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2.2.2. Elements for Control Mechanism

Lemma 2.4: A function (definition and call of function) can be
implemented by if and goto statements.
(Proof sketch)

flowchart -> if statement and goto statement

recursive call - can be rewritten using a stack

Lemma 2.5. All the control mechanisms can be realized by if and
goto statements.

Theorem 2.6. All the control structures can be realized by if and
while statements.
(Proof based on examples)
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% XD MESHEHET HTOT T L
prog A(input x: £*): £*;
label LOOP; var a: =*;
begin
LOOP: if x= ¢ then halt(1) end-if;

a:=head(x); x:=right(x);

if a=1 then halt(0) else goto LOOP end-if
end.

NERDESIZERTS.
(1) TRIFLOETIEROVT .
(a) KA &gotoxX
(b) if = EMLLE then goto ... else goto ... end-if
(c) halt(Z=%k)
(2) RIS LREKDEITIZIE, LIADIAEY, L2, L3,...LIEIC
FALDFENTNS.
() =f2L, OO ITFTOT S LORZITTERLMEAT,
EFNIFLOESNILFFIFESRTLNS.
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% program to determine whether x is 0* or not
prog A(input x: *): £*;
label LOOP; var a: =*;
begin
LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x);
if a=1 then halt(0) else goto LOOP end-if
end.
Convert it as follows.
(1) Each line of a program is one of the followings:
(a) substitution, goto statement
(b) if comparison on =* then goto ... else goto ... end-if
(c) halt(variable)
(2) Each line in the program body is labeled as L1, L2, ...
(3) The line of the form (c) above appears only once in
the program and it is labeled as LO.
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prog A(input x: *): £*;
label LOOP; var a: X*;
begin
LOOP: if x= ¢ then halt(1) end-if;

a:=head(x); x:=right(x);

if a=1 then halt(0) else goto LOOP end-if
end.

prog B(lnputx )2
label LO, L1, L2, L3, L4, L5, L6;
var a,c: £%;
begin
L1: if x= & then goto L5 else goto L2 end-if;
L2: a:=head(x); goto L3;
2 X:=right(x); goto L4;
:if a=1 then goto L6 else goto L1 end-if;
LO: halt(c)
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prog A(input x: 2*): £*;
label LOOP; var a: =+,
begin
LOOP: if x= ¢ then halt(1) end-if;

a:=head(x); x:=right(x);

if a=1 then halt(0) else goto LOOP end-if
end.

prog B(lnputx Doy H

label LO, L1, L2, L3, L4, L5, L6;

var a,c: %

begin

L1: if x= & then goto L5 else goto L2 end-if;
L2: a:=head(x); goto L3;

L3: x:=right(x); goto L4;

L4: if a=1 then goto L6 else goto L1 end-if;
g0 L L @ setvaluesof halt

L5:

oha ] @ A
LO: halt(c)

end.
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prog C(input x: £*): ¥

var pc: num; a,c:z*;

begin

pc:=1;

prog B(input x: £*): £*; while pc != 0 do
label LO, L1, L2, L3, L4, L5, L6; case pc of
var a,c: £*; ‘ 1: if x= ¢ then pc:=5 else pc:=2 end-if;
begin 2: a:=head(x); pc:=3;
L1: if x= ¢ then goto L5 else goto L2 end-if;  3' X:=right(x); pc:=4; )
L2: a:=head(x); goto L3; 4:ifa=1 thenopc:=6 else pc:=1 end-if;

L3: x:=right(x); goto L4; 5: c:=1; pe:=

L4: if a=1 then goto L6 else goto L1 end-if; 6: c:=0; pc:=0;

L5: ¢:=1; goto LO; end-cgse;

L6: ¢:=0; goto LO; end-while;

LO: halt(c) halt(c)

end. end. f=fzL, caseX (&
2 ESHNEI )

goto Lk = pc:=k; HABHLETER.
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prog C(input x: £*): £*;
var pc: num; a,c:*;

begin
pc:=1;

prog B(input x: £*): £*; while pc = 0 do
label LO, L1, L2, L3, L4, L5, L6; case pc of
var a,c: X*; ‘ 1: if x= ¢ then pc:=5 else pc:=2 end-if;
begin 2: h_ead(x); p
L1: if x= & then goto L5 else goto L2 end-if; 3 X:=ight(x); p
L2: a:=head(x); goto L3; 4: if a=1 then pc:=6 else pc:=1 end-if;
L3: x:=right(x); goto L4; 5: ¢:=1; pe:=0;
L4: if a=1 then goto L6 else goto L1 end-if; ~ 6: ¢:=0; pc:=0;
L5: ¢:=1; goto LO; end-case;

