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5.2. 72 ANP

EHES.2.EELIZHLTROEHZE-92I1ENK gL
2B FFREIGTE AR EE R DN FEL=ET 5.

ExeX ™ TxeLoIweX Jwlg(x)[R(x,W)] .1)
S>FY L={x:IweZ*[|w[lLq(| x|) A R(X,w)]}

CDEE, LENPES LV, LOEHBIEEZNPRIEELS.
==, NPEEDEAEXREITANPELS.

W#E B xe*(THLT, ®HERX |WLq( x]) AR(X,w)
Zimt=9 W, e 27 ZxD (ZIEAKD) FELELNS.
PTFTIE, IweX*:|wl<q(x]) = 3I,w EBEEL.

[T ANV A XD LZIEXRDIENUNEZ oNT=EE, TNAEED
FEm-INEINLZIRAFRTHETES. |

## 2 : A’P=Nondeterministic Polynomial
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5.2. Class N'P H

Def. 5.2: Suppose that we have a polynomial g and
polynomial time computable predicate R for a set L such that

for each xeX*,xe L« Iwe X |wl< g(| x|)[R(X, W)]
e, L={x:3weZ*[|w<q(| x|) A R(X,w)]} (5.1)

Then, L is called an AP set, and the problem of recognizing L
is called an NP problem.
Also, the whole set of NP sets is called the class N'P.

Note: For each xeX* W, € X™ satisfying the predicate
| W< q(| X]) A R(X, W) is called (polynomial) witness of x.
Hereafter, we use notation3Iw e Z*:[w|<q(|x]) = 3Jw

“Given a witness of polynomial length in the input size, we can
determine in polynomial time whether it satisfies the condition

of a given problem.” o _
c.f.: N’P=Nondeterministic Polynomial



B15.7: 1\2JLREIERREEE (DHAM) < AP 2112
55IMIESIEL~n EBESHINTOBERE.
NSILRVEABROUWY A 1~n DIEFI< I, |, ..., 1 >

= DIEF A B Bt E D

GE)EETnl~n@YH5

Bl: 1o o5  SEHLOIEWH _
<1,2,3,4,5> D/\I)LRUEAEE D EFH
530 <1,2,3,5,4> 2N\ LR TR

2 -
<1,4,3,2,5> D/ \I LU AR TALY

Rp(, W) ©[xI&dH5T ZTGIAER) DI—F]
A wWIXl~nDIESI< 1, 1, ..., 1, >]
AWIZGD /NI LU B ZERLTLVS]
TARTD XxeZ*ITDNVTROBEFZRMIRYIID.
xD\$HBT5ICHIA—KRIZHE->TINVAEESE:
X € DHAM < 3w, (=<1,,...,1. >)[Ry (X, W, )]
XTS5 TDaA—RIZHE>TULVELNESE: YW[—R, (X, W)]
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Ex.5.7: Hamilton Cycle Problem (DHAM) € NP
Assume graph vertices are numbered 1~n.
Trace on a Hamilton cycle=» permutation of 1~n<I1, 1L, ..., . >
This permutation is a witness of polynomial length.

(c.f.)There are n!~n" many

EX.: 1 o o5 candidates of witness d
<1,2,3,4,5> =»Hamilton cycle =>»witness
5 30,  <1,2,3,54>=>not Hamilton cycle
<1,4,3,2,5> =»not Hamilton cycle

Rp(x, w) <>[x is a code of a graph G(with n vertices)]
A [w is a permutation of 1~n: <1, I,, ... , | >]
A[w represents a Hamilton cycle in G]

For each x € *we have

If X Is a code of a graph G:
X e DHAM < 3w, (=<1,,...,1 . >)[Ry (X, W;)]

if x is not a code of any graph: i R (x w)]
L D )
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1515.8: dneBamEE = I£ B £ R RE(3SAT, SAT, EXSATZE)
HiZ:ExSAT NP

F(Xy, ..., X,): EE DY IR A8 BRI
FONFERAIEE < Ta,, ..., a,: KalX1H0[F(ay, ..., a,) =1]
FERLOD K S
FADE®BEDEIYETE<a, ...,a,>TKRY.
> K& 3(n+n+1)=6n+3 < 6| [F || + 3
Qe(l) = 61+3
W EERE
(X, W) © [XIEHASIIRMEREINF (NEZ) Da—F]
AWIEFADEIY L T<a,, ay, ..., &, >]
NF(@y, ..., a,) =1]

