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Chapter 2: Introduction to Computability s

2.3. for-times Computability
omitted

2.4. Incomputability Proof and Diagonalization
Halting Problem (Problem of deciding whether it halts)
Input: a program A and an input x to it.
Output: Whether does it stop if X Is given to A?

Here we only consider the problem only for one-input programs,
but we can generalize the argument into the cases of multiple
Inputs.

(Remark) Programs are also encoded into strings on X*.
That Is, A and x are also considered as strings on X*.



2/13
BaxeX IZxL,
IsProgram(a)
< [alFIAADIGERMICIELLMEER DO S LDI—FK]
eval(a, x)
_ rfa(x), IsProgram(@)DEE,
B { ?, ZTDHDEE.

fax):aA—F aMRTTATITLIZAAXEMAT=ESD
HADE. (f ax)IEE5BEED)
TEH2.16: IsProgram & eval [T 045 L TEIRATRE.

IsProgram : 2> /7\AS(lint)

eval(a, x) : A—KFaMNRITTOTSLIZXEAALIZEED
ETEIaL—rTh(E L.
DFEY, /AZ—T1)A. (T2aL—43)

XML 4.350
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fora,xeY’

IsProgram(a)
— [a s a one-input grammatically correct standard program]
eval(a, x)
_ { f a(x), If IsProgram(a),
?, otherwise.

f a(x): output value when an input x is given to the program
represented by the code a

Theorem?2.16: IsProgram and eval are computable (programmable).

IsProgram : compiler(lint program)
eval(a, x) : It suffices to simulate the behavior of the program for
a code a with an input x, 1.e. interpreter or emulator

refer to Section 4.3 for detalil



3/13

MEEHalt) E&H
FaxeX [IxlL —
Halt(a, x)

< [IsProgram(a) » [AF1 x IZxfL | a | XFILTS. ]]

B2l IL—THEEATOTHLELGZHEICHIETESES.
prog B(input w: £*): Boolean;

f"'

label LOOP;
begin EEROTOS S LI
if w+ ¢ then LOOP: goto LOOP ZEBTHINTLNSERTE

else halt(0) end-if
end.

‘Halt(B ], ¢ ): AR e Z{LTOYS LB FFLE
AEED xeZ*-{eHxtL, —Halt([B], x)

GEE) eval(|B|,e)=0 =A%, X# ¢ IZHLTIE
eval([B],x)=L  (REZ)



3/13
Definition of a predicate Halt

for a,Xxex’
Halt(a, x)
< [IsProgram(a) » [ | a |stops for an input x]]

Ex.2.1 Halting is sometimes easily checked even with loops
prog B(input w: 2*): Boolean;

label LOOP;
begin Assume that the program is written
if W—e then LOOP: gOtO LOOP in the standard form

else halt(0) end-if
end.

-Halt(| B |, ¢): program B stops for an input &€

* —Halt(| B, x) forany xeX*-{s}
Thus, we can easily check whether B halts or not.

(Remark) eval((B]g ) =0 but, for X #¢&
eval(| B|,x)=L (undefined)
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EEE2.17 HaltI 5T E A mT &k
(FIEBA)
BEE Hath FHEAREZEFEELTFREZELS
Halth et E I gedHaltZ 5t E I 45709 S LHa BN EET 5.
ZDHaltzAWT, RO KSIGETAT S LXZEES.
prog X(input w: X*): X*;

Labe_' LOGP; ERICITIELET TEHNNTUODERE.
egin
if Halt(w, w) then LOOP: goto LOOP
else halt(0) end-if

end.

TO9SLWIZWEAFLIZEEELETEINESIIE
7045 LHaltZFEUHLTHIFEL,

ZhHY true LS ERIL—TIZAY,

Zh false WH0EH AL TELET S, ELNST7OT 54

Halt: 7’045 .L., Halt:ikEE
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Theorem 2.17: Halt is incomputable.

(Proof)
By contradiction: Assume that Halt is computable.
Halt is computable=>» There is a program Halt to compute Halt.
Using the Halt, we obtain the following program X.
prog X(input w: x*): Z*;

label LOOP;
begin Assume that it is written in the standard form

if Halt(w, w) then LOOP: goto LOOP
else halt(0) end-if
end.

