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3. EtEAIREME D A AT
31 BB LEEA
32 METRES

. LEZRDERTRHE TS
CRELEHN S J05s LanEET 5
x e L £ A(x) = accept
ye L %5 A(y) = reject

CESLAERY o LERDEKRTRH#TS
TRYSLANEET S:
x e L £ A(x) = accept
ye L &5 A(y)=L
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3. Analysis of Computability

3.1. From Functions to Sets

3.2. Enumerable sets

There is a program A that
recognizes L in the following sense:
x e L implies A(x) = accept
y & L implies A(y) = reject

e Aset L is recursive &

There is a program A that
recognizes L in the following sense:
x e L implies A(x) = accept
y & L implies A(y) =L

* Aset L is semi-recursive <
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EHE33 FENEBESLICHL, RO2E&EZRIE.

(a) LIZHIRHHE

(b) L=RANGE(e) &% 5 & 5% EH ERTRETIX LD % e HFTE
5.

D> FRMIIES LICE
L={e( €), €(0), e(1), &(00), e(01), e(10), e(11), e(000), ...}
LB ESTIR LD EFTRERE S e BEET S,

BA%K e [ L Z#52Z (enumerate) 9 %,

e(€), e(0), e(1), e(00), e(01), e(10), e(11), e(000), ...
T L OERENRNIGTERILGLTNET B,
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Theorem3.3. For any infinite set L, the following two conditions
are equivalent:

(a) L is semi-recursive.

(b) There is a computable one-to-one function e such that
L=RANGE(e).
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EE32. EELIZROVTIAMARYIDEE, (JRMIIIC)
HWETTRETH S &L S (recursively enumerable).
Q@ LITERES
(b) L &M & T M TR E A B DN TFE.

S HMBES LITRLTIE L = RANGE(e) &R D L5%
11D 2 EHEH e BEHYBELDT, HISHHIIZHK-OTLNS.

34 TRTOEE LITHL,
L A IRHE ~—LAKEE A BE

=> for a semi-recursive set L there exists a computable
one-to-one function such that
L={e(€ ), e(0), e(1), &(00), e(01), e(10), e(11), e(000), ...}

We say the function e enumerates L.

We can enumerate all elements in L as
e(€), e(0), e(1), e(00), e(01), e(10), e(11), &(000), ...
without skip and duplicate.
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Def.3.2 A set L is (recursively) enumerable if
(a) L is a finite set, or
(b) there is a computable function that enumerates L.

Remark : Finite sets are exceptional, since for any finite set L
there is no total on-to-one function e such that L = RANGE(e).

Theorem3.4 For any set L we have
L is semi-recursive <L is enumerable
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E A RETE LIRIRIE D L8

A IRIHEES
v AQ IR EE Ry(X) DETHEATHE.
v XE LITHL. xEAMES A HIFE T BE
VEAEAT xE ZHZHLTH.
WDOHEFEIELTYes/NoEEZ TND TR S LINFEE

B: MEFREES

v BEMET HEBAFHETEE
VIRTOBOERZIBEICH T HTAISLNEE
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Comparison between enumerability and recursiveness

A: recursive set
v'The characteristic predicate R,(x) is computable
v'For xeX* it is computable whether x€A
v'There is a program that always outputs Yes/No for any x€ % *

B: enumerable set
v" A function that enumerates B is computable
v We can enumerate all the elements of B
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EH3I5 TRTOES LITHL, ROEHIERIE
() L &4k & HE.
(b) WL ETH AT HEREE R (TXIL, L={x: Tw =" [R(x, W)}

(2)>(b)DEEEA
L [(EEBATREADS, LERET A E TR e N FET 5.
R(x,w) = [e(w) = X]&EE
e H L OMEBHLOT,
L={x: 3wesz* [e(w)=x]}
={x: Iweyx* [REW)I}
e [FETHETRERS — e #HETHTOISLIEE
e [ERBMLEDT, Z0TOTSLERTELELTEEZHE D
&oT, MEER IFEHHE AT HE
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TEHEIS TRTHOES LISHL, ROEHIERIE
() L I[F#aZmTRE.
(b) L7 5t EATREREE R IZRIL, L={x: Iwe=* [R(x, w)]}

(b)> () DEEBA
Etr(b)EB-3BEEHET DM R(xw) 2T,
LE$RBHTHT0TSLCHENS.

prog C(input x);
var w: 3%
begin
wW:=¢€;
while true do
if R(x, w) then accept end-if;
w:=next(w)
end-while
end.