STEARZRAWDEF(y, ..., a,) DIEXZ IR T E I8
&oT, ReBLZLIHEAKRH T HE AIRE
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Ex.5.8: Satisfiability Problem of Prop. Express. (3SAT, SAT, ExSAT)
Goal : EXSAT ¢ NP

F(xq, ..., X,): arbitrary extended prop. logic. expression
F is satisfiable<> 3a,, ... ,a,:eachaisOorl[F(a, ..., a,) =1]
length of a witness gg
Truth assignment to F is denoted by < a,, ..., a,>.
- its length is 3(n+n+1)=6n+3< 6|[F ||+ 3
g(1) = 61+3

predicate R¢
Re(X, w) <> [x is a code of an extended prop. express. F (n variables) ]

A [wisanassignmentto F:<ay, a,, ..., a,>]
A [F(a, ..., a,) =1]
Using a computation tree, the value of F(a,, ... , @,) Is computed In

polynomial time. Thus, R¢ is also computable in polynomial time.
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NPEETHAHAZEDERRIF ] H?
(5.1)&#ET=9q, RFRAWLSE, X EL? ZRDEIIZHIFETES.
for each w e X% do

If R(X, w) then accept end-if
end-for;

reject;

REIDq(X) AT DX FINZET RN THELTHRANIG,
accepthirejectMFITE TES. =12, TDXHEXFHIIE
200q(X)) M8 FEHER FHEIT HIEITEE.

LREDFAREAXTRETSOREENPS

RBEBFZTELL.
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What does it mean by being an AP set?
Using g and R satisfying the predicate characterizing an AP set,

we can determine X €L ? In the following way.

for each w e X% do

If R(X, w) then accept end-if
end-for;
reject;

If we enumerate and check all possible strings of length at most
q(/x|), then we can accept or reject them. Here note that there are

2 to the q(|x|) (exponentially many) such strings.

We may think that those sets recognizable as above are NP sets.
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NPIZBEELE=I5R

5.3 £ELIE, TORESLANPIZBLTNSEE,
Co-NPEEELD. Tz, cO-NPEEDEREITAcO-NPELNS.

#E: co-PZEELTE P ERILZDTEERK.

TFIES5 T RTHDESLIZRL, ROEHEIXEE.
(@) L eco-NP
b)) £E& L%, BHLGZIEN g &FEARME
ETEA[EEIREEQZ AT,
L={x:vweZ*:|wl<q(| x)[Q(x,w)]}
EERES.
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Classes related to AP

Def.5.3. A set L is called a co-A/P set if its complement L belongs
to A’P. The whole family of co- AP sets is called the class co-ANP.

Note: It is nonsense to define co-P since it Is equal to P.

Theorem 5.5. For every set L, the following conditions are equivalent.
(@) Le co-NP
(b) The set L can be represented as
L ={x:vweX*:|wi<q( x[)[Q(x,w)]}
by using some polynomial g and polynomial-time computable
predicate Q.
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15.9: J/HUFIE =8
[n] & PRIME <> 3m:1<m<n[ n mod m = 0]

LT=A2T, qy(n) =n&lL,
R, (X, W) <> [xgN]v[[weN]A[l<m<n]A[n mod m=0]]

(f=1=L, n, mlE & & x, whiER T HREL,
NIZBEAMD2ER LK)
EEERT DL,
IARTDxXxeZ*|TxL, x¢PRIME <« 3g,wW[R,(x,w)]
i, x ¢ PRIMEIZxt9 A3
&> T, PRIME € NP, i.e., PRIME ¢ co-NP
E[E, Q(X, W)« — Ro(X, W) E9HE
PRIME = {x: V.g,w [Q,(x, )]}
ERED.

