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6.2.2. Proof for completeness i

Two ways to prove (AP-)completeness
(1) show “for all L” according to definition
(11) use some known complete problems

Ex for (1) : Theorem 6.7,
Theorem 6.9(=Cook’s Theorem; simulate TM by SAT)

Basically...
1. For any program in standard form,
2. simulate it by SAT formulae
—pretty complicated and tedious

Easy to manipulate
since, e.g., 3SAT has a
uniform structure.

Ex for (11): Example 6.4(3SAT<;, DHAM), Theorem 6.10, ...
DHAM is N'P-complete for general graphs

DHAM is A/P-complete even for planar graphs
DHAM is A’P-complete even for graphs with max degree=3
DHAM is N’P-complete even for bipartite graphs ..
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EH6.10: UTITHITHERITTRTNP-TE
(1) 3SAT, SAT (EXSATH B METT)
(2) DHAM, VC (3SATMHMD3ETT)
(3) KNAP, BIN (3SATMSMDETLEKNAP <! BIN)

(I NPEEMEDHLH>TULDEEN S D ZIE K FFEETT:
1. 3SAT<" vC
2. DHAM <" TR 5 O R AE 4 5= HIB SN F-DHAM

Vertex Cover: $RTDILD , Lt —ADTEREZETESR
Hamiltonian cycle: ¥ X TDITERE—E T DB HEAK

HFET: DHAMIZRHE 2R3 TENPER,
B R21EZEZEX R CTEE AT RE,
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Theorem 6.10 The following sets are all A/P-complete:
(1) 3SAT, SAT (reduction from ExSAT)
(2) DHAM, VC (reduction from 3SAT)
(3) KNAP, BIN (reduction from 3SAT and KNAP<P BIN)

(I1) Polynomial time reductions from A/P-complete problems:
1. 3SAT<! VC
2. DHAM <P DHAM with vertices of degree =5

Vertex Cover: a vertex set that contains
at least one endpoint for each edge
Hamiltonian cycle: a cycle that visits each vertex exactly once

Note : DHAM remains A/P-complete even if max degree 3.
But it is polynomial time solvable if max degree 2.
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| E6.10(2) : VC (& NP EL I

[EEBA] VC € NP ED T, 3SAT<, VC THAHLERE LY,

B F(X X, %) NMEZONT=ET D,
FIOVo LT D EEEmI-TI57EBRBDH<G, k>h'
ZIERAFETHERTEDILERT:

FZLUT BB ANFET HSCH YA XKDIEREELHD

GOEM(FIEnEHMIELT B):

1. FOEEH x TRL. TER X X & B x)EMAS

2. FOBIEC=(ly VI VIIZH UL TRR 1y, by, lig (1 1),
(lilig), (lisvlil)i’mié

3. CDUTII Iy A x; DEEED(,x7) &L —x; DEEITA
(X)) ZMNZ %,

4. k=n+2m
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‘ Theorem 6.10(2) : VC is A’P-complete ‘

[Proof] Since VC & AP, we show 3SAT <, VC.

For given formula F(x;,X,,...,X,), we construct a pair <G,k>
of a graph and an integer in polynomial time.

There is an assignment that makes F()=1
&G has a vertex cover of size k

Construction of G (F has n variables and m clauses):

1. add vertices x;*,x;" and the edge (x;*,x;") for each variable x; in F

2. For each clause C;=(l;; VI;, V1) in F, add vertices I, Iy, l;; and
three edges (liy,lip), (liz.lia), (ialin)

3. add the edge (l;;,x;*) if the literal I;; is x;, or add (I;;,x) if it is —x;
for each clause C;

4. letk =n+2m




FELCT BRI LARET HOCHY A XkDAAREER>

GOHBH(FIInEHMIELT 5):

1. FOBEH X ITRL.BA X X E DX X)EMRS

2. FOEEC=(, VI VT UL AR 1y, lp, g EB (1 1),
(o). (e li)ZMZ S

3. ECOUTIIL I, A x, DEFIFD(,x7) &\ X, DEEIE
A(l,.x) EMZ %,

4. k=n+2m

Bll: F(XpXoXgXa) = (X1 VX VX A (T% VX VX)) A (X V =XV X)

There is an assignment that makes F()=1 4/11
©G has a vertex cover of size k

Construction of G (F has n variables and m clauses):

