes the set EQ. 5/16
prog Eq(input <a, b>); prog Eq(input <a, b>);
begin _, halt(1) _ halt(0) begin _, halt(1) _ halt(0)
if a=b then accept else rejec{ end-if if a=b then accept else rejec{' end-if
end. end.
input <a,b>: BEMIIZIZXF I DX<uv>EANEEZTNDIEERT. input <a,b>: intuitively implies that input is a pair of strings <u, v>.

ERICIEIDARENDE, Thbt x=<u, v> DFIHE>T

Formally, “if x is input, first check whether it is of the form
WBMEAN, TIULIEEH ab [CuvERALTETZIFLDS. |

x = <u, v>and if so start the execution after substituting u and v

intoaandb.”
B34 L HERES L={a; a, ..., a,}. .
ZOLE ROEBEIOTSLT L L ORBAALE, e et oty oo T
) ) v ) Then, the following simple program can recognize Land L
E;(;gijnL(mput X); E;Z?nNotL(lnpUt X); prog L(input x); prog NotL(input x);
begin begin
case x of case x of ?:ase x of Eiase x of
§1: accept; §1I reject; a,: accept; a,: reject;
a“:daccepll a":dreject. a,: accept a,: reject
end-case; end-case; end-case; end-case;
reject accept reject accept
end. end. end. end.
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32 METREES [ Yesinos1F0Ta55L4 |
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3.2 Enumerable set
IR TRVWERERHT ST RT SLEFELLEL. There is no program for recognizing a non-recursive set,
but BLVEBR TR &E X5 LEEE T but we have a different story if we consider weak “recognition”
TS LANESLEXRHET D Program A semi-recognizes a set L
FTARTOH xeZ* T for every xeE*
xelL <« A(x)=accept xelL <« A(x)=accept
xgL & AX=L1 (AQ)DMELELARLY)

xeglL < AX=1 (A(x) does not stop)
FELFHIEMN © EELEFRHTHI0TSLDNEFAE A set L is semi-recursive <> semi-recognizing program of a set L

Recursive sets ¢ semi-recursive sets
RHMEE < FRWNES

e [ i.e., recognizable sets < semi-recognizable sets
ie, BEARELGES ¢ FRHBURLES




135, Halt BRI TIR AL, HIR ARy 716

(F#t:TOTSLEENADAANEZbNIZEE, TD
FIEERARSHICERICETLTHS.
BIETHIEEICITERERMAICHETS. )

prog HALT (input <a, x>);

var t: num;
begin XFH a BRI TATSLISXEANTBE
t:=0; t ATFYTURISFILET D
while true do
if HaltInTinde(a, X, t) then accept end-if;
ti=t+1;
end-ehile
end.

FROTOTSLIFHALTE T .

HL Halt(ax) 5. HERTYTH BNFELT,
HALT(<a,x>) [& HaltinTime(a,x,t)% 547 L 7=#% s T accept.

Ex.3.5. Halt is not recursive but it is semi-recursive 716

(Strategy: given a program and an input to it, execute it to
determine whether its stops or not.
If it stops, we know it within finite time.)

prog HALT(input <a, x>);

var t: num;
begin when x is input to a program represented by a
£:=0; string a, it halts within t steps.
while true do
if HaltInTinde(a, X, t) then accept end-if;
t=t+1;
end-ehile
end.

This program semi-recognizes HALT,
since HALT(<a,x>) will accept for some t
when the program execute HaltInTime(a,x.t) if HALT(a,x).
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(#1%) RANGE(q): Bi% g Dl Bi%i g #5tHIHTOTSLDHNDEE

EH32 EELEETHRIMEEDEE LTS CDEE, RD25EH
IFEETHSD:

(a) LI FIRHRAY

(b) L= RANGE(Q) &% 5 & 3735 BRI RERE S g B FET 5.

(a)~>(b)DEEHA
LITFRME = LEXRBHTETATSL ADEE
C i LOEBDER  prog Glinput w: =%): T*;
(L¢¢J:L)7$E) var x: 2* ; t: num;

begin
AL ey £Y. ; ) o
— ifw ¢ Z*x N then halt(c,) end-if;
7o 7‘7‘L“G x:=1st(w); t:=2nd(w);
ZHER if HaltinTime([ A, ], x, 1) then halt(x)
else halt(c,) end-if
end.

TRYSLCHHET BBHE g LL, g H(D)EH-TLERT.

(Note) RANGE(g): range of a function g, i.e., 8/16

set of all outputs of a program computing a function g

Theorem3.2 Let L be an arbitrary non-empty set. Then, the following
two conditions are equivalent:

(a) L is semi-recursive.

(b) There is a computable function g such that L= RANGE(g).