PRIME e NP £ RrEHN, TOIHITE-EEH.
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EXx.5.9: Primality testing
In]PRIME <> 3m:1<m<n[ n mod m=0]

Therefore, for g,(n) =n,
R, (X, W) <> [xgN]v[[weN]A[l<m<n]A[n mod m=0]]

(where, n and m are natural numbers represented by x and w.
N is a set of all natural numbers in the binary form)

This definition leads to
for every X e X* we have x¢PRIME <> 3g,WR, (X, w)]

This 1s a witness to x € PRIME
Thus, PRIME < NP, i.e.,, PRIMEe co-NP

In fact, using Q(x, w) <> —R,(x, w), PRIME can be expressed as
PRIME = {x: Yq,w [Q,(X, W)]}

We can also show that PRIME ¢ NP, but its proof is more complex.



7/12
NPREIRED B
- & R E [ 8 (COMPOSITE)
A1 BAREN
B :nlXEREN 2 (EHTLELIMN?)

T YR RE(KNAP)
AR BAR#DM<a, a,, ...,a,b>
B D, .a=b LB RFOEESCS {, ... n}AHEMN 7

- FEEE O ERE(BIN)
AN BR#BDME<a, a, ..., a8, b k>
Bl :ARFOEEU={1, .., n}xU, ..., UDKEIZHEIL,
FjTY | & <h &EFTHIEITTHREM?

-TE A B RIRE(VC) 16 RAHES:
AN B0 5TGE B RBKDI<G, k> EDBuvd

B :GIZKIERDIERHEBENFET HMN? uvd—75 %
SICEENSD
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Examples of A’P problems

- Composite Number Testing Problem(COMPOSITE)
Input: natural number n
question: Is n composite? (ls it not prime?)

- Knapsack Problem(KNAP)
Input: n+1 tuple of natural numbers <a,, a,, ..., a,, b>
question:: Is there a set of indices S € {1, ..., n}sit. D> & =h?

Bin Packing Problem(BIN)
Input: n+2 tuple of natural numbers <a,, a,, ..., a,, b, k>
question: Is there a partition of a set of indices U={1, ..., n}
into Uy, ..., Ugsuchthat Y a <b for each j?

IeUJ
Vertex Cover Problem(VC)
Input: pair of undirected graph G and natural number k <G, k>
question: Is there a vertex cover of k vertices over G?

Vertex Cover S contains at least one of u and v for each edge (u,v).




8/12

U1
W

ETE=V7ARBOREER

H56: PC EC EXP.
E&EzLY, BHSH.
FH57: PG £ S EXP.

aIEBH:
(1) Pg &
t,(n)=2"t,(n)=2"¢9 5% &, EETEELY,
TIME(2") S TIME(23")
—77, P S TIMEQ2") ¢ TIME(2*) € 1<,
PS &
(2)% Bl k.

Al

Ak BA #%
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5.3. Relation in the Complexity Class

Theorem 5.6: P S £ € EXAP.

Obvious from the definition.

Theorem 5.7. P & & G EXP.

Proof:
(1) P & &
For t,(n)=2", t,(n)=23", from the hierarchy theorem we have
TIME(2") & TIME(23")
On the other hand, since P S TIME(2") ¢ TIME(2®") € &
P < &
(2) is similar.
Q.E.D.
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TE HE5.8.
(1) P € NP, P < co-NP(&2T, PE NP N co-NP)
(2) NP S EXP, co-NP S EXP (£2T, NP U co-NP S EXP)

sEBR: (1) P € NP (P S co-NP B[El#k)
L. EEDPEE
9 L‘j: IETH#FEﬁ—CnL. n!&_.r
0T, yIE‘tH#FHEJn'fﬁ_IﬁuJ_unP’éFﬁL\’Cﬂd)J:')L%Hé
vxeX*:[xeLeP(X)] or P={x: P(x)}
R(x,w) =P(X)EEE (251 8FELR)
> FEDZIEKqICTDOUT,
L={x:3 W[ R(x,w)]}
E>T, NPOEZEY, Le VP ie, PS NP,
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Theorem 5.8.
(1)P € NP, P S co-NP (thus, P S NP N co-NP)
QNP S EXP, co-NP S EXP (thus, NP U co-NP S EXP)

Proof:
(1) P € NP (P S co-NPis similar)
L: arbitrary P set
=>» L is recognizable in polynomial time
Thus, we have the following description using a polynomial-time
computable predicate P.
VxeX*:[xeL<>P(x)] or P={x: P(X)}

We define R(x, w) = P(x) (neglecting the second argument)
—> for any polynomial g,

L = {x: A w[ R(x,w)]}
Thus, from the definition of NP, Le AP e, P& NP.