1. add vertices x;*,x; and the edge (x;*,x;") for each variable x; in F

2. For each clause Cj=(I; VI, V1;3) in F, add vertices I;;, I;,, I and
three edges (liy,lip), (liz ia), (lialin)

3. add the edge (I;;,x") if the literal I;; is x;, or add (I;1,x;) if it is —x;
for each clause C;

4. letk=n+2m

EX: F(X X0 XgXa) = (X1 VX0 VX)) A (77X VX5 VX)) A (X V %5V X,)
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GOHEMIZ. ANz F hid F DY A RICHT B LIEXER It is easy to see that the construction of G from F can be done in
THEE . LIz > TUTEREELRLY polynomial time of the size of F. Hence, we show that...
FELUZTRENUNFET IHOCH YA RKDTESHBEHFD There is an assignment that makes F()=1
<G has a vertex cover of size k
— - X DELLNEED S— at least one of x;* or x;°
COERNSIEBRDERBESIE | ¢ paEst. BIE2H>EE; From the construction of G, { i O
FoT[5| 2 n+2m =k TH3. ! mee any vertex cover S should contain | at least 2 of 3 vertices in C
Hence we have [S| 2 n+2m =k.
Bl: (XX X5 %) = (X, VX VX)) A (TX VX V) A (X V =%V X,) EX: F(XyXpX3%,) = (X VX VX)) A (TX VX3 VX A (X Y %5V X,)
G k =4+2x3=10 G k =4+2%x3=10
- oyl alr A% s N 6/11 . . 6/11
FELUZTZEILUNELET 526D A RKDTEABKEERED If there is an assignment that makes F()=1,
L ZNER DTS x A x=115 X ESICANS G has a vertex cover of size k
. 1 %05 X ESISAND 1. Put{ X" if %=1 } into S for each x;.
2. ZNENDOEC=(ly b lp) FFRBESNTLBDT, - ifx=0 :
RIELDDUTZIL()ICDWTIFEZHREDE DB, %) 2. Since each clause C;=(I;;,,.1;3) is satisfied, at least one literal,
[ Xy [TEOTHBEENTLVD, L= 2T TN LS D say l;;, the edge (I;,,X;,) is covered by the variable x;,. Therefore,
ZODYTIN(Ll)E S ITANS, put the remaining literals (I;5,1;3) into S.
= g5 kY SIEH A RKDIESHBIZH S, = From the Observation, S is a vertex cover of size k.
Bl: F(X X X5 %) = (X, VX VX)) A (T VX V) A (X V =%V X,) EX: F(XyXX3%,) = (X VX VX)) A (TX VX3 VX A (X Y —1%5 V X,)
G k =4+2x3=10 G k =4+2%x3=10




CAYARKD B AMEEE = FELCT BEIUANERETS

1 [BE Ly ESIESS2mE. EHASMEOEAEEE,
2. EBITREHXITOVTIEX A D—FH LD
BECITOVTFBESE2DDTAERALMSIZEL TEMNTELL,
3. FOTHRIECIISITEFNLELITIILIZETH.
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Bll: F(XpXoXgXa) = (X VX VX A (T% VX VX) A (X V =XV X)

If G has a vertex cover of size k, there is an assignment s.t. F()=1  7/11

1. From|Observation,| a cover S contains 2m vertices
from the clauses, and n vertices from the variables.
2. Thus the cover S contains exactly one of x;* and x;” and
exactly two literals of a clause C;.
3. Hence each clause Cj contains exactly one literal I; which is not in S,
and hence incident edge should be covered by a variable vertex.

. . . =1ifx*inS
= The following assignment satisfies F; [ =+ TXi"
wing assig 1o [xi:O ifx7in$S }

EX: F(XXpXgXa) = (X1 VX0 VX)) A (77X VX5 VX)) A (X, V %5V X,)

k=4+2x3=10

G k =4+2 % 3=10
QED. QED.
8/11 8/11
FE R TEELMI: Unsatisfiable example:
F(X1.X0Xg) = (X, VX VXD A (X VY 7%,V 1%) A (%, VX5 V Xg) F(XpXo%g) = (X, VX VXD A (T V=%,V —1%,) A (%, VX5 V X3)
A (™% VX,V —x3) A (™%, VX,V 7x3)

FERTELEVFTIE, EQVTIILELTERTHN—SINTLVEL
ENLTEET D, COEDYTFILIE3DEL Vertex Cover 12
ANEBEBALL, &2 T Vertex Cover DH A X (& k+1LL EIZH 5,

When F is unsatisfiable, it contains at least one clause such that each
literal is not covered by a vertex. So, Vertex Cover should

contain three literals in the clause. Hence any vertex cover has size
at least k+1.

