113
2. ETEWREMEAM
2.3. for-timesk+ S AT At
HE
2.4, SHEF TR DRI LN A RiRE
=1L RE (F L FI ERIRE)
AN TATSLAEFN~ADAS X
H: ANXESZTETIELE(LVONI)ELETEMN?

CITIRIAATOYSLDELRBEOHEZ DN, 2D
HEEZANDIGEICHRT HIEILTERE

GER) RIS LH2 EICa—R{EAT#E.
2FY, AL xHT EDOXFHNEEZDIENTES.
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Kaxex IZHL,

IsProgram(a)

& [alFIANOGEMICELWMEERTOS S LDOI—FK]
eval(a, x)

_ rfa(x), IsProgram(a)d &,

N { ?2, ZTOMDEE.

fax): a—FafRTTAYSLIZAAXEMAIzEED
HADIE. (f_aK)IEEH %K)

TEH2.16: IsProgram & eval [T 0455 L TRIFATEE.

IsProgram : 37815 (lint)

eval(a, x) : A—FaMnRITOTSLIZxEAHALIZEEZD
ETEVIaL—FThIELLN.
DFEY, AVE—TUA. (T2aL—75)

Chapter 2: Introduction to Computability
2.3. for-times Computability

omitted

2.4. Incomputability Proof and Diagonalization
Halting Problem (Problem of deciding whether it halts)
Input: a program A and an input x to it.
Output: Whether does it stop if x is given to A?

Here we only consider the problem only for one-input programs,
but we can generalize the argument into the cases of multiple

inputs.

(Remark) Programs are also encoded into strings on £*.
That is, A and x are also considered as strings on Z*.

2/13

fora,xex”

IsProgram(a)

< [ais a one-input grammatically correct standard program]
eval(a, x)

:{ f_a(x), if IsProgram(a),

?, otherwise.
f_a(x): output value when an input x is given to the program
represented by the code a

Theorem?2.16: IsProgram and eval are computable (programmable).
IsProgram :  compiler(lint program)

eval(a, x) : itsuffices to simulate the behavior of the program for
a code a with an input x, i.e. interpreter or emulator

refer to Section 4.3 for detail

SEHIX4.380
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stEEHaltd) FE 2%
Eoxer (23U —
Halt(a, X)

& [IsProgram(a) » [AF1 x [ZXfL| a | [FELT S ]]
B2l N—TEEATOTLELLEEHEICHETEDES.
prog B(input w: =*): Boolean;
label LOOP;
begin
if w= & then LOOP: goto LOOP
else halt(0) end-if

EBEOTOTS Ll
BERTHANTOSERE

end.
Halt( B, s): AN ISHLT BS54 B IFRLE.
EED xeX*-{eHIxL, —Halt([B], x)

(X&) eval([B].e)=0 1A% X# ¢ ISHLTIE
eval([B],x)=L  (REH)
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Definition of a predicate Halt
for a,xeX”
Halt(a, x)
& [IsProgram(a) » [ | a |stops for an input X]]
Ex.2.1 Halting is sometimes easily checked even with loops
prog B(input w: £*): Boolean;

label LOOP;
begin Assume that the program is written

if w & then LOOP: goto LOOP in the standard form
else halt(0) end-if
end.
Halt([ B ], £): program B stops for an input &

- —Halt([B], x) forany xeX*-{e}
Thus, we can easily check whether B halts or not.
(Remark) eval(|B],&)=0 but, for X # &
eval([BT,x)=L (undefined)
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TEHR2.17 Halt(EEt E A AT 88
(REBR)
BEE Hath Gt ERREEERELTFEEZ S
Halth st E AT RE D Haltx 5t H 5709 5 LHalt W FHE T 5.
ZOHaltZAWLT, ROKSHGTOY T LXEES.
prog X(input w: £*): *;

Labe_' LOOP; ERICITEER TEANTULRERE.
egin

if Halt(w, w) then LOOP: goto LOOP

else halt(0) end-if
end.

TOTSLWITWEAALIZEEFELTENESIHE
7045 LHalt#FFUHELTHIEL,

& true HSERIL—TICAY,

Bt false BH0EH AL TELT S, EWVSTRTS A

Halt: 7045 4, Halt: kg

Theorem 2.17: Halt is incomputable. s
(Proof)
By contradiction: Assume that Halt is computable.
Halt is computable=»There is a program Halt to compute Halt.
Using the Halt, we obtain the following program X.
prog X(input w: £*): £*;
label LOOP;

begin Assume that it is written in the standard form
if Halt(w, w) then LOOP: goto LOOP

else halt(0) end-if
end.

