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F6E ZIRNFFRETHE ATHEME

6.1. ZIRFFfELE T AT RETE

E2%6.1:
ALBZIEEDNDERE LT S
(1) F;'sj’!;& h: A>B: % I8 =L B [ 1= 7o (polynomial-time reduction)
(@) h [T B AN EIHRIBE LK
| (b) xeX*[xe A< h(x) e B]
(0 h XZIEAFERET R ATRE.

(2) ADVOBAD ZIRXRRIERTTHAFET HET,

AlEB~ L IE A B iE ST I BE &L VD (polynomial time reducible).
—DEZT, XD FHIZEL:

A<’ B
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Chapter 6. Analysis on Polynomial-Time
Computability

6.1. Polynomial-time Reducibility

Def.6.1:

Let A and B be arbitrary sets.

(1) function h: A->B: polynomial-time reduction
(a) h is a total function from X* onto **
| (h)XxeZ*[xe A< h(x) e B]

_(c) hiis polynomial-time computable.

(2) When there is a polynomial-time reduction from A to B,
we say A is polynomial-time reducible to B.
Then, we denote by
A<’ B
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A<’ B ZEAXBEOEENTIE ADELS < BOHLE

FH6.1 A< B,

(1)BE P> AEP.
(2)B € NP> A< NP.

(3) B € co-NP > A € co-NP.
(4)B c EXP> A <EXP.

FHEOSRETHI. —H%IZIE, Be £ A e EEIFEBEL.

516.2: ONE= {1} TFEET HESE, IT7APDITRTHOESLIC
DLVT L< ONE

YLD, iy E{ 1, x€LDE&EFE,
0, TODES
EEET HE, (1) hEZ LT ~DEFHIEH.
(2) XxeZ*[xe L <> h(x) e ONE]
(3) hix ZIEAXEFEFT R AlfE(Le PoxecLDFHIE S ZEHFFREAN)
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A Sri B  within polynomial time, hardness of A < that of B

FH6.1 A< B leadsto,

(1)BE P> AEP.
(2)B € NP> A< NP.

(3) B € co-NP > A< co-NP.
(4)Be EXP > A€ EXP.

Note:class £ Is exceptional. Generally, B€ &> A € £1s not true.
Ex.6.2: If we define ONE= {1}, for each set L in P we have
LSEONE

- 1, ifxelL,
1T we define h(X)E{ 0, otherwise

(1) h is a total function from X* onto X~*.
(2) xeXZ*[xeL <> h(x) e ONE]
(3) h is polynomial-time computable(so is computation Le P=>xeL)
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FiE6.2: A, B, C.EFENES

(1A <" A
QA< BAB< C >A< C

=" 13 FEES R
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Theorem 6.2: A, B, C: arbitrary sets

(A< A
QA< BAB< C > A< C

Def:A =" B« A< BABZ< A

m -m

= is an equivalence relation.
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RERER DR T TEIERBORM OB

2SAT (hEimEX T EMEE: ZffER )
3SAT (mdEmmERXTEERRE: =ZF1FFER )
SAT (fneEimi 3“&3’5?!:1‘&%@)

ExXSAT (JhiEmamERXT EHRE)

2SAT <’ 3SAT = RKE... B8
! b &S EKE. .
R4, >RICYT IV EES>TENVESEE,

>T=07%56.. . LiR—R(?)

3SAT <P SAT < ExSAT
2SAT <P 3SAT < SAT <F ExSAT (6.1)
—_TC

EXSAT Sf; 3SAT
THdHETTHE DL,

3SAT = P SAT = P EXSAT
E1EB.
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Relation among satisfiability problems of propositional expressions

2SAT (propositional satisfiability problem)

3SAT
SAT
EXSAT (extended propositional satsifiability problem)
2SAT <° 3SAT - «at most k... trivial
o " sexactly k...
Similarly, >easy if you can repeat the same literal.
3SAT < SAT <P ExSAT »>report for the other case (?)

2SAT < 3SAT < SAT < ExSAT (6.1)

Here, if we can show
ExXSAT sf; 3SAT

then we have
3SAT Ez SAT E; ExXSAT
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1516.3: EXSATHMB3SATANDIZETT

E, (%, X5, X5) =[[X © X, ] = [X, A X ]] v =X,
F (XX, %) =U AU < U, v—x]IA U, < [U; - U, ]
AU, < [X © X]IAU, < [X, AX]]

ZDEE, [E,AFTREAEE] © [F AT EAIEE (6.2)
FIE=FFEERXICELOTLMIEIZESTLS.