9/11

EE REBEARSOERYS 57 L0 DHAM [E NP T2

[FEBA] (LEEDREEZDHAM (LBREE T ) ¥ TEAIS
DHAM _; BNPIZBE 50 1%, DHAMA APz | BT BADAL

BRI HILNBEH, Lizh o TREMEREELL,
DHAM<| DHAM . #~¥, O

FTATT:
REBLADTERV(E)D
(A-TKBBLEE)E
(HTLDEES) AR
D gadget’ TEEHZ S

EXTVEIERLTES
FEaRTVELESR
(B HEABIEHIES B,
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Theorem: DHAM on a directed graph with max. degree=5
(abb. DHAM <;) is A/P-complete degree: the number
[Proof] of edges incident to

Since DHAM € NP, DHAM; ENP.  [aVertex
We DHAM<] DHAM .

Idea:

Replace the set of “arcs to v”
and the set of “arcs from v”

by a right ‘gadget’.

A Hamiltonian cycle through v
on the original graph
corresponds to the
Hamiltonian cycle through v
on the resultant graph.




(B REEASOERS 57 LD DHAM F NP memE| 1M

TATT:

BB EAST =& 0(log dy)
- RERIERH<E

B O(d)

[REBA(BLE)]

EZoNT5TCOREMULDENZTNDIERIZASDIDE
Hi%5i0% EFED gadget TEEHZ D,

1. TOYZI7GHnEAMB THo1-15. gadget TEEMZ =
HEDNYZTC’ & O(n+m)TE M O(M)iB&# S, Lizh>TLE
EDETIFCHOREEDLIEX BRI TR,

FLC DT RTOERIXREI-HEHSTH S,

3 GV BABREE DG HANIILA AR ERED QED.

Theorem: DHAM on a directed graph with max. degree=5 10711
(abb. DHAM <) is NP-complete

Points:
« Up to down via cycle
« Each vertex has deg=5

height: O(log d;)
number: O(d;)

[Proof (sketch)]
For each vertex v of degree =6, replace the edges around v
by the gadget.
1. If the original graph G has n vertices with m edges, the
resultant graph G” contains O(n+m) vertices with O(m) edges.
Hence the reduction can be done in polynomial time of n & m.
2. Each vertex in G’ has degree at most 5.
3. G has a Hamiltonian cycle < G’ has a Hamiltonian cycle. QED.

#%I7(Addition) 1111

* Ryuhei Uehara, Shigeki lwata:
Generalized Hi-Q is N’P-complete,
The Transactions of the IEICE, E73, p.270-273, 1990.
 Peisen Zhang, Huitao Sheng, Ryuhei Uehara:
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Index SNP Selection, BMC Bioinformatics, 5:89, 2004.
» Sachio Teramoto, Erik D. Demaine, Ryuhei Uehara:
Voronoi Game on Graphs and Its Complexity,

2nd |EEE Symp. on Computational Intelligence and Games,
p.265-271, 2006.

« Ryuhei Uehara, Sachio Teramoto:
Computational Complexity of a Pop-up Book,
4t International Conference on Origami in Science,
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5% D F %E (Schedule)

« Chapter 4 ~
o 11/30 (Fri): « #1552 % A AI(No text, No notes, ...)

- #AFRHERE6E B DL AR—kDEYX(Final Exam. & 6th
report submission.)

— A 274RF 7 —(Office Hour): 6E B DL R—+DIEE &
fEER . HARERER D AEE LA R (Answers and comments
for 6th report and final exam.)

o LRELIBE(After that...):

— BERE DRBLAHE L A—ILT(Ask by e-mail if you
have any questions about records, etc.)

- LR—h, SEBROBHNFHLEITEERYIZ<SHZE(Come

to my office to receive the reports and/or final exam, if
you want.)