Using the function Halt we check whether the program|wjstops

for an input w. If the answer is “HALT” then the program X
enters infinite loop, and if it is “DO NOT HALT” then it stops.

Halt: program or function, Halt: predicate
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=[x X(w)
);,Dglib){[)ﬁf . TOGS Ll ISwEADLEEEBLET B0
(i)j)l, 7:l‘)\ <LE>S. or E5mETOYS LHERUHLTHEL,
— ~A\D ,

B8 true BSEBL—TIZAY,
(i) 0B ALTEL. B false BH0EHALTHILT B
(i) ZIRETHE...

- TS LHBIL—TITABHD, Halt (x,, X, )= true
- DFEY X(x) [EELET B REICFE

(i) ZIRETBE...
- TOYSLAET TS, Halt (x, x)=false
*DEY X(x) [EELELEL REIZFE

EBLDBALFEEELD,

Uf=hS> Tl Halt X3 B AT B ELVS IR £38Y.
R paiongsL

Halt: b &

=218 ROBH diag XF B AR o
diag(a) = f_a(a) #0, Halt(a, Q)&=
by ZOBOLE

ERA

FHEARELZ (15180 MU EADEEEF LTS,

TRYSLOI—RESDFEEND,
SUEMICELWNT RS S AQI—REINSWVIEIZ],, ay, ...
LWHRBIENTES. (RSBEDHERIERF)

F, 0BT a,f a, ... fa,. EBRBIENTES.

ay, @, 8g, .., 3y

8y, 8y, 8y, -ox , &y

f_a0fE diag(a) D1E
diag(a) =w#0, f_a (a)DIEWHRESR LThHLEE
g Z0RDEE
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Let x,=[X] and input x, to the program X
(i) enters an infinite loop, or
(i) stops normally with the output 0.
Case (i)
+Since it enters infinite loop, —Halt(x,, X, )
-at the if statement in the program X we have Halt (x, , x, )=false
So, halt(0) is executed (normal termination) : contradiction
Case (ii)
-Since it stops, Halt(x,, X,) is true.
-at the if statement in the program X we have Halt (x,, x,)=true
So, it enters an infinite loop: contradiction

In either case we have a contradiction.
That is, the assumption that “Halt is computable™ is wrong.
End of proof

Halt:program or function, Halt:predicate
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Theorem 2.18 The following function diag is incomputable.

diag(a){: f_a(a) #0, if Halt(a, a)
g, otherwise

Proof:
Let F, be a set of all computable functions (with one argument) .
Since a code of a program is an element of £*,
we can enumerate all grammatically correct program codes

ay, a,, ... , & ... in the psuedo-lexicographical order.
We can also enumerate all the functions of F,.f_a;, f_a,, ..., f_a,...
Ay, 8 8g, ..., 8 Ay Ay, Agy e, Ay

values of f_a;

0
values of diag(a;)
diag(a;) = w#0, if the value w of (f_a;, &) is not undefined | .

g,  otherwise




7113

diagl&EDf_a Lt B35,
B diag()& f_a(I&, HAROFATRT ELS.
L diag(a;) = f _a,(a;)
diag ¢ F,
DFY, E%hdiaglTFHE AT ARETALY.

AR
HIERDNWBEBICRIBVEETRT =HDME,
HOIEBDES G NEALNILE, TOREIZEIEL
B g BRI HHEEEA TS,

SSLTHRILY= g 13 BARS A ORICELZS=0.
BHES G ICIZESALY,

o 7113
diag is different from any f_a;.

Why: diag() is different from f_a;() at its diagonal position.
diag(a,) = f _a,(a;)
(two functions f,() and f,() are different if
2 there exists an input x such that f,(x) =f,(x).)
diag ¢ F,
That is, the function diag is not computable.
End of proof

Diagonalization
Given a set G of functions, construct a function g which does
not belong to G.
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» A iRRE

ANEERE: BARSAROEELOMICIHIHIEAHEIEEDIL.
ANRE ARFEAHERTHIEEDNIL.
DFY, 1DFOBREMYHLTET, bhAKEZLE DN HLD

Bl EOBHRERDOEREFATERTHD.
BAMLEDEENOER | &, EQER 2i £XET IR EAHS.
2. BYLKROKREZIIAHERTHS.
1xtiEA B 5. F=lE, 2={0,1,-1,2,-2,3,-3, .. }LFIETES.
BB AEHLEARDESIAHERTHD. (BEHM?)

