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Diagonalization

Enumerable infinite set: a set with one-to-one correspondence with the set of
all natural numbers
Enumerable set: finite or enumerable infinite set.
that is, a set whose elements are enumerable one by one.

Ex.1. The set E of all even positive integers is enumerable infinite.
one-to-one correspondence between an element i of the set of all natural
numbers and an element 2i of the set E

Ex.2. The set Z of all integers is enumerable infinite.

We can enumerate them as Z={0, 1, -1, 2, -2, 3, -3, ...}.
Ex.3. The set R of all rational numbers is enumerable infinite. (Why?)

Theorem: The set R of all real numbers is not enumerable.
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A TILEAT 5.
AIETHELIERET DL, TRNTHDEREZETHRDIIENTES:

0.25,8,, @y3...
0.85183, 833...
0.841847843.-.

0.a48, 8. 7=1ZL, a; €{0.1, ..., 9}
LRV THARLEIZHIBUTTBL, Fr-1GER/IK

0.21,85583.-.
0.85185, 8y3...
0.8583; ag3...
0.24184; 8y3.-.

0.2,8, 8-

Ay

X = 0.b;b,bs,...
z1E%. ZCT,

If a,,=1 then b, = 2 else b,=1
ELThZEEDSD.

CDRIINEN=ER/NAFBHASHNIC0OEIDRDERTHS.
LML, EUAD G, EICHZELEEEDERELFLLILGVDGIARDATT

DA VAV 9N
DFY, xIESICEBEHWNEIZRY, FETHA.
L1=H>T, SMAIE THLELVREIZRYMAHS.



Theorem: The set R of all real numbers is not enumerable.
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Using the diagonalization we prove that the set S of all real numbers between 0

and 1 is not enumerable. By contradiction, we assume that it is enumerable:

0.21,85583...
085182 8y3...
0.85183, 833...
0.841847843.-.

0.8,8y, &..- Where 3;{0, 1, ..., 9}

0.21,85583.-.
0.85185, 8y3...
0.8583; ag3...
0.24184; 8y3.-.

0.8,8, 8ys--- A

Define a new real number x by collecting those digits in the diagonal

X =0.b,b,bs...
where b, is defined by
If a,,=1 then b, = 2 else b,=1

The number x defined above is obviously between 0 and 1, but it is different
from any number listed above since it is different at its diagonal position.

That is, x does not belong to S, which is a contradiction.
Therefore, our assumption that S is enumerable is wrong.
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512.17 HatDETEAR [ gEE DEEBAD TRV =T AT 5 .LX
prog X(input w: X*): X*;
label LOOP;
begin
if Halt (w, w) then LOOP: goto LOOP
else halt(0) end-if
end.

f X: TS LXMNEETHEH
fa(@)=Lot &, —Halt(a, a)
- X(@)=0
fa(@)=Ldo&x, Halt(a, a)
L f X(a) =L
DFY, f X=f atiibf aldk
TR ARG EAMOES F OP(ZFEELAL.

* 70T S LDEHIEAIFEERA. EHOERILIERT EER
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Ex.2.17 Program X used in the proof of incomputability of Halt
prog X(input w: x*): Z*;
label LOOP;
begin
if Halt (w, w) then LOOP: goto LOOP
else halt(0) end-if
end.

f X: function computed by the program X
Iff _a(a)=L then —Halt(a, a;)

oo _X(a)=0
Iff _a(a)=Lthen, Halt(a, a)
s X(ay) =L

That is, there is no function f_a; in the set F; of functions
such that f_X=f_a..

% The number of programs is enumerable, while the number
of functions is not.
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T(n) LA THADEE, 7ILdUX L A DBRBEEED
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Chap.4 Computational Complexity |

4.1. Survey on Theory of Computational Complexity
“Computable?”=>»*“How much cost is required for computation?
Computational Complexity Theory
(1) Studies on upper bound of computational cost
(2) Studies on lower bound of computational cost
(3) Structural studies on hardness of computation

(1) Studies on upper bound of computational cost
Algorithm Theory: design of efficient algorithms
Suppose we have an algorithm A which solves a problem X
In at most time T(n) for any input of size n. Then, an upper
bound on the time complexity of the algorithm A is T(n).
(asymptotic worst case time complexity)
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2 A EED TRICEET 5%
BRE X [T HEALTILTA) A LEREDIGEIZIE T(N)
BRI 1T T - TLEHEE, BIE X DFHEFTEED
TRRIE T(n).
-P = NP1