() NP S EXP (co-. NP S EXP) 10/12

L: EEDNPESE

2 ZIRNqESHAFHE I F IR EERMNFEL T,
L= {X FWR(X, W)} ={x: 3wl wi< q(l x[) A R(x,w)] }

q&RéﬁﬁL\—C LZ &2 n!&j_éj |:|7 SLEED.
prog L(input X);
begin

for each w e 2= do
If R(X, w) then accept end-if
end-for;
reject
end.
RSIDAAITHT ST S LDEREEFE=:
RIZZIBR BRI HE A B o100, HDBIERXpIZRIL,
RODETERRI=p(X| + W) <p(l+q(l)) — | DZIEZ
£{KTIL, {p(+q(D) + cq()}290) + d = O(2 +a)
&DTC, Lec&EXP > NP & EXP SIFAA K




(2) NP SEXP (co-NP S EXP) 10/12

L: any NP set
=» There is some polynomial g and polynomial-time computable
predicate R such that
L ={x:3WR(x, W]} ={x: 3wl wl<q(| x[) A R(x, w)]}
prog L(input Xx);
begin

for each w e =9 do
If R(X, w) then accept end-if
end-for;
reject
end.
time complexity of the program for an input of length I:
Since R is polynomial-time computable, for some polynomial g
time of R=p(|x| + |w|) <p(l + g(l)) «— polynomial of |
In total, {p(I+q()) + cq(1)}29M + d = O(2 *a))
Hence, L e EXP > NP © EXP Q.E.D.

program recognizing L using g
and R
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7€ 5.9,

(1) NP < co-NP > NP =co-NP
(2) co-NP & NP > NP =co-NP
(3) NP co-NP > Py NP.

fHE: B &Y, NP #co-NPDFEBAIX, PANPDFEBALYEELLY.

sEBA: (1) NP S co-NP 2> NP =co-NP ((2)DEEEAE [E+k)
EEDL €co-NPIZXLTL € NPHOATRENIL, co-NP E NP
MEEBATEBAND T, IREDNP S co-NPEEHETNP =co-NP
MEZRD. .
L € co-NP —L ENP (E&5.3&Y)
L €co-NP (NP S co-NP&KY)
—~L eNP (EF:5.3¢&L=L&kY)
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Theorem 5.9
(1) NP € co-NP > NP =co-NP

(2) co-NP & NP > NP =co-NP
(B) NP = CO-NP > Px NP.

Note: from (3) the proof for NP # co-N'P is harder than that
for P=NP.

Proof: (1) NP S co-NP 2> NP =co-NP (proof of (2) is similar)
Since co-NP & NP is shown if we prove Le /P for any Le co-AP
Combining it with the assumption NP S co-NP, we have
NP =co-NPandso
L e co-NP =L €NP (by Definition 5.3)
—~L €co-NP (NP S co-NP) _
—~L eNP (Definition 5.3 and L=L)
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(3) NP = co-NP > P = NP.

xt{&: P=NP > NP =co-NP
P=NPERET DE, TAATOHOLIZHL

LeNP € LeP (P=NP &Y)
L eP (GEE[E7E5.5)
O TLENP (P=NP &Y))
<L(=L)e€co-NP (EFE53KY)
S NP = co-NP RIE BA#2
NP #co-NPMIELLVE

OFEING
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(3) NP = co-NP > P = NP.

Contraposition: P = NP > NP =co-NP

If we assume P=NP, for any L we have
LeNP < LeP (P=NP)
L epP (Exercise 5.5)
ST ENP (P=NP)
<L (=L) €co-NP (Definition 5.3)
-~ NP =co-NP Q.E.D.

If NP #co-NPis true,

OFEING
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Information

o LAR—F@)ICEATHER
— IRHEAIR: 11A9H(£)—11A 16 H(%E)
— fRE LRI 11A9H(£)—11A 168 (%)
e EE551LAR—IE)ERILETHSEITEE!
* Changes for the report (4)
— Deadline: Nov. 9 (Fri) — Nov. 16 (Fri)

— Answers & Comments: Nov. 9 (Fri)—Nov. 16(Fri)
 Both are rearranged to the same day of the report (5).