L6: ¢:=0; goto LO; end-while;
LO: halt(c) halt(c)
end. 4 end- Remark: case statement

goto Lk -).'pr;:k' is realized by combination
T of if and goto
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BHTOJ540: TORROATHERSNDTOTSL
T—HE: S EOXFHE(SH, »E)
EREH: XFHIROEKER
ETX:  KAX, if3(case3X), while3X, haltsx

EHE27. EARTOT S L TN EREREMTOT S LICERZ
BOENTED. LMBRDISHFEERTOTSLICEEEE D

prog 7AY S LA (input ...) ;
var pe: I° ... 55 ... 2% %peD B & B AR D2 R

begin
pc:=1;
while pc 1= 0 do
case pc of
1 (X); % (X) DRI
2: (X): - if H#X then pci=k1 else pc:=k2 end-if
. + RAX; pei=k;
Kk (30): oLFhh
end-case
end-while;
halt(c)
end.
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Simple program: a program consisting only of the following elements.

data type: string type on £ (X type, * type)
elementary operations: elementary operations on strings
execution statements:  substitution, if (case), while, halt

Theorem 2.7 Any program can be rewritten into its equivalent
simple program of the following form:

prog Program name(input ...) ;
var pc: £*; ... Z; ... £*; % value of pc is a binary representation of an integer

begin
pc:=1;
while pc !=0do
case pc of
1: (statement) ; each statement is one of the two:
2: (statement) ; -if comparison then pc:=k1 else pc:=k2 end-if

. *substitution; pc:=k;
k: (statement) ;
end-case
end-while;
halt(c)
end.
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EH2.8 §NTOFE ARSI HL,
ThEHETHEER TS LNEFETS.

TOTSLAIADBEEELTHES.
BB HEH (THFRAF0IR—D)

& XI(TE A EHEFETRITTED LD
u U SEIOER, v EOEH

cIRDOEH, s T RIDEHR
(RAX)

(1) u:=c; (2) u=u’;

(3) u:=head(v);  (4) u:=tail(v);

(5) vi=s; o ?

(7) vi=right(v); (8) v:=left(v);

9) v:i=u #v; (10) v:=v #u;
(H830)

(11) u=c (12) v=s
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Theorem?2.8 For every computable function, there is a program in
the standard form.

Consider a behavior of program counter.

Further constraints (refer to 101 page of the textbook)
“each statement must be implemented in constant time”
u, u’: variables of = type,  v,v’: variables of * type
c: constant of X type, s: constant of £* type
(Substitution)

(1) u:=c; (2) u:=u’;

(3) ui=head(v); (4) u:=tail(v);
(5) v:=s; oy ?
(7) vi=right(v);  (8) v:=left(v);
) vi=u#v; (10) v:=v # u;

(Comparison)
(11) u=c (12) v=s
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Fa—)TMNEZ-F 2—1) T H#A(Turing machine)

D FMHEREAR=T 1) T THER RGBSR
JmC

EEMEEH O EE. .. Fr—F DIZIE (Church’s Thesis)

3/19

@ FHET IR DA
EHEATREE OB TEE IO S LEENRIE LN
ETEARAREE DA TIE

EARTOTF LN EDFEA:

%t A #REm % 0..

iFfh IR TTiE

@ FHEFARELGEMD IS ADEEHHFR
#LSISISCTHEIESN=O5R
SHEIEHMHR

@ thDHFEDEENFH
3B 5HIE % (mathematical logic)%i&

1/19
Chapter 2: Introduction to Computability
What “Computation” is...
« Difference between “computable” and “incomputable”
« Basic factor of a “computation” (Done)
«  Proof of “incomputable”...diagonalization (Today)
2.1. Studies on recursive functions
recursive function theory
(1) studies on what is "computation™
(2) proof of incomputability
(3) structural studies on a class of incomputable functions
(4) related mathematics fields
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Chapter 2: Introduction to Computability