BBEVATLDIES

=

Q) FTEDHLIIZ DO TOEEMIIE
“UXFEEDHLI"NELDFHIDWTIHRRLZ L.
HLSDEEEICKIEREEE.
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(2)Studies on lower bound of computational cost
If any algorithm for a problem X takes time T(n) in the worst
case, a lower bound on the time complexity of the problem X
Is T(n).
=P # NP conjecture
 Robustness of crypto system

(3) Structural studies on hardness of computation
Studies to characterize hardness in the level of “xx-hardness”
hierarchical structure depending on the hardness
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421 BERTOTSLEE

. éﬁ_ﬂi while JL—7
TEs FHEBMOESs) / =768

A: KANIBERTOT S L > 120 if X+pc~DFEA
X1y Xoy ooy Xt AND AT > BRI TLID+Hpc~ DA

ADwhile)L—T1EIYZFDRITEATD1RATYTENS.

ABX, Xy, ooy X TR L TADMBE LT HFETIZEBWhile)L—T D
B BZEADX,, Xy, ..., X IS T HETEEFME (BELTA(X, Xy, ..., X
DEHEER) &LV, =120, FIELANEE, SHERREIXER XK.

time_A(Xy, Xp, ooy X)) = A(Xy, Xy, ..oy X, ) D ET B BFRS]
time _ A(l) = max{time _ A(X,, X,,... X)) Y | % [<1}

1<i<k
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4.2 Measuring Computation Time

4.2.1 Revisiting Programs iry It consists of one while loop of
the Standard form »one If + substitute to pc

»0ne basic states + sub. to pc

Definition 4.1 In each line

(Computation time)
A: program with k inputs in the standard form
X1, Xpy ey X2 INPULS 10 A
Single execution of while loop in A Is “one step” In A.
The number of iterations of the while loop required before
A halts is called the computation time of A for inputs x,, X,
..., X (in short, computation time of A(X, X5, ..., X,)).
If A does not halt, its computation time is infinite.

time_A(Xy, X, ..., X,) = computation time of A(Xy, X, ..., X;)

time _ A(l) = max{time _ A(X,, X,,.... X ) D | X [< 1}

1<i<k
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prog 7045 S L4 (input ...);
var pc: X% s 2 Ly 2T

begin

pc:=1;

while pc #0 do
case pc of
1: (X): £ (3X) DR
g Ei; - if‘tlzﬁs*aj( then pc:=k, else pc:=k, end-if

A%, - A pei=k;

k: (30); DT A
end-case

end-while;

haltC* 2 DZEED) ;

end.



Programs in the standard form 418

prog program name (input ...);
var pc: X% X L.y X6
begin
pc.=1;
while pc 70 do
case pc of
1: (statement); Each statement must be either
2. (statement); if comparison then pc:=k, else pc:=k, end-if
3: (statement); or
........... substitution; pc:=Kk;
k: (statement);
end-case
end-while;
halt(variable of type ~*);
end.
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BEXHE R ERER TEITTES-H DR

u u: SEOLEH, v,V 2RI DT
c: B DFERL, s: 2 RIDER
(FEA3) D u:=c; (2) u:=u’;

(3) u:=head(v); (4)u:=tail(v),

(B)vi=s; (Byv==v", ??

(7) v :=right(v); (8) v := left(v);

(v =u#yv,; (10)v:=v#u;
(LEE3T) (11)u=c (12)v=s

V=V DD LERIFZIESNTLNS.
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- Constraints to execute each statement in constant time

u, u’: variable of type X, v, v’: variable of type =*
c. constant of type Z, s: constant of type X*
(Substitution)
(1) u:=c; (2) u:=u’;

(3) u:=head(v); (4)u:=tail(v);

(5)v:=s; (Bp=v7; 77

(7) v :=right(v); (8) v :=left(v);

(9 Vvi=u#y; (10) v =V # u;
(Comparison)

(11)u=c (12)v=s

- comparison of the form v = v’ is forbidden
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422. 7055 LOEBEEE

TRV S LDOBRFHEEEANTAXDEBELTKRER
(ARXFIDES)
ZHAa—kE:
TTDRNED YA X ZEFEDFEFHANTEELGTI—FE

$514.5: 1 EFRFEE2EFRED
(DY A XX ZDMTEIEDIIIFTIE
2EREIFIZ LG —FIETH SN,
LEREIIRELGI—FE
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4.2.2. Time complexity of a program

The time complexity of a program is represented as a function of
Input size (length of an input string)

Valid Encoding:
Encoding into at most constant times larger than the original.