Li=tioT, L FHIRNE, DEYMERRE. EEES
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Theorem3.5. For any set L, the following conditions are equivalent.
(a) L is enumerable.
(b) For some computable predicate R, we have
L={x: 3w e Z* [R(x, W)]}

Proof : (a)=>(b)
L is enumerable, so there is a computable function e enumerating L.
Define R(x,w) =[e(w) =x]
Since e is a function enumerating L,
L ={x: 3wey+[e(w) =x]}
={x: Iw ez Rx,W)]}
e is computable —there is a program that computes e
Moreover, e is total, and thus the program always stops and outputs
an answer. Thus, the predicate R is computable.
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Theorem3.5 For any set L, the following conditions are equivalent.
(a) L is enumerable.
(b) For some computable predicate R, L={x: 3w < =* [R(x, w)]}

Proof: (b)>(a)
Using a program that computes a predicate satisfying the
condition (b), we have a program that semi-recognizes L.

prog C(input x);
var w: 3%
begin
W.=€;
while true do
if R(x, w) then accept end-if;
w:=next(w)
end-while
end.

Therefore, L is semi-recursive. That is, it is enumerable.
Q.E.D.




7114
EAGKRETREES L ICLROBREH- T E AR
REERASTEAE
[FRTD xeZHKL, x € L = Iw Z*[R(X, W)]. |
LOZRHMEE AwRX, w)] EVSHOHER THIE T4
HIZ, ZOLIUH CRBMEEZHE TETIRENRETRERS.
Aw[Qx, W)] ELVSFZDHER: REAEEED-HDHRER
(REFRER)
QZEZDORERE XK D #%(kernel)&LV5.
LOREGREN: KEREESLIINY HRERER
LOREGHER A Iw[R(x,w)] D&E,

BxeLlzxtl, R(x, w)EREbE%w, e I * BNFET S.
CDw,Ex € L'DFEHL (witness) EFF 5.
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For any enumerable set L there is a computable predicate R satisfying
“for any x €x*we have x € L= JweZ*[R(x, W)].

The problem of recognizing L can be determined by the predicate
of the form Aw[R(x, w)].

Conversely, sets whose recognition problem can be determined in
this way are enumerable sets.

predicate of the form Iw[Q(x, w)]: predicate for enumerable sets
(RE predicate)
Q is a kernel of the RE predicate.
RE predicate for L: the RE predicate for an enumerable set L

If the RE predicate of L is w[R(x,w)],
for each x €L there is w, € £* such that R(x, w,) is true.
Such w, is called a witness for ‘x € L’

33. 9SRRECEHSARE 8114

ISAREC ={L: L [FIFHE}: RMHEEDIFR

e YSARECHN LRI TIELE S D FELEL
e ETHNIERELMAD M > TVEWNCIETTOERTIE)

HALT ¢ J5RXREC

ZEROFT ¢ YUZAREC
ZEROFTE& [, Bifiifor-times7 A4S S LMNEIZ0EH 5
TEMNEIOWEHIES DB ELFHBIELTEEED
Z&. =L, for-timesIZBE 3 A EBAIT B IR LT =,

B1R: REC DHMAI DAL DHEE D FEAT
RECONMEITRBFEVPTNESDISRIZMEA ?
T REREES.

3.3 Class REC and Class RE 814

Class REC ={L: L is recursive}: a class of recursive sets

* Outside of the class REC is a region for non-recursive sets.
It is only known that it is not empty (by the argument so far).

HALT ¢ class REC

ZEROFT ¢ class REC
ZEROFT is a set with characteristic predicate that a
simple for-times program always outputs 0.
(although the explanation for for-times has been omitted.)

GOAL: Analyzing the structure outside REC
What is the easiest class of sets outside REC?
~ " enumerable sets.

RE ={L: L (FEETHE}
co-RE ={L: L A HXETTRE}
ELES
LAKRE A BE —L M FIRHhaY
“LEFRETIIOISLANFE.
xeX*, xe L —A(X) = accept
XEL =AX) = |

HSRCO-REFHVTAREDHEHTARETIFRNZ EITEE.