(1) Studies on what is computation.
"When do we call a function computable?*

-recursive function theory by Kleene
= Turing machine theory by Turing

=>the whole set of recursive functions
=the whole set of functions computable by Turing machines

Church's Thesis on the definition of “computability”
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(2) Proof of incomputability

+Proof of computability is easy: just give a program

~to prove incomputability
must prove that no program exists... . _
proof tools: diagonalization <
recursive reducibility
(3) Structural studies on a class of incomputable functions
hierarchical class depending of hardness
->structural studies

(4) Related mathematics fields
mathematical logic
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%axer ITxL,
IsProgram(a)
& [AFIAADSCEMICELVMEERTOS S LDOI—F]
eval(a, x)
_ rfa(x), IsProgram(a)d &,
N { 2, TOHDEE.
fa):aA—F aARTITOYSLICAA xEMRIzLED
HADIE. (f_aK)IEEH %K)
TEH2.16: IsProgram & eval [T 0455 L TRIFATEE.
IsProgram : 37815 (lint)
eval(a, x) : A—FaMnRITOTSLIZxEAHALIZEEZD
ETEVIaL—rFhIELL.
2FY, /04—TYA (T2aL—%)

FEI34.380

Chapter 2: Introduction to Computability

2.4. Incomputability Proof and Diagonalization
Halting Problem (Problem of deciding whether it halts)
Input: a program A and an input x to it.
Output: Whether does it stop if x is given to A?

Here we only consider the problem only for one-input programs,
but we can generalize the argument into the cases of multiple

inputs. ‘

(Remark) Programs are also encoded into strings on £*’
That is, A and x are also considered as strings on Z*.
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fora,xex”

IsProgram(a)

< [ais a one-input grammatically correct standard program]
eval(a, x)

:{ f_a(x), if IsProgram(a),

?, otherwise.
f_a(x): output value when an input x is given to the program
represented by the code a

Theorem?2.16: IsProgram and eval are computable (programmable).
IsProgram :  compiler(lint program)

eval(a, x) : itsuffices to simulate the behavior of the program for
a code a with an input x, i.e. interpreter or emulator

refer to Section 4.3 for detail
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ibEEHaltD) FE
Boxer [SHL —
Halt(a, x)
& [IsProgram(a) » [AF1 x [ZXfL| a | [FELT S ]]
B2l N—TEEATOTLELLEEHEICHETEDES.
prog B(input w: =*): Boolean;
label LOOP;
begin EBOIOTSLIK
if w# ¢ then LOOP: goto LOOP ZEBTHOINTVSERTE
else halt(0) end-if
end.

Halt( B, s): AN ISHLT BS54 B IFRLE.
EED xeX*-{eHIxL, —Halt([B], x)

(X&) eval([B].e)=0 1A% X# ¢ ISHLTIE
eval([B],x)=L  (REH)
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Definition of a predicate Halt
for a,xe¥’
Halt(a, x)
& [IsProgram(a) » [ | a |stops for an input X]]
Ex.2.1 Halting is sometimes easily checked even with loops
prog B(input w: £*): Boolean;
label LOOP;
begin Assume that the program is written
if w & then LOOP: goto LOOP in the standard form
else halt(0) end-if
end.

Halt([ B ], £): program B stops for an input &
- —Halt([B], x) forany xeX*-{e}
Thus, we can easily check whether B halts or not.
(Remark) eval(|B],&)=0 but, for X # &
eval([B],x)=L (undefined)
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TEHR2.17 Halt(EEt E A AT 88
(REBR)
BEE Hath Gt ERREEERELTFEEZ S
Halth st E AT RE D Haltx 5t H 5709 5 LHalt W FHE T 5.
ZOHaltZAWLT, ROKSHGTOY T LXEES.
prog X(input w: £*): *;

Labe_' LOOP; ERICITEER TEANTULRERE.
egin

if Halt(w, w) then LOOP: goto LOOP

else halt(0) end-if
end.