[ BB ML HORAREFTRTHS. |
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Diagonalization

Enumerable infinite set: a set with one-to-one correspondence with the set of
all natural numbers
Enumerable set: finite or enumerable infinite set.
that is, a set whose elements are enumerable one by one.

Ex.1. The set E of all even positive integers is enumerable infinite.
one-to-one correspondence between an element i of the set of all natural
numbers and an element 2i of the set E

Ex.2. The set Z of all integers is enumerable infinite.

We can enumerate them as Z={0, 1, -1, 2, -2, 3, -3, ..}.
Ex.3. The set R of all rational numbers is enumerable infinite. (Why?)

Theorem: The set R of all real numbers is not enumerable. ‘

[EE: RBLhORAREETHTHE. | 9/13

OULIKRFEDERLADRESHIFAHTHAI_LE A ARMETIERT 5.

AHTHAERETSE, TRNTHDEREFEEMARDHIENTES:
0.858;58y5...
0.85,85, 8z;...
0.85183, 8g3...
0841845 843.--

0.8;,8;,85...
085,85, 8z;...
0.85,83 8g3..-

. 0.8484,8y3...
0.a4a,aq. 7=f=L, a; €{0,1, ..., 9}
LBV THARLICHIMITERL, Fi-ARER/NEK
X = 0.b;byb,...
%% T,
if a,=1then b, = 2 else b,=1
ELThEEDS.
COESIELNFERNKIZALMZ0LIDEDEHTHS.
UL, FEYADS, LICHIFELIZEDERLELFLILVD (HBROFT
DY RED).
DFY, XIESIBSHLZLITRY, FETHS.
Lizh'oT, SHRIHTHHEWSREISRYA HS.

0.8484 8yz-.- Ay

Theorem: The set R of all real numbers is not enumerable. 913

Using the diagonalization we prove that the set S of all real numbers between 0

and 1 is not enumerable. By contradiction, we assume that it is enumerable:
0.a;,8;,83...
0.889, 8y3...
0.83)83, 8g3...
0.84,8,843...

0.2,,85,85...
0.8, 8g;...
0.85183, 8g3...
0.84,84,845...

084840 8yz-.. Ay

0.2 a.. Whereg;{0, 1, ..., 9}
Define a new real number x by collecting those digits in the diagonal
x = 0.b;bybs...
where b, is defined by
if 3, =1 then b, = 2 else b,=1

The number x defined above is obviously between 0 and 1, but it is different
from any number listed above since it is different at its diagonal position.
That is, x does not belong to S, which is a contradiction.

Therefore, our assumption that S is enumerable is wrong.
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$12.17 Halt D St E A AT R DFEBAD P TRLV=T 0T 5 AX
prog X(input w: £*): £*;
label LOOP;
begin
if Halt (w, w) then LOOP: goto LOOP
else halt(0) end-if
end.
f X TRTSLXHEHET HEH
fa(@)=LnLE, —Halt, a)
- f X(@)=0
fa(@)=LDE%, Hala, a)
o f X@)=L
SFY, f X=f a&tidf alk
SREAREGBEBDOES FOPITHEELEL.

* 70T S LOERISAERERIZA. B DOE RIS I AT HRER
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Ex.2.17 Program X used in the proof of incomputablity of Halt
prog X(input w: £*): =*;
label LOOP;
begin
if Halt (w, w) then LOOP: goto LOOP
else halt(0) end-if
end.
f_X: function computed by the program X
iff _a(a)=L then —Halt(a, a;)
s f_X()=0
iff _a(a)=Lthen, Halt(a, &)
oo X(a) =L
That is, there is no function f_a; in the set /~; of functions
such that f_X=f_a;.