Using the function Halt we check whether the program|w|stops
for an input w. If the answer is “HALT” then the program X
enters infinite loop, and if it is “DO NOT HALT” then it stops.

Halt : program or function, Halt:predicate
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x= X &L, x & >7<°(I\éIV)7°_L\U IswEA AL EEE T 2H

o W — — = W| [<W Z T
ZBA7 T LXISAT] .| E3hETOSSLHAEFGHLTHEL
(i) L—TITADTLED, or | &t true HSEBIL—TIZAY,

(i) 0Oz AL TIELE. 2 false HiH0%EH AL TEIET S

(i) zlREITHE...
- TAT S LNIL—TIZTASD G, Halt (x,, x; )=true
- DEY X(x)) [EfFLT D REIZFE

(i) ZzIRET BE...
- TAT S LTI 55, Halt (x, x;)=false
- DFEY X(x) [FFIUELGLY: (REIZFE

ELEoLDNIGEELFEETELS,

Li=hA > TlTHaltlZFHERIgE 1 &LV R EILERY.
AR i ooas A

Halt: R §E



. 5/13
Let x,=| X | and input x, to the program X

(1) enters an infinite loop, or
(i1) stops normally with the output O.

Case (1)
- Since it enters infinite loop, —Halt(x,, X, )
-at the if statement in the program X we have Halt (x, , x, )=false
So, halt(0) is executed (normal termination) : contradiction
Case (i)
-Since it stops, Halt(xy, X;) IS true.
-at the if statement in the program X we have Halt (x,, x,)=true
So, it enters an infinite loop: contradiction

In either case we have a contradiction.
That Is, the assumption that “Halt is computable” iIs wrong.
End of proof

Halt:program or function, Halt:predicate



FEIE2.18 XD EE# diag [XETEA Al EE
diag(a) =f a(a) # 0, Halt(a, a)D &=
=g, TDOmDLEE

IEBA -
ETREAIEER (L5 D) BB EERDEEZTF T 5.
JA5SLDOA—KRIEZ*OTENDS,

“SGERIICELWTOY S LADa—R"EINSWEIZa, a,, ..., &, ..

EAARDHIENTES. (ESEBEDHFEAXIER)
F.OBE#Bf a,f a, ..., T a,. EEREZIENTES.
d,, d,, dg, ..., Ay a/r,\az, 613, ce ak
fa, |1 ¢ 00 0

f aiE diag(a) D1E

diag(a;) =w#0, f_a (a)DMEWHAREE LTHELEE
€, ThODEE
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Theorem 2.18 The following function diag Is incomputable.

diag(a){j f a(a) #0, if Halt(a, a)
= g, otherwise

Proof:
Let F, be a set of all computable functions (with one argument) .

Since a code of a program is an element of ¥,
we can enumerate all grammatically correct program codes

a,, &, ..., a, ... In the psuedo-lexicographical order.
We can also enumerate all the functionsof F,.f a,,f a,, ..., f_a,,...
a,, a,, A, ..., Ay, Ay, Ay ..., Ay

fa |l € 00 O
fa, |0 1L 1 €
fa, |0 11 0 11

values of f_a, values of diag(a,)

diag(a;) = w#0, if the value w of (f_ &, , a; ) is not undefined | .
g,  otherwise

6/13
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diaglX & Df a bt B4 5.
HHE diag()& f a,()lE, ALDATTHT LS.

[ diag(a;) = f _a(a))
diag ¢ F,
DFY, B#diaglXETERIEE T,

xR imE
HLIERENEBESICEILNEEZRI=-HDME
HAHAEABDES CHNEZALNTELZE, TOESIZEILL
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diag is different from any f_a.

Why: diag() is different from f_a;() at its diagonal position.
diag(a,) = f _a.(a,)

(two functions f,() and f,() are different if
4 there exists an input x such that f,(x) #f,(x).)

diag ¢ F,
That is, the function diag iIs not computable.

End of proof

Diagonalization
Given a set G of functions, construct a function g which does
not belong to G.
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AEEESRES: BAMEADOESLEOBIZIFMIFEHAHEIEETDI L.
AEES - ARFLIFEERETHIEED L.
DFY, 1DFTO2BERZIYHELTET, thiG<EZTHRSNhBE0D

fHll. EDORBEADOESEFAIEERTHS.
HABEAKDEENDER I & ENDER 2 FXETHIMIMIELHD.
2. BHEAKDESZIINEEETHS.
11D H 5. £, 2={0, 1, -1, 2, -2, 3,-3, .. }EFNETES.
3. EEHMERDESIINEEETHS. (GEM?)