F. DB E
(Lv (1)V, =V, v =X,
(2) —>/ \_' 2V, =[V; - V,]

BV, =[x < X,]

F.z

L]

BT 5101, Vo U,EL, VOEERXE ATHAS
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Ex. 6.3: Reduction from EXSAT to 3SAT

E (X, X5, X5) =[[X, © X, ] = [X, AX ]V =X,

F (X, X%, %) =U AU, < U, v—X]IA U, < [U; - U, ]]
/\[Us g [Xl < Xz]]/\[U4 g [Xz A Xs]]

Then, [E, Is satisfiable] <> [F; Is satisfiable] (6.2)

F, Is easier to be converted to 3SAT form.

How to construct F,
(1)v (DV; =V, v =X,

(2) —>/ \_' 2V, =[V; > V,]
BV, =[x < X,]

To construct F, we let V; = U., and connect expressions of V; by A



F, DfgRAELY,

(D)EU. DIEZEV,(X,, X,, %) ELZWRY, FIFXEIZIEAESEL.
Q)& U.DIEEV, (X, X, x)ELIzEE, F, =E,
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LFOMEEARYIDOI LR, IFHEZRNDEELTEEATRE.

=HERER~NDOZEH

a—>b =—7avhb

AlE BA (L A RS

ach = (a>b)A(b>a) = [~ aVb] [~ bVa]THBIEERALS.

Ul <> [U2 \/—|X3] = [—|U1 VU2 \/—|X3]/\[Ul \/—l[U2 \/—|X2]]

=[-U, vU, v =X,]

= —|U1 VU2 V—|X3:

=[-U, vU, v =X,]

ftht [ Fk.

A\

AN

AN

U, vI[=Up A
U, v=U, AU, v ]

U, v-aU,v=U, AU, VX Vv X ]

FOTC, IRTC=ZMEHRAXICERTESTEIIENDOMNS.



From the construction of F,

(1) F, is never true unless each U, Is V;(Xy, X5, X3).
(2) If each U, i1s Vi(Xy, X5, X3), We have F; =E,
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The above properties are proved by using induction.

Conversion to 3SAT form

a—b =7avhb

proof Is omitted.

a<b = (a—=>b)A(b—>a) =[—aVb] [ 7bV a]: useful relations

Ul <> [U2 \/—|X3] = [—|U1 VU2 \/—|X3]/\[Ul \/—l[U2 \/—|X2]]

=[-U, vU, v =X,]

= —|U1 VU2 V—|X3:

=[-U, vU, v =X,]

Others are similar.

A\

AN

AN

U, vI[=Up A
U, v=U, AU, v ]

U, v-aU,v=U, AU, VX Vv X ]

Thus, every 3SAT form is converted.
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6.2. ZIRAFEETAIREEICEDO<{EL L

6.2.1. EEMENDERETDEFRNMEE

E#6.2: THEVIRCIIHL, KEEANRDEHEH-TLZE,
FhE(L DT T)C-REENS.

(a) VLeC[L < A]

(b)YA € C

wWE EHQ@Fm-TEEILC-HE#H.
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6.2.Completeness based on Polynomial-time Reducibility

6.2.1. Definition of Completeness and its Basic Properties

Def.6.2: For a class C, If a set A satisfies the following conditions,
then it is called C-complete (under <)

(@) VLeC[L <PA]

(b)A<€C

Note: Sets satisfying the condition (a) are called C-hard.
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6.2. ZIEA LR T AIREEICE D<Z 2t

6.2.1. EREDERELTDELRNHEE

#516.5. 72ANPDTEERE DI

3SAT, SAT, EXSAT, DHAM, KNAP, BIN, VC/g&
DSREXPDTEESRSR

EVAL-IN-E, HALT-IN-E7Zz &

EVAL-IN-E:
AJi<a,xt>
alANSI7a T LA a— R xeX ,i>0
tHi 77 eval-in-time(a, x,2") = accept ?
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6.2.Completeness based on Polynomial-time Reducibility

6.2.1. Definition of Completeness and its Basic Properties

Ex.6.5. Examples of A/P-complete sets

3SAT, SAT, ExSAT, DHAM, KNAP, BIN, VC, etc
EXP-complete sets

EVAL-IN-E, HALT-IN-E, etc.