% The number of programs is enumerable, while the number
of functions is not.

i 11/13
2.5 BHEF AIEEE R D B
BB DMEIC DN TORBEIFEFERAREICAEDIEA SN,
$12.19. 52N =TAJ S LA ET SBEBAESFHIZ0H?
Zero(a) < IsProgram(a) A VX[ f _a(x)=0]
ZerolLEHE AR AT HE.
prog X ,,(input w: 2*): =*;
const cl=a; c2=x;
begin
if HaltInTime (c1,c2,wl) then halt(1)
else halt(0) end-if
end.
f=1=L,
HaltinTime(a, x, t)
< [IsProgram(@) A (| a |(X)23tA 7 » 7 LANIZHE 1E)]
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2.5 Examples of incomputable functions

Predicates concerning on properties of functions are often
incomputable.

Ex.2.19. Does a given program always output 0?
Zero(a) <> IsProgram(a) A Vx[f _a(x)=0]
Zero is incomputable.

prog X ,,(input w: 2*): =*;
const c1=a; c2=X;
begin
if HaltInTime (c1,c2,jw|) then halt(1)
else halt(0) end-if
end.

where,
HaltInTime(a, x, t)

< [IsProgram(a) A (| a |(x) stops within t steps)]

FT_RCDa, xeI*T 12113

Halt(a, x) <> 3t[HaltInTime(a, x,t)]
© WX, (W) 1 % H ]
o =zero([ X,,, ).
SED & HIT LT, Halt(a, X)) 7 A 7E AT
W akxrbT a7 A X, |Pa—Fakps.

(2)Zero(fxax W)%flj'ﬁ:’?‘{) . prog X , (input w: 5°): £*;
’ const c1=a; c2=X;
(3)-zero([ X, ) = Halt(a,x) | begin
’ if HaltInTime (c1,c2,|w|) then halt(1)
Zero([ X, ) = —Halt(a, ) else halt(0) end-if
i end.

2T, Bk code(a,X)= [ X, |ikEHHATHE.
&oT, LOQ)IEEHEREE. LIz > T, L LZeron EHERTBERGDS
HaltbEHERIBELGY, FE. T74bB, ZeroldFHERATHE
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forany a, x e 2*

Halt(a, x) <> 3t[HaltinTime(a, x,t)]
< WX, (w) outputs 1]
<« ﬁZero([Xa‘x —’).
We can decide whether Halt(a, x) or not as follows:
(1) Given a and x, obtain a code of a program [ X, |.
(2)Check Zero([ X,,, -
(3)—=zero([ X, |) = Halt(a,x)
Zero([ X, |) = —Halt(a, x)
Here, the function code(a,x) = [ X, | is computable.
Thus, (1) is computable. Therefore, if Zero is computable,

then Halt is also computable, a contradiction.  That is,
Zero is incomputable.
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$12.20 5z 50 1=T 055 LIELERH?
Total(a) < [IsProgram(a) A VX[ f _a(x) #L]]

Ezonz70Y3LAICKL, ROEEEEZS.
(DZDFDhaltTERELET. Shalt(y) &R E
(2)halt(y)>if y #0 then T: goto T else halt(y) end-if &EZ#1% 5.
RYULEDIEFET ATDhaltXIZDLNTETS.
HE EMN->=TO5S5LEBETS.

TOTSLAROUNEHE DT BELTEBIL—TIZHRS.

i.e., ADVEIZOZEH ALGLRY, f BIZEBMICRSALN.
LROEBRISFHETRED ROBEA G H ATEE

replace(a) = b, IsProgram(a)d &2,

=a, TOMDEE.

=20, bid a | ZEDESIZEHRLE-TOT S LOIA—F
—7. Va€& X *[Zero(a)® Total(replace(a))]
&2 T, TotalAFHEATREL D, Zerot & H AT HE

i.e., TotallLEHEFR AT HE
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Ex. 2.20 Is a given program total?
Total(a) < [IsProgram(a) A Vx[f _a(x) #L]]

Given a program A, consider the following computation.
(1) Find all halt statements.=>assume that it is halt(y).
(2) Rewrite: halt(y)->if y #0 then T: goto T else halt(y) end-if.
(3) For each halt statement, do the above.
Let B be the resulting program.
If the program A outputs other than 0 then it enters infinite loop.
i.e., unless A always outputs 0, f_B is not total.
The above conversion is computable=»So is the following function
replace(a) = b, if IsProgram(a),
= a, otherwise,
where b is a code| a |of the converted program.

Thus, (1) is computable. Therefore, if Zero is computable,
then Halt is also computable, a contradiction.  That is,
Zero is incomputable.