Proof: (a)=>(b)
L is semi-recursive = a program (A, ) that semi-recognizes L exists
c,: any element of L
prog G(input w: X*): *;
var x: 2* ; t: num;
begin
ifw £X*x N then halt(c,) end-if;
x:=1st(w); t:=2nd(w);
if Haltin Time([ A |7, x, 1) then halt(x) else halt(c,) end-if
end.

Let g be a function computed by this program.
Then, we prove that g satisfies (b) as follows:

IO S5 LG AR<xt> IZ¥ LT HaltinTime([A, 1, X, t)Z‘;l‘ohalt(x%/.16
FRLSES halt(c) 2E1TT S

(1) g FHEARETE

(2) IRTOxELIF A TREINSIMND
L(x)=accept = 3t € N [ HaltinTime([A ], X, t)]
— 3t € N[GlExt>ITx LT x #H A1)
FOTC LOTRTOERIZGC OHALLTERENS,
%Y L S RANGE(g).

(@) —HA, EABYELITRLTHA EBLELELDS,
L(y) =L —VteN [—HaltinTime([A.1, y, t)]
—VteN [G [EAB<y, I LT c, #H A]
2FY, LOEDERy HCOHENELTRAALLY. &oT
L = RANGE(g) D&Y RANGE(g) c L

=(2),3)&Y L =RANGE(g)

] 9/16
+g is computable and total

+Since any x € L is accepted by A,
L(x) =accept —3te N [HaltinTime(A 7 ,x,t);
—3 te N [G outputs x for an input <x, t>]
— 3w (=<x,t>) € 3* [g(w) =X]
that is, LS RANGE(g)
every element of L appears as an output of G.
+On the other hand, since L does not halt forany y ¢ L,
L(y)= L —Vte N[-HaltinTime(A_7],yt)]
—Vte N[G outputs c, for an input <y, t>]
—Vy’eZ*vteN [g(<y’, t>) # ]
y ¢ L, c elthus y#c,
—vwezr[gWw) #y]
that is, no element y of L appears as an output of G.
L SRANGE(g)
L < RANGE(g) A L & RANGE(g)
L = RANGE(g)




(0)> (2)DEERA: L = RANGE(Q) %35 k515t B AT RS g A0 20

FHETDE5 L (EFmME

g [FEHEAEE= g 25 HTHTOY S L G HFHE
GERAVWTROTAY S LBEES.
prog B(input x);
varw: ¥
begin
W=¢€ ;
while true do
if G(w) = x then accept end-if;
we=nextW)  next (A ESEEIHESIEF
engnd-wh"e T TROTERDHDEH
> T OREFTRTHELTHARTLS.
> G(w)=x&#d w € 3 BNEET hIE, B(x)=accept
(FELGITNIEELLELY)
Ko TTOYSLBIELEHRHETS.

(GFBR)

Proof: (b)>(a) 1016

i.e., there is a computable function g such that L = RANGE(g)
— L is semi-recursive
g is computable =»there is a program G that computes g.
Using this, we have the following program B.
prog B(input x);

varw: ;
begin
W=¢€ ;
while true do
if G(w) = x then accept end-if;
wi=next(w) next is a function that computes the next
gnd-whlle ™ element in the pseudo-lexicographic order
end.

all the elements of =* are checked in order.
if there is a w € * such that G(w)=x, then x € L.
The above program semi-recognizes L.

(Q.E.D.
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EHE33 FENEBESLICHL, RO2E&EZRIE.
(a) LIZHIRHHE
(b) L=RANGE(e) &% 5 & 5% EH ERTRETIX LD % e HFTE
5.

I cf

FEH3L £ARLEETHANMERDERETS. CDEE, RD2
SEHERE.
(a) LIZImHme
(b) L=RANGE(g) &7 5 K574t H Al RERI SR g AN FTET 5.

TEIE3.3DEIBAITH R
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EH3.3

> FIFMES L ICIE
L={e( &), e(0), (1), e(00), e(01), e(10), e(11), e(000), ...}
L1 B &SR IO E ARSI e NFET 5.

BA%K e (X L Z#2Z (enumerate) 3%

EHE32 EELIEROVTIUMAKYIDEE, (IBMHAIIC)
WEARETH S ELVS(recursively enumerable).
(@ LIEHRES
(b) L &4 &9 R CHEMRELLONEFE.

S HMRES LITHLTIX L= RANGE(e) &4 &5%
1t 1D 2 e BEHYBHELDT, FISHIZIHE>TINS.

EHE34FTARATOEREE LITHL,
L A IRl —— LS AT RE
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Theorem3.3. For any infinite set L, the following two conditions
are equivalent:
(a) L is semi-recursive.
(b) There is a computable one-to-one function e such that
L=RANGE(e).

I cf

Theorem3.2 Let L be an arbitrary non-empty set. Then, the
following two conditions are equivalent:

(a) L is semi-recursive.

(b) There is a computable function g such that L=RANGE(g).

