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ARRE

AINEEES: BRAREAROESLOMICIHIREAHIEEDIL.
ANES - AREFLIAHERTHIEENL.
DFY, 12T OBREMYHLTET, bhiEZAE 5N 5LD

Bl EQOBREHRDEREFAHERTHD.
BRAMLAOEENOER | &, EOER 2 #XETIIRIAEAHD.
Bl2. BHLARDEEZITAHERTHS.
1A B 5. £=lE, 2={0,1,-1,2,-2,3,-3, .. }LFIETES.
B3, FEBLHROEAFAHERTHD. (GEH?)

[2E: BB HORAREFTRTHD. |
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Diagonalization

Enumerable infinite set: a set with one-to-one correspondence with the set of
all natural numbers
Enumerable set: finite or enumerable infinite set.
that is, a set whose elements are enumerable one by one.

Ex.1. The set E of all even positive integers is enumerable infinite.
one-to-one correspondence between an element i of the set of all natural
numbers and an element 2i of the set E

Ex.2. The set Z of all integers is enumerable infinite.

We can enumerate them as Z={0, 1, -1, 2, -2, 3, -3, ..}.
Ex.8. The set R of all rational numbers is enumerable infinite. (Why?)

Theorem: The set R of all real numbers is not enumerable. ‘

[EB: =YL O AREETETHE. | 12713

0L ELRFEDRBERDEASHIFAIH THH L& BIRMETIERAT 5.

AHTHHERETSE, TRTDEREFEEHARDIENTES:
0.83,81,y5...
0.8,,8y ...
0.85183, 8g;...
0.84,8,,845...

0.8;,81,8y5...
0.8,,8y, 8y;...
0.85,85 ag3...

. 0.841848y3--
0.848,a,. ==L, a; €{0,1,..,9}
LBV THARLICHIRITEAL, Ff-HIIR/NK 0.84840 Ba--- Ay
X = 0.b;b,b...
%%. T,
if a,=1then b, = 2 else b,=1
ELTHEEDS.
COFIIEoN = ER/DIFBALMZ0EIOBDEHTHS.
UL, FEYA DD, LICHIFELIZEDERLELELILZL (HARDOAHT
WIRED).
DFY, XIFTSITBEHEITRY, FETHS.
LizhoT, SASRIH THHEWSREICHRYAHS.
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51217 Halt D FH E R AT REE D FEFAD R TRV =TS S5 LX
prog X(input w: £%): £%;
label LOOP;
begin
if Halt (w, w) then LOOP: goto LOOP
else halt(0) end-if
end.

f X FATSLXMNEET S
fa(g)=LD&x, —Hal, )
- fX(@)=0
fa(d)=LdLE, Halt(a, a)
o f X(a)=L
DFY, f X=f_a&hibf ald
FERIREGBEBDES A DOFRICHFELGL.

*TOY S LOERSAFEERIZA, BB OERISIETHER

Theorem: The set R of all real numbers is not enumerable. 12113

Using the diagonalization we prove that the set S of all real numbers between 0

and 1 is not enumerable. By contradiction, we assume that it is enumerable:
0.a3;81,8y5...
0.85,8y) ay3...
0.83183, 8g;...
0.8,;84845...

0.8,8,8y5...
0.8,,8y, 8y...
0.85183, ag;...
0.84,8,585...

0.a,8, 8. &
0.8, 3. Whereg;e{0, 1, ..., 9} @2 Ba- -+ A

Define a new real number x by collecting those digits in the diagonal
x = 0.b;hybs...

where b, is defined by
if a,=1then b, = 2 else b, =1

The number x defined above is obviously between 0 and 1, but it is different
from any number listed above since it is different at its diagonal position.
That is, x does not belong to S, which is a contradiction.

Therefore, our assumption that S is enumerable is wrong.
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Ex.2.17 Program X used in the proof of incomputability of Halt
prog X(input w: £*): £*;
label LOOP;
begin
if Halt (w, w) then LOOP: goto LOOP
else halt(0) end-if
end.

f_X: function computed by the program X
iff _a(a)=L then —Halt(a, a;)

~f_X()=0
iff _a(a) =L then, Halt(a;, a;)
s f X)) =L

That is, there is no function f_a; in the set ~ of functions
such that f_X=f_a;.

% The number of programs is enumerable, while the number
of functions is not.
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F4E FHEHOEMSAM

4.1 SR OEMES OB RITR
TEHEREEM 2 |DTEDREDHEIARNTIHE AN ? |
FHHEOEHSOER (Computational Complexity Theory)
() HEE0LRICETHHE
(2 HEEOTRICETHHRE
(3) SHEDHLIIT OV TOEEMIARE

(1) HEROLRBICEATIHE
PHEOENTILTYX LDEFE (7L X LER)
HHEEX (THLT, ZhEBTILTIX L ADHY,
YAZX n DEALGRIERIZHLTEH A DBRGEEN
T(n) LATHDEE, 7ILTUXL A DEREGEED
LRRIE T(n)

(REBHOMIMNERETES)

18

Chap.4 Computational Complexity

4.1. Survey on Theory of Computational Complexity
“Computable?”=»*“How much cost is required for computation?
Computational Complexity Theory
(1) Studies on upper bound of computational cost
(2) Studies on lower bound of computational cost
(3) Structural studies on hardness of computation

(1) Studies on upper bound of computational cost
Algorithm Theory: design of efficient algorithms
Suppose we have an algorithm A which solves a problem X
in at most time T(n) for any input of size n. Then, an upper
bound on the time complexity of the algorithm A is T(n).
(asymptotic worst case time complexity)
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2 HE RO TRICET S8R
M X 12T BEARTIILTIALEREDIZAIZIE T(N)
BT T hMN>TLES LS, MIRE X OB EED
TRRIE T(n).
P # NPT
BB VAT LDES

(3) HEQ#LIIZDL\TOHEEHRIR
“XXTEEDHLI" DL DFHITOVNTRRSIL.
HLSORBEICLIMBELE.