Ex.4.5: Unary and binary representations
Binary representation is a valid encoding in the standpoint
of “size of a number Is its number of bits”, but unary one
IS redundant.
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4.3 BR LD, g IZXL,
3c,d >0, Vn [f(n)= c g(n) + d]
EIGBHEE, fIFE=F—qTHAH LW, F=0(g) £LEBRT 5.

* EHC, dIEnEEBERICEROENDE.

EEAL BABMEDEEDREKT, g, h IS LRDEFRAALIL,
(1) Vn[f(n) = g(n)] > f=0(g)

(2) Fc > 0, vn[f(n) < cg(n)] = f= 0(q)

(3) [f =0(g) »>g=0(h] > f=0(h)
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Definition 4.3: For functions f and g on natural numbers, if
3c,d >0, Vn [f(n)= c g(n) + d]
then we say f is in the order of g and denote it by f = O(Q).

Remark: the constants ¢ and d must be determined
Independently of n.

Theorem 4.1: The followings hold for any functions f, g and h on
natural numbers:
1. Vvn[f(n) = g(n)] = f=0(g)

2. 3c>0,yn[f(n) = cg(n)] = f=0(g)

3. [f=0(g)andg=0(h)] = f=0(h)
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423 BBEEDOEKREHES

EFzLL O EETEMREEL, tZBANLEDORE#ET S,

WEDOEHETEZTATSLAEES ¢, d >S0NFELT,
VI [time A(l) = ct(l) + d]

Hisld, olXOMRMETERIEE, HAVLNIODFMETE =L

O(t) THABHELNS.

FE CCTIHETERBEELT, E60ZEBRIBEZEELTLA.
EfMICIITRIEOI t BRI LT CEtE I ELVOERK,

CE1) A DEFEETE=E t KUELDBLNELY.
CE2) A KYBRKOZEFTE T HTAT LA H AN LN
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4.2.3. Time complexity of a problem

Def.4.4. Let ® be a computing problem and t be a function over
natural numbers. If we have a program A to compute @ and some
constants ¢ and d > 0 such that

VI [time_A(l) = ct(l) +d]
then we say that @ is computable in O(t) time, or time complexity
of @ is O(t).

Notice: We assume here that a computing problem is that of
recognizing a set.

Intuitively
problem @ is computable within time t
- time complexity of A may be less than t.
- there may be a faster program to compute @ than A does.
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Bl47. REHIEHBEORRHEER

= 5¥I B (PRIME) RE—=Y T DAR:
AB:BRE (=L, 2i#ERD) S
BRE:nXRHMN? " m(ej
PRIME ={[n]:nldx&E%}

prog Naive(inputn); 2 ~ n-1METE>THD = N
begin REA

foreachi:=1<i<ndo 2002% (2

If n mod i = 0 then reject end-if o(1°)
end-for; _ 11
accept T log n-log i B Dy Ao

MEBZEINT-N

end. \
time_ Naive(n)<»  _(clognlogi+d)
= clog n log ni+dn = O(n(log n)?)

n DERI#F | T 5BE, | 1XIXIFlog nf2h 5, time_Naive=0(122))
I, FHHERREORRBEGE=IL(ER) 0(122)
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Ex.4.7. Time complexity of the problem determining primes

Prime-determining problem(PRIME)
Input:a natural number n (binary representation)|  Stirling’s Formula:

Question: Is n prime? » ﬁ(g)
PRIME ={[n] :nisprime} nixvern e

EVOQ Naive(inputn);  try to divide by numbers between 2 — n-1
egin
foreachi:z=1<i<ndo

If n mod i = 0 then reject end-if -
end-for: o O(l°) time algorithm has
T log n-log i time E

accept been proposed in 2002!!
end.

time_ Naive(n)<»  _(clognlogi+d)
= clog n log nl+dn = O(n(log n)?)

When the length of nis |, | is approximately log n. So, time_Naive
=0(I22Y. Thus, time complexity of PRIME is O(122)).
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TE 4.5
BAZ EDOBRE tIZHL, BFFRETEED O1) LLLH%EE
(i.e., 72 ERE) DEAZT O@) FEFTEEI IR &L,
FDUSAETIME()ERT.
F1=, t D KO EZE Fil BB AR R &SN
=&AL, O(122) Bl CRRi e E R T L H =V T AN
TIME(I22YTHY, £& PRIME [TZD—EX.

PRIME € TIME(I22')

— He BB .

4 Tl PRIME € TIME (1°)
ZIEH 6
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Def.4.5.
For a function t over natural numbers, the set of all sets

(i.e. recognition problems) with time complexities O(t) is
called O(t)-time complexity class, and it is denoted by TIME(t).
And such a function t is called a time limit.