EE RUEEDOKRSRIIFEAETHS.




8/13
Diagonalization

Enumerable infinite set: a set with one-to-one correspondence with the set of
all natural numbers
Enumerable set: finite or enumerable infinite set.
that is, a set whose elements are enumerable one by one.

Ex.1. The set E of all even positive integers is enumerable infinite.
one-to-one correspondence between an element i of the set of all natural
numbers and an element 2i of the set E

Ex.2. The set Z of all integers is enumerable infinite.

We can enumerate them as Z={0, 1, -1, 2, -2, 3, -3, ...}.
Ex.3. The set R of all rational numbers is enumerable infinite. (Why?)

Theorem: The set R of all real numbers is not enumerable.
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0.25;a5,a3...
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A TILEAT 5.
AIETHELIERET DL, TRNTHDEREZETHRDIIENTES:

0.25,8,, @y3...
0.85183, 833...
0.841847843.-.

0.a48, 8. 7=1ZL, a; €{0.1, ..., 9}
LRV THARLEIZHIBUTTBL, Fr-1GER/IK

0.21,85583.-.
0.85185, 8y3...
0.8583; ag3...
0.24184; 8y3.-.

0.2,8, 8-

Ay

X = 0.b;b,bs,...
z1E%. ZCT,

If a,,=1 then b, = 2 else b,=1
ELThZEEDSD.

CDRIINEN=ER/NAFBHASHNIC0OEIDRDERTHS.
LML, EUAD G, EICHZELEEEDERELFLLILGVDGIARDATT

DA VAV 9N
DFY, xIESICEBEHWNEIZRY, FETHA.
L1=H>T, SMAIE THLELVREIZRYMAHS.



Theorem: The set R of all real numbers is not enumerable.
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Using the diagonalization we prove that the set S of all real numbers between 0

and 1 is not enumerable. By contradiction, we assume that it is enumerable:

0.21,85583...
085182 8y3...
0.85183, 833...
0.841847843.-.

0.8,8y, &..- Where 3;{0, 1, ..., 9}

0.21,85583.-.
0.85185, 8y3...
0.8583; ag3...
0.24184; 8y3.-.

0.8,8, 8ys--- A

Define a new real number x by collecting those digits in the diagonal

X =0.b,b,bs...
where b, is defined by
If a,,=1 then b, = 2 else b,=1

The number x defined above is obviously between 0 and 1, but it is different
from any number listed above since it is different at its diagonal position.

That is, x does not belong to S, which is a contradiction.
Therefore, our assumption that S is enumerable is wrong.
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512.17 HatDETEAR [ gEE DEEBAD TRV AT 5 .LX
prog X(input w: X*): X*;
label LOOP;
begin
if Halt (w, w) then LOOP: goto LOOP
else halt(0) end-if
end.

f X: TS LXMNEETHEH
fa(@)=Lot &, —Halt(a, a)
- X(@)=0
fa(@)=Ldo&x, Halt(a, a)
L f X(a) =L
DFY, f X=f atibf alk
TR ARG EAMOES F OP(ZFEELAL.

* 7075 LDEHIEAIEERA. EHOERILIERT EER
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Ex.2.17 Program X used in the proof of incomputablity of Halt
prog X(input w: x*): Z*;
label LOOP;
begin
if Halt (w, w) then LOOP: goto LOOP
else halt(0) end-if
end.

f X: function computed by the program X
Iff _a(a)=L then —Halt(a, a;)

oo _X(a)=0
Iff _a(a)=Lthen, Halt(a, a)
s X(ay) =L

That is, there Is no function f_a, in the set £~ of functions
such that f_X=f_a..

% The number of programs is enumerable, while the number
of functions is not.



2.5 BT E A Al Ae72 B X D

B DMEBIC DWW THDREBIIFTEARAIREICIESAZEMN SN
$512.19. EZ 5= 05 S LNHE T HEHMIEZERIZ0H?