EVAL-IN-E:
Input:<a, x,t >
a : the code of a program with 1input, xe =", >0
Output : eval-in-time(a, x,2") = accept ?
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TFIHG.3. FEDC-E

(HDAeP>CEP

(Q)AeNP>CE NP

(4)ASEXP>C S

MES (5 :.C-EE2EE)AITEL,
SHEBE(L C TP > AgP

XHEIX CENP > Ag NP
(3) A€co-NP > C S co-NP *H&IX CZco-NP > A€ co-NP
EXP XH@IE CLEXP > AEEXP

AR :

(1) BZEEDCEE LT HE, AlXC-HE#T I D,
B<PA —A, AcPDIRESLY, Be P (EHE6.1)

(2), 3), (D BRI*x
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Theorem 6.3. For any C-hard (or C-complete) set A,
(LUAeP>CEP CP: CaP - AgP
(2Q)AeNP>CES NP CP: CaNP > AgNP

(3) Ac co-NP = C S co-NP CP: Cz co-NP > Ag co-NP
(A AEEXP > CE EXP CP: CZEXP > AgEXP

Proof: CP: contraposition
(1) Let B be any C-set. Then, since A is C-hard,

B<" A and by the assumption A € P we have B € P (Th. 6.1)
(2), (3), (4) are similar.
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TEIH6.3. EEDC-RHEEES (F:C-E2&EHB)AITHL,
(DAeP>CCS P XHE@lL C <P > AgP
(Q)AeNP>C S NP XHEBIL CZNP > Ag NP

(3) A €co-NP = C S co-NP ®&lE CZco-NP > A€ co-NP
(A AEEXP>C S EXP XHEIX CZEXP > AZEXP

$516.6. EE6IDEIR(VFANP) @5 g
AZNP-EERELT S (1) NP S co-NP > NP = co-AP

FEI6.3(1)D*HBELY,
NPEP=>Ag P

TEIE6.33) D {ARETEES.I1) DALY,
A ¢ co-NP

DFY, NP-ZE2EEIEP2NPTHHRY,

ZIANFFE TIXERE TS,
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Theorem 6.3. For any C-hard (or C-complete) set A,
(LUAeP>CEP CP: CaP - AgP
(2Q)AeNP>CES NP CP: CaNP > AgNP

(3) Ac co-NP = C S co-NP CP: Cz co-NP > Ag co-NP
(A)AEEXP > CE EXP CP: CZ&EXP > AgEXP

Theorem 5.9.
(1) NP & co-NP > NP =co-NP

Ex.6.6: Meaning of Theorem 6.3 (class A/P)
Let A be N/P-complete set.

By the contraposition of Theorem 6.3(1) we have
NPP=>AE&P

By the contraposition of Theorem 6.3(3) and that of Theorem 5.9(1),
A ¢ co-NP

That is, A’/P-complete sets are A/P-sets that cannot be recognized in

polynomial time unless P = NP.
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NP-ZEE2EBIEPZNPTHAHRY, NP~ co-NPIZIZABTELY

NPEETHS.

NP co-NP

co-NPEE
NPEE



11/17
NP-compete sets are N'P-sets that do not belong to

NP M co-NP unless P = NP.

NP

co-NP
' co-N'P -complete
NP-complete
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#16.7. EIR6.3DELK (V5 REXP)

D&EEXP-TEEET LT S.

EIE6.3(1)DFB(C TP > AgP, ZITIXEXPZP D 2P)
P£EXP 2> EXPEP (P S EXP) > D¢gP
TEH6.3(2) D&\ (C INP > AZNP,
C_TIXEXPZ NP >DENP)
NP#EXP > EXPZNP (NP S EXP) > DENP
TE 126.3(3) D %@ (C zco-NP > A€co-NP,
CCTIEEXP “co-NP >D €co-NP)
CO-NP# EXP 2 EXP Zco-NP >D¢ co-NP
ECAMEHESTMD pcexp THSHHD L, D EP.

EXP-Se 2R B X ZHEARRB TIIETEARATHE.



Ex. 6.7. Meaning of Theorem 6.3 (class EXP)
Let D be an EXP-complete set.

Contraposition of Theorem 6.3(1)
(CZP > AgP, where EXP ZP 5D ¢P)

P#EXP > EXPZP (P S EXP) > D¢&P
Contraposition of Theorem 6.3(2) (CZNP > A €NP,
Here, EXP ¢ NP >DgNP)
NP#EXP > EXPz NP (NP S EXP) > DENP
Contraposition of Theorem 6.3(3) (CZ co-NP = Azco-NP,
here, EXP Zco-NP =D ¢ co-NP)
CoO-NP# EXP > EXPz co-NP >D ¢ co-NP

But, by Theorem 5.7, since we know P & EXP, we have
D ¢P.

EXP-complete sets are not computable in polynomial time.

12/17



FI6 4 A EFEDC-REES

T’\’CO)$ABL*TL,

(1) A <'B >BIXC-E

2.