For example, a class of sets recognizable in time O(122) is
TIME(122!), and the set PRIME is one element.
PRIME € TIME(I22")

Exponential

Now, PRIME € TIME(I°)

Polynomiz
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FOE KXW GHEEISX

5.1 REMGREFEEISR
P=Upgmst TMEED)

¢ =\UL1 TIME(2®)

EXP= U TIME(200)
p:ZIE (2°0)

C%é n+ﬁ£77ZC' )\é%é
CREIRE: CHRE DERHMERE —

<

HABRENPIZADTULVELNE S,
HEMIZIEFIZEZALL...
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Chapter 5
Representative Complexity Classes

5.1. Representative time complexity classes

P = Up:polynomialTlME(p(l))
¢ =\UL.1 TIME(2)

EXP = U TIME(2r()
P:polynomial

C set: setinthe complexity class C.
C problem: problem of recognizing a C set.

Problems not in /P are intractable
from the practical viewpoint...
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Bl5.1: DS5ARP, & EXPTI, ZIERBFRIFEEDEIXRERE
TIEAELN.
P. Z2IER X ZIERXA>ZIEI
E 2D x ZIEX > 20 E
EXP:2M%IERTE X ZIENX > 20 FBEAFE

15']5.2: PR|ME®E’|’§%75Z ',—‘F(Eﬁé: 20024E = Oﬁ
514.7 > PRIME e TIME(2) DT ILTYR LNEZE
&I, PRIME e & SNFDT. STRP

EFS.1L T HIRFFRIORS

U, 1 TIME(t): TRRAETHE TR
- NETIME(T)EXRT.

EH5.1: (1) P= UgsoTIME(I),  (2) EXP = Ugsp TIME(2")
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Ex.5.1: Polynomial makes no serious difference in the classes
P, E, EXP.
P. polynomial X polynomial->polynomial
E: linear power of 2 X polynomial = linear power of 2
EXP: poly. power of 2 X poly. - poly. power of 2

Ex.5.2: Complexity class of PRIME
Ex.4.7 2 PRIME € TIME(2))

Thus, PRIME ¢ & “0(1° time algorithm put
it in P!

Def.5.1: T: set of time limits

Ut < TIME(): T time complexity class
— It is denoted by TIME(T).

Theorem5.1 (1) P=U_ TIME(I9),  (2) EXP=U_, TIME(2')

0 0
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REEL (1) P= U TIME(), () EXP=U__ TIME2")

0 0

SEHA: (2)DEERA (L &R,
T FEVWSHOEZBERXDES.
T,. ZIHKX DK
ST, S T,50T, TIME(T,) S TIME(T,)
p EFENZIEX (PIEIT,OEENER)
L EXPDRAREEKET BE, p(l) = O
FIHE43LY,
TIME(p(l)) € TIME(IY) € TIME(T,)
Lt=5>T, TIME(T,) = TIME(T,)

\ s EA R

TE F84.3:
I ARTOHIPREFRE] t),t, SxFL.
t,=0(t,) E5 I TIME(t,) S TIME(t,)
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TIME(2' )’

Theorem 5.1: (1) P= 5o TIME(F), (2) EXAP=U 4

Proof: The proof of (2) is omitted.
T,: set of polynomials of the form of I°.
T,: set of all polynomials
2> since T, € T,, TIME(T,) € TIME(T,)
p: arbitrary polynomial (p is any element of T,)
if the maximum degree of a polynomial p is k, p(l) = O(I¥)
From Theorem 4.3,
TIME(p(l)) & TIME(I¥) & TIME(T,)

erefore, TIME(T,) = TIME(T,)
Q.E.D.

Theorem 4.3:
For any times t,,t,,
t,=0(t,) implies TIME(t,) E TIME(t,)
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1515.3. an =8 5w 28 =0 5T (M 1 =B (PROP-EVAL)
AN:<F <aj,ay...,a,>>
FIZILEE R ERER AV - > ©
(@, a,, ..., a )X FIZRITHEEEZIUET
Bi: F(a,a, ... ,an): 1?

X—Y X ©y

(xy) [(xVy) [ (x=y) A(y—X)
(0,0) |1 1

0,1) |1 0

(1,0) |0 0

(1,1) |1 1
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Ex.5.3. Problem of evaluating propositional expression(PROP-EVAL)
Input:<F, <a; a,, ... ,a,>>
F Is an extended prop. expression

(a,, a,, ..., a,) isatruth assignment to F
Question: F(a,, a,, ... ,a,) =1?
Xy X<y
(xy) [ (TxVYy) [(x=Y)Ay—X))
(0,0) |1 1
(0,1) |1 0
(1,0) |0 0
(1,1) |1 1
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1515.3. an =8 5w 38 =0 5T fE =B (PROP-EVAL)

AN:<F, <a,a,...,a,>>

F(i*ff\?}ﬁnntnﬂﬂ B AV = ©

(@, @y, ..., 3, ) IFFICXTHEEEZIYHT
BiH: Fa,, a,, ... ,an): 1?