Proof of Theorem 3.3 is omitted.
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Theorem3.3

=> for a semi-recursive set L there exists a computable
one-to-one function such that
L={e( &), e(0), e(1), e(00), e(01), e(10), e(11), e(000), ...}
We say the function e enumerates L.

Def.3.2 A set L is (recursively) enumerable if
(a) L is a finite set, or
(b) there is a computable function that enumerates L.

Remark : Finite sets are exceptional, since for any finite set L
there is no total on-to-one function e such that L = RANGE(e).

Theorem3.4 For any set L we have
L is semi-recursive <——L is enumerable
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METTREME EIRINTE O LLER

A IRIHEES
v AQ B EE Ry(X) DYETHEATHE.
v XE LITHL. xEAMES A HIFE T BE
VEAEAT xE ZHZHLTH.
WDOHEFEIELTYes/NoEEZ TND TR S LINFEE

B: MEFREES
v BEMET HEBAFHETEE
VIRTOBOERZIBEICH T HTAISLNEE
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Comparison between enumerability and recursiveness
A: recursive set =>the characteristic predicate R,(x) is computable
That is, for X € Z* it is computable whether x € A

B: enumerable set ==>a function that enumerates B is computable
that is, we can enumerate all the elements of B
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EHEI5 TARTOES LITHL, ROEEIERIE
(@) L I[FHZwTaE.
(b) # H7EETE AL EE R ITHRL, L={x: Tw e X" [R(x, )]}

(2)>(b)DEERA
L (EZEABEZMD, LERET L5 E AR e A FEETS.
R(x,w) = [e(w) = X]EEE
e AL OREBBEDT,
L={x Iwex+ [e(w)=x]}
={x: Iweyx* [RXW)]}
e [FETHATHEEH— e Z2HHITHTAYILNFE
Lhd e FLEHNEDOT, TOTRTS LR TEILLTEZE A
&oT, #EE R IFETEATEE
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Theorem3.5. For any set L, the following conditions are equivalent.
(a) L is enumerable.
(b) For some computable predicate R, we have
L={x: 3w e =* [R(x, W)]}
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EE35 TARTOEALITHL, ROEHIEFIE
() L [E#RZaTRE.
(b) BB ET E AT BEIREE R (TxL, L={x: Iwe =* [R(x, w)]}

(b)=> () DEEA
EHb)Em-mEBEHET SEB R W) EE-T,
LEFRETHTI0TSLCHENS.

prog C(input x);
var w: 3%
begin
wW:=¢€;
while true do
if R(x, w) then accept end-if;
w:=next(w)
end-while
end.

LE=AoT, L I IRMED, DEYRETFRE.
EIEES

Proof : (a)=>(b)
L is enumerable, so there is a computable function e enumerating L.
Define R(x,w) =[e(w) =x]
Since e is a function enumerating L,
L={x: 3wex+[e(w) =x]}
={x: 3w ex*[R(x,w)]}
e is computable — there is a program that computes e
Moreover, e is total, and thus the program always stops and outputs
an answer. Thus, the predicate R is computable.
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Theorem3.5 For any set L, the following conditions are equivalent.
(a) L is enumerable.
(b) For some computable predicate R, L={x: 3w < =* [R(x, w)]}

Proof: (b)>(a)
Using a program that computes a predicate satisfying the
condition (b), we have a program that semi-recognizes L.

prog C(input x);
var w: 3%
begin
W:=€;
while true do
if R(x, w) then accept end-if;
w:=next(w)
end-while
end.

Therefore, L is semi-recursive. That is, it is enumerable.
Q.E.D.




EABKETRES L st ROBEES-THETEy 00

REERANIETE
[FRTD xeZIHL, x € L= Iw eZ*R(X, W)]. |

BEEZ IW[R(X, w)] LWLV DFREX THIE AT HE.

HIZ, TOLSUH CRBMEELHE TELRENKRETREERS.

Aw[Qx, W)] ELVSEZDHERX: REAEEED-HDORER
(REFHER)

QZEZDOREREX D% (kernel)&LNS.

LOREGRE: MERRERALIIN T HREREX

LOREHIEX A Iw[R(x,W)] DEE,
ExeLIZHL, R(x, w)EHBELSHwW, e I * BNFETS.
ZDw,ZE'x € L'DFEHL (witness) EFF5R.

For any enumerable set L there is a computable predicate R satisfy}r%16
“for any x € we have x € L+ 3w eZ*[R(x, w)].

The problem of recognizing L can be determined by the predicate
of the form Aw[R(x, w)].

Conversely, sets whose recognition problem can be determined in
this way are enumerable sets.

predicate of the form Iw[Q(x, w)]: predicate for enumerable sets
(RE predicate)
Q is a kernel of the RE predicate.
RE predicate for L: the RE predicate for an enumerable set L

If the RE predicate of L is Aw[R(x,w)],
for each x €L there is w, € £* such that R(x, w,) is true.
Such w, is called a witness for ‘x € L’