(2)A < B AB eC > BlEC-EZ.

EBH -

E3:6.2&Y, VLeClL<, Al

EIE6.2KY, L<PF AAASP B L<TB

LF=hoT, vieclL<! B]

I hb, BlIC-HE.

13/17
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Theorem 6.4. A: any C-complete set

For an)é set B we have
(1) A < B -2>B is C-hard.

m

(2) A <'B AB eC > Bis C-complete.

Proof:
By Def. 6.2 vLeC[L <, Al
By Theorem 6.2, L<, AAA< B— L< B

Therefore, VL e C[L < B]
That is, B Is C-hard.
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EXPC ={L: LIZEXP-524)

NPC ={L:LIINP-EZ}
ETHE, ROEEMRYILD.

TE H26.5.
(1) EXPC AP = ¢ JEXPCN
(2) EXP — (EXPCUP) %

EXP
EIE6.6: P #NPERET HE
() NPCAP =¢ P
(2) NP — (NPCUP) #d
/NPC\

NP

e
\y A
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EXPC ={L. L is EXP-complete}

NPC ={L:Lis NP-complete}
Then, we have the following theorems.

Theorem 6.5.
(1) EXPC AP =& /EXPC\
(2) EXP — (EXPC UP) # ¢

EXP
Theorem 6.6: Assuming P # NP
(L) NPCOP = ¢ P
(2) NP — (NPCYP) #¢
/APC\

NP

L
\?/}NP(\CO NP



6.2.2 STEEDEILER

EIH6.7: EVAL-IN-E[XEXP-52 4

ZERR:515.6 &Y, EVAL-IN-E€ EXP, £ T,
VLeEXP[L < EVAL-IN-E]
ZREIELLN.
L EEDEXPES LT S.
LZ2°ORER TR I 2705 S LMNEFEEPN)IFZERX)
FDTOTSLEAETSH. CDEE,
xeL < A (x)=accept
time A, ()< 2°(X)
Lb\BEVAL-II}I- ANDETELTRDEBNEEZD.
h(x) =<'A' ,x, p(x))> forwxeX*

I H&, hiT2ET, LIRFFREETHEATEE.

15/17
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6.2.2 Proof of Completeness

Theorem 6.7: EVAL-IN-E i1s EXP-completeness.

Proof: By Example 5.6, we have EVAL-IN-E € £EX'P. Thus, it
suffices to prove
VLeEXP[ L < EVAL-IN-E]
L:any EXP set.
There is a program recognizing L in time 2P0 (p(1) is polynomial)
Let the program be A,. Then, we have
X €L <> A (x)=accept
time A, ()< 2°(X)
Consider the f(fJI wing function h to reduce from L to EVAL-IN-E.
h(x) =<'A! ,x p(X))> for vXeX™

Then, h is total and computable in polynomial time.
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El=, IRXTDxex*ITxL
X e L« A_(x)=accept

< eval(jp ], x) = accept

<> eval_in_time(a |, x, 2°™) = accept
& <A, x, 2°" >e EVAL-IN-E
< h(x) e EVAL-IN-E
B ZIZ, hIZLMSEVAL-IN-EAD ZIER BEEIT.
.. L<” EVAL-IN-E for VL e EXP
3§ H5, EVAL-IN-EIZEXP-E£E.

ALk B #%
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Moreover, foreach xeX*  we have
X e L« A_(x)=accept

< eval(jp ], x) = accept

<> eval_in_time(a |, x, 2°™) = accept
o <A, x, 2°" >e EVAL-IN-E
< h(x) e EVAL-IN-E

Thus, h is a polynomial-time reduction from L to EVAL-IN-E.

~.L<] EVAL-IN-E for VL e EXP

That is, EVAL-IN-E iIs £EXP-complete.
Q.E.D.
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7€ H6.8.

(1) EVAL-IN-E ¢ P

(2) EVAL-IN-EIINP-R &
(3) HALT-IN-ElZEXP-5E2.

aEHA
(1) EVAL-IN-EIZEXP-EE &R E T, EXP-TE2&EE ¢ P.

@ viegxp [A<? EVAL-IN-E] &
NP € £XP &Y.
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Theorem 6.8.

(1) EVAL-IN-E¢ P

(2) EVAL-IN-E is AN/P-hard.

(3) HALT-IN-E is £XP-complete,

Proof:
(1) EVAL-IN-E Is £EXP-complete and any EX'P-complete set € P.

(2) It follows from
VLe exp [A gf; EVAL-IN-E] and

NP & EXP