Hhokan REERIET F AO—KMESh=34.D [F] DhoatEARZES.
SHEAIZO([F] BRI TR TE 3.
dﬁ*#?%%h’m\hli, RELTYTHKT
Fa, a,, ...,a ) DIEIXIBESZIZHERRE. | |

Bl . F(X, Xy, Xa) = [Xg A —Xo] v [X{—> Xa] ) o% 1
F(0,1,0)=1 (A
F(1,1,0)=0

£->T PROP-EVAL € P 0
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Ex.5.3. Problem of evaluating propositional expression(PROP-EVAL)

Input:<F, <a; a,, ... ,a,>>

F is an extended prop. expression

(a,, a,, ..., a,) isatruth assignment to F
Question: F(a,, a,, ... ,a,) =17

Construct a computation tree from a code | F | of ext. prop. expression
It is built in time O(|| F | ]?).
If computation tree is available, we can easily obtain the value

F(a,, a,, ..., a,) Inabottom-up fashion. , 4
computation

EX.: F(Xg, Xo 5 X3) = [Xg A 7%] v [Xp —=Xg] @ O -
F(0,1,0)=1
F(1,1,0)=0

Hence PROP-EVAL € P
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1515.3. apREamIE 07 R (£ B RE  2FNFE 2 (2SAT)

\\

o EE IR T

A :<F> FlX2FniaF
B F(a, ay, ..., a,) = 1ZHETEIY L THHZH?

iR
F=(OVOV.VOABV.VOA...A(.)
-)TFIIILOREBHNOGEE CRIHINS-ED

IR (k SAT) —15\—*’/&/ D
-FFEROLXBIBANAKEDYTIILEZED

- 3SAT, 4SAT L RIFRICEZTE S,

-SAT: FHBIBFMOYTIILOESIZHIEIZLNED

- EXSAT: AADLaEmERER(—© o 1EFY)
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Ex. 5.3. 2-Satisfiability (2SAT)

Input: <F> F Is 2-conjunctive normal form
Question: Is there any assignment such that F(a,, a,, ... ,a,) =1?
Conjunctive Normal Form (CNF)

F=(OVOV.VOABV..VOA..A(.)
- described by A of V of literals.

exactly/at most
- Each closure contains k literals

- We can define 3SAT, 4SAT similarly.
- SAT consists of any CNF.
- EXSAT consists of any extended propositional expression.
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fB15.4: Bl|:ZE [ gETEEIRE(ST-CON)

AJ1:<Gst>: BRI TG, 1=51=n(=G|)
BRl: GETs Mot ~DELHBHV?

SEAREIEX. B R LR AN RILTH SR
A AS—HREIX. TARTHDLE—EDDELHHR
>IN LR FREIZ. T RTHDIERZ—ED DR LHHR

f5i5.4: —£EEMARRIE(DEULER)
AN <G> BTG
B GIXFA15—FAZEHD2H?

515.5: NS )L+ FA B[ RE(DHAM)
AN : <G> BRI TG
BR: GIE/N\SJILF BB ELDOH?



EX. 5.4: Graph reachability problem (ST-CON)
Input: <G,s,t> : an undirectd graph G, 1=s,t=n(=|G|)
Question: Does G have a path from s to t?

» Cycle is a path that shares two endpoints.
»Euler cycle is a cycle that visits all edges once.

»Hamiltonian cycle is a cycle that visits all vertices once.

EX. 5.4: Euler cycle problem (DEULER)
Input: <G>: a directed graph G
Question: Does G have an Euler cycle?

Ex. 5.5 Hamiltonian cycle problem (DHAM)
Input: <G>: a directed graph G
Question: Does G have a Hamiltonian cycle?

17/18



UTDEENHONTLNS:

>UTORRERPICET 4:
v" PROP-EVAL, 2SAT, ST-CON, DEULER

>LUT ORI EICET S, M. ..

v  3SAT, DHAM

o)

P&EEDRDIZANP
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It IS known that:

» The following problems are in P:
v" PROP-EVAL, 2SAT, ST-CON, DEULER

» The following problems are in &, but...
v' 3SAT, DHAM

)

o)

The class AP between P and £?