TOTSLWITWEAALIZEEFELTENESIHE
7045 LHalt#FFUHELTHIEL,

& true HSERIL—TICAY,

Bt false BH0EH AL TELT S, EWVSTRTS A

Halt: 7045 4, Halt: kg

Theorem 2.17: Halt is incomputable. "
(Proof)
By contradiction: Assume that Halt is computable.
Halt is computable=»There is a program Halt to compute Halt.
Using the Halt, we obtain the following program X.
prog X(input w: £*): £*;
label LOOP;

begin Assume that it is written in the standard form
if Halt(w, w) then LOOP: goto LOOP

else halt(0) end-if
end.

Using the function Halt we check whether the program|wjstops

for an input w. If the answer is “HALT” then the program X
enters infinite loop, and if it is “DO NOT HALT” then it stops.

Halt: program or function, Halt: predicate
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=[x X(w)
);,Dglib){[)ﬁf . TOGS Ll ISwEADLEEEBLET B0
(i)j)l, 7:l‘)\ <LE>S. or E5mETOYS LHERUHLTHEL,
— ~A\D ,

B8 true BSEBL—TIZAY,
(i) 0B ALTEL. B false BH0EHALTHILT B
(i) ZIRETHE...

- TS LHBIL—TITABHD, Halt (x,, X, )= true
- DFEY X(x) [EELET B REICFE

(i) ZIRETBE...
- TOYSLAET TS, Halt (x, x)=false
*DEY X(x) [EELELEL REIZFE

EBLDBALFEEELD,

Uf=hS> Tl Halt X3 B AT B ELVS IR £38Y.
R paiongsL

Halt: b &

=218 ROBH diag XF B AR ons
diag(a) = f_a(a) #0, Halt(a, Q)&=
by ZOBOLE

ERA

FHEARELZ (15180 MU EADEEEF LTS,

TRYSLOI—RESDFEEND,
SUEMICELWNT RS S AQI—REINSWVIEIZ],, ay, ...
LWHRBIENTES. (RSBEDHERIERF)

F, 0BT a,f a, ... fa,. EBRBIENTES.

ay, @, 8g, .., 3y

8y, 8y, 8y, -ox , &y

f_a0fE diag(a) D1E
diag(a) =w#0, f_a (a)DIEWHRESR LThHLEE
g Z0RDEE
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Let x,=[X] and input x, to the program X
(i) enters an infinite loop, or
(i) stops normally with the output 0.
Case (i)
+Since it enters infinite loop, —Halt(x,, X, )
-at the if statement in the program X we have Halt (x, , x, )=false
So, halt(0) is executed (normal termination) : contradiction
Case (ii)
-Since it stops, Halt(x,, X,) is true.
-at the if statement in the program X we have Halt (x,, x,)=true
So, it enters an infinite loop: contradiction

In either case we have a contradiction.
That is, the assumption that “Halt is computable™ is wrong.
End of proof

Halt:program or function, Halt:predicate
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Theorem 2.18 The following function diag is incomputable.

diag(a){: f_a(a) #0, if Halt(a, a)
g, otherwise

Proof:
Let F, be a set of all computable functions (with one argument) .
Since a code of a program is an element of £*,
we can enumerate all grammatically correct program codes

ay, a,, ... , & ... in the psuedo-lexicographical order.
We can also enumerate all the functions of F,.f_a;, f_a,, ..., f_a,...
Ay, 8 8g, ..., 8 Ay Ay, Agy e, Ay

values of f_a;

0
values of diag(a;)
diag(a;) = w#0, if the value w of (f_a;, &) is not undefined | .

g,  otherwise
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diagl&EDf_a Lt B35,
B diag()& f_a(I&, HAROFATRT ELS.
L diag(a;) = f _a,(a;)
diag ¢ F,
DFY, E%hdiaglTFHE AT ARETALY.

AR
HIERDNWBEBICRIBVEETRT =HDME,
HOIEBDES G NEALNILE, TOREIZEIEL
B g BRI HHEEEA TS,

SSLTHRILY= g 13 BARS A ORICELZS=0.
BHES G ICIZESALY,

o 10/13
diag is different from any f_a;.