513.8. 75 ARE, co-REIZABEEDH.

HALT e RE, HALT e co-RE

ZEROFT € RE, ZEROFT e co-RE
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RE ={L: L is enumerable}

co-RE ={L: L is enumerable}

Note:L:set
L is enumerable < L is semi-recursive
—there is a program A that semi-recognizes L.
xeX*, Xe L — A(x)=accept
XxgL =AX) =1

Note that the class co-R & is not complementary of the class RE.

Ex.3.8. Examples of sets belonging to class RE and class co-RE.

HALT e RE, HALT e co-RE

ZEROFT € RE, ZEROFT ¢ co-RE
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REECO-REIGFREE D “ELE”

AFEDREESE
X €X*[(xe A — X(x)=accept) A (X ¢ A — X(X)=1)]
LB TR S LXIMEND
B:{EEDco-REESE
xeZ*[(x eB — X(x)= 1) A(x ¢ B — X(x)=accept)]
LB TRT S LXDMEND
FRD2ODTOT T LIEILBITEY, ELIITENDIFDALL.
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‘RE and co-RE are equally “hard”

A:arbitrary RE set
we can write a program X such that
XEX*[(xeA — X(x)=accept) A(x €A — X(x)=L1)]
B:arbitrary co-RE set
we can write a program X such that
Xe€X* [(x€B — X(X)=1L) A(x ¢ B— X(x)=accept)]

The above two programs are similar, and there is no difference.
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EIE3.6. TRTOEALICKL, ROBEFRARYID.
(1) LeREC L eREC
(2Q)LeRE <« L eco-RE

FIEER
(1) LeRECET DL, LERHBTDHINITSLAHS.
accept reject, reject - accept
LEET DL, LERHT TIN5 LEHBS.
&o7T, L e REC

(Q)l&co-REDEZEKLYBASH.
ENLZES
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Theorem 3.6. For every set L, the followings hold:
(1) LeREC «— L eREC
(2)LeRE <« Leco-RE

Proof:
(1) Le REC, then there is a program that recognizes L.
If we exchange accept with reject
accept >reject, reject - accept
then, the resulting program recognizes L.
So, T e REC

(2) is obvious from the definition of co-RE.
Q.E.D.

12/14

[EHE37. (YREC g RE (QRE GCo-RE
SIEBA: BE
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Theorem3.7. (1) REC ¢ RE (2) REC GCo-RE

Proof : Omitted.
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[ 3.8 REC=RENCO-RE
FIERR :
EI37LY, RECSRENCO-RE
FEDLE RE N Co-REIZDOVT, L € RECERLTLY.
RELY, Le RE MDD L eRE
DL %= HWIHTRTILA L
L&$BET5T0T S LANEFAE.
ZOEE, ROTOTSLBIE LERHTS.
prog B(input x);
var t: num; XELDEE,
begin ADEICELLT
for ;=0 to oo do accept&rid.
if HaltinTime([A, ] , X, t) then accept end-if;
endi_ffoHraltlnTime((AJ , X, t) then reject end-if Xilz_gzéi{%]tl}f
end. reject&#i.
FEBA#R
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Theorem 3.8 REC=RE Mco-RE

Proof:
By Theorem 2,7 we have RECERE  60-RE
We want to show that L ¢ REC forany L ¢ RE ~ co-RE.
By the assumption, L ¢ R€and L ¢ RE
—there are a program A, that semi-recognizes L and
a program A that semi-recognizes L.
Then, the following program B recognizes L.

prog B(input x); ifxeL,
var t: num;
begin A stops before A,
for t:=0to o0 do and accepts X.
if HaltinTime([A, ], X, t) then accept end-if; if x ¢L,
if HaltinTime([A, , X, t) then reject end-if A,stops before A,
end-for and rejects x.
end.

QED.

EHE3.9. RE #c0-RE 14114
BIERA:
RE=CO-RELRTET H&, RE=RE MNco-RE
EH38&Y, REC=RELTY, EHEITIZFE.

SEBA#E
RE co-RE

OFT
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Theorem 3.9. RE #co-RE

Proof:
If we assume RE=co-RE, we have RE=RE nco-RE.
Hence, by Theorem 3.8 we have REC="TRE, contradicts to
Theorem 3.7.
Q.E.D.

RE CO-RE