Zero(a) < IsProgram(a) A VX[ f _a(x)=0]
ZerolXEtHE A A 8E
prog X ,,(input w: ¥): X*;

const cl=a; c2=X;
begin

if HaltInTime (c1,c2,w|) then halt(1)

else halt(0) end-if
end.

f=1=L,
HaltinTime(a, X, t)
& [IsProgram(a) A (| a |(X)23 A T v ZLARIZAE 1E)]

11/13



2.5 Examples of incomputable functions

Predicates concerning on properties of functions are often

Incomputable.
Ex.2.19. Does a given program always output 0?

Zero(a) < IsProgram(a) A vx[f _a(x)=0]
Zero 1s incomputable.

prog X ., (Input w: Z*): X*;

const cl=a; c2=Xx;

begin

if HaltInTime (c1,c2,w|) then halt(1)
else halt(0) end-if

end.
where,

HaltinTime(a, x, t) ’

< [IsProgram(a) A (| a |(x) stops within t steps)]

11/13
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Halt(a, x) <> 3t[HaltInTime(a, x,1)]
< IMX,, (W)23 1 Z Hi 7]
> —Zero(| X, .
DED X HIT LT, Halt(a, X)) 224 E 7 HE
(Dakxiprb 7 m 77 L X, |PDa—Fakdd.

(2)Zero( (Xax _‘)%’:#fljﬁ@* A . prog X , (input w: £*): =*;

| const cl=a; c2=x;
(3)—Zero(| X,, [) = Halt(a,x) ~|begin
’ if HaltInTime (c1,c2,|w|) then halt(1)

Zero((x ]) — —Halt(a, X) else halt(0) end-if
o end.

Z 2T, Bk code(a,x)= | X,, [iERHHE ATHE.

EoT, LOQ)IFETERgE. L=H>T, £t LZeroAEtEAIEEL D
Haltt 31 Ea[gEERY, FFE. 4L, ZerolXitE AR AIRE
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foranya, xe £*

Halt(a, x) «> 3t[HaltinTime(a, x,1)]
< Jw[X,, (w) outputs 1]
& —Zero(| X, |).
We can decide whether Halt(a, x) or not as follows:
(1) Given a and x, obtain a code of a program [Xa,xw.
(2)Check Zero(| X, .
(3)—Zero(| X, [) = Halt(a, x)
Zero(| X, ) = —Halt(a, )

Here, the function code(a, x) = | X, | is computable.

Thus, (1) i1s computable. Therefore, if Zero i1s computable,
then Halt is also computable, a contradiction. That is,
Zero Is incomputable.
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512.20 5z 5 f-TO5 S5 LI 2EEIH?

Total(a) < [IsProgram(a) AVX[f _a(x) =L ]]

BEZonf-700ZLAIZKL, ROEEXEEZS.
(D)ZDHFDhaltXXZEFELET . Shalt(y)ERTE
(2)halt(y)>if y #0 then T: goto T else halt(y) end-if EE=#1% 5.
R LDIEZT RTDhaltXXIZDULNTIT.
HE EMN--T095LFBET 5.

TS LANOUNEH NT HET ERIL—TIZHES.

e, ANEIZ0ZH ALAGZULRY, f BIEXEEIIZEBaLY.
FERDEHILETE T EED> ROBEMM T E I HE

replace(a) = b, IsProgram(a)®d &,

=a, TDMDEE.

==L, bld a | ZEDKSIEL-TAY S LDI—F

—7. VYa€E 2 *[Zero(a)< Total(replace(a))]

£ T, TotalANETERIEELR D, ZerobETE AT EE
i.e., Total[Z3HE A A RE
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Ex. 2.20 Is a given program total?

Total(a) < [IsProgram(a) A VX[f _a(x) =Ll ]]

Given a program A, consider the following computation.
(1) Find all halt statements.->assume that it is halt(y).
(2) Rewrite: halt(y)—2>if y #0 then T: goto T else halt(y) end-if.
(3) For each halt statement, do the above.
Let B be the resulting program.
If the program A outputs other than 0 then it enters infinite loop.
l.e., unless A always outputs 0, f B is not total.
The above conversion is computable=>» So is the following function
replace(a) = b, If IsProgram(a),
=a, otherwise,
where b is a code| a |of the converted program.

Thus, (1) i1s computable. Therefore, If Zero is computable,
then Halt is also computable, a contradiction. That is,
Zero Is incomputable.