Why: diag() is different from f_a;() at its diagonal position.
diag(a,) = f _a,(a;)
(two functions f,() and f,() are different if
2 there exists an input x such that f,(x) =f,(x).)
diag ¢ F,
That is, the function diag is not computable.
End of proof

Diagonalization
Given a set G of functions, construct a function g which does
not belong to G.
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» A iRRE

ANEERE: BARSAROEELOMICIHIHIEAHEIEEDIL.
ANRE ARFEAHERTHIEEDNIL.
DFY, 1DFOBREMYHLTET, bhAKEZLE DN HLD

Bl EOBHRERDOEREFATERTHD.
BAMLEDEENOER | &, EQER 2i £XET IR EAHS.
2. BYLKROKREZIIAHERTHS.
1xtiEA B 5. F=lE, 2={0,1,-1,2,-2,3,-3, .. }LFIETES.
BB AEHLEARDESIAHERTHD. (BEHM?)

[ BB ML HORAREFTRTHS. |

[EE: RBLhORAREETHTHE. | 1213

OULIKRFEDERLADRESHIFAHTHAI_LE A ARMETIERT 5.

AHTHAERETSE, TRNTHDEREFEEMARDHIENTES:
0.858;58y5...
0.85,85, 8z;...
0.85183, 8g3...
0841845 843.--

0.8;,8;,85...
085,85, 8z;...
0.85,83 8g3..-

. 0.8484,8y3...
0.a4a,aq. 7=f=L, a; €{0,1, ..., 9}
LBV THARLICHIMITERL, Fi-ARER/NEK
X = 0.b;byb,...
%% T,
if a,=1then b, = 2 else b,=1
ELThEEDS.
COESIELNFERNKIZALMZ0LIDEDEHTHS.
UL, FEYADS, LICHIFELIZEDERLELFLILVD (HBROFT
DY RED).
DFY, XIESIBSHLZLITRY, FETHS.
Lizh'oT, SHRIHTHHEWSREISRYA HS.

0.8484 8yz-.- Ay
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Diagonalization

Enumerable infinite set: a set with one-to-one correspondence with the set of
all natural numbers
Enumerable set: finite or enumerable infinite set.
that is, a set whose elements are enumerable one by one.

Ex.1. The set E of all even positive integers is enumerable infinite.
one-to-one correspondence between an element i of the set of all natural
numbers and an element 2i of the set E

Ex.2. The set Z of all integers is enumerable infinite.

We can enumerate them as Z={0, 1, -1, 2, -2, 3, -3, ..}.
Ex.3. The set R of all rational numbers is enumerable infinite. (Why?)

Theorem: The set R of all real numbers is not enumerable. ‘

Theorem: The set R of all real numbers is not enumerable. 12113

Using the diagonalization we prove that the set S of all real numbers between 0

and 1 is not enumerable. By contradiction, we assume that it is enumerable:
0.a;,8;,83...
0.889, 8y3...
0.83)83, 8g3...
0.84,8,843...

0.2,,85,85...
0.8, 8g;...
0.85183, 8g3...
0.84,84,845...

084840 8yz-.. Ay

0.2 a.. Whereg;{0, 1, ..., 9}
Define a new real number x by collecting those digits in the diagonal
x = 0.b;bybs...
where b, is defined by
if 3, =1 then b, = 2 else b,=1

The number x defined above is obviously between 0 and 1, but it is different
from any number listed above since it is different at its diagonal position.
That is, x does not belong to S, which is a contradiction.

Therefore, our assumption that S is enumerable is wrong.
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$12.17 Halt D St E A AT R DFEBAD P TRLV=T 0T 5 AX
prog X(input w: £*): £*;
label LOOP;
begin
if Halt (w, w) then LOOP: goto LOOP
else halt(0) end-if
end.
f X TRTSLXHEHET HEH
fa(@)=LnLE, —Halt, a)
- f X(@)=0
fa(@)=LDE%, Hala, a)
o f X@)=L
SFY, f X=f a&tidf alk
SREAREGBEBDOES FOPITHEELEL.

* 70T S LOERISAERERIZA. B DOE RIS I AT HRER
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Ex.2.17 Program X used in the proof of incomputability of Halt
prog X(input w: £*): =*;
label LOOP;
begin
if Halt (w, w) then LOOP: goto LOOP
else halt(0) end-if
end.
f_X: function computed by the program X
iff _a(a)=L then —Halt(a, a;)
s f_X()=0
iff _a(a)=Lthen, Halt(a, &)
oo X(a) =L
That is, there is no function f_a; in the set /~; of functions
such that f_X=f_a;.

% The number of programs is enumerable, while the number
of functions is not.