2/18
(2)Studies on lower bound of computational cost
If any algorithm for a problem X takes time T(n) in the worst
case, a lower bound on the time complexity of the problem X
is T(n).
P # NP conjecture
*Robustness of crypto system

(3) Structural studies on hardness of computation
Studies to characterize hardness in the level of “xx-hardness”
hierarchical structure depending on the hardness
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421 RERTRITSLEBE

o &{K[E while JL—F
EEAL (HERMOER) / [~ &FF

A KAHRERTOT S L > 120 if X+pe~ADEA
Xps Xgy voer Xio AND AT > ERGHLO+pe~DRA

ADQwhile)L—F1AY R DRITEATDIRTYTELS.

AFIXq, X, oo XJTRHUTADMEIE T ZETICE BWhile—TF D
E&%Lml;_xgw_xgm(mbtla\(xl, Xoy ven Xk)
D EEEME) &S, 12120, SN EE, STEBERIXERX.

time_A(Xy, Xy, ooy Xi) = A(Xg, X, -.r, X, ) O EH S BERT

time _ A(1) = max{time _ A, X,,... X) 1 D [ % <1}

1<i<k

. ) ) 3/18
4.2 Measuring Computation Time

4.2.1 Revisiting Programs in It consists of one while loop of
the Standard form »one if + substitute to pc

> one basic states + sub. to pc

Definition 4.1 in each line

(Computation time)

A: program with k inputs in the standard form

X1, Xg, -y X& INPULS tO A
Single execution of while loop in A is “one step” in A.
The number of iterations of the while loop required before
A halts is called the computation time of A for inputs x,, X,,
..y X (in short, computation time of A(Xy, Xy, ..., X))
If A does not halt, its computation time is infinite.

time_A(Xy, X, ..., X,) = computation time of A(Xy, X5, ..., X,)

time _ A(l) = max{time _ A%, X,,... %) 1 D | % <1}

1<i<k




E#ERIOTS5 4
prog 7R S L% (input ...);
var pc: T% 5% .., X%
begin
pc:=1;
while pc #0 do
case pc of
1 (X);
2: (X);
3 (30);
k: (3);
end-case
end-while;
halt(*B¢ D ZE#D);
end.

& (X)) DT

- if LEESC then pei=k, else pc:=k, end-if
- RRAX; pe:=k;

DULFhh.
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Programs in the standard form 418

prog program name (input ...);
var pc: Z* - L B%
begin
pci=1;
while pc #0 do
case pc of
1: (statement); Each statement must be either
2: (statement); if comparison then pc:=k else pc:=k, end-if
3: (statement); or
........... substitution; pc:=k;
k: (statement);
end-case
end-while;
halt(variable of type =*);
end.
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- BXHE 2 EHEEM TRITTES-HDHK
u U TR OEL, vV B OER
cIROEH, s T RDEH
(A Wu:=gc; @u:=u;
(3) u:=head(v); (4)u:=tail(v);
(B)vi=s; =y, 7?7
(7) v:=right(v); (8) v := left(v);
Q) vi=uty; (10)v:=v#uy;
(LEBEX) (1) u=c (12)v=s
VEVOBOLEEEIESATNS.
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422. 7RSS LORMEER
TS LOBEHAEREEFANYVAXDEHRELTERR
(AAXFIDOERS)

Zoia—R{t:
TEDREDH A XIZEHEDE

NTRELI—FE

$l4.5: 1HERFDE2HER D
THDOY A XFZOHBIEDIIHTIE
ERBIIRYULGEI—FETH DA,
IERRBEIATREI—FE
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- Constraints to execute each statement in constant time
u, u’; variable of type X, v, v': variable of type =*
c: constant of type X, s: constant of type X*
(Substitution)
L)u:=c; u:=u%;
(3) u:=head(v); (4)u:=tail(v);
B)v:=s; =y, 7?
(7) v :=right(v); (8) v := left(v);
Q) v:i=uty; (10) v:=v#u;
(Comparison)
(11)u=c (12)v=s
+ comparison of the form v = v’ is forbidden
6/18

4.2.2. Time complexity of a program

The time complexity of a program is represented as a function of
input size (length of an input string)

Valid Encoding:
Encoding into at most constant times larger than the original.

Ex.4.5: Unary and binary representations
Binary representation is a valid encoding in the standpoint
of “size of a number is its number of bits”, but unary one
is redundant.
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A3 A EDRIR T, g [TxL,
Ac,d >0, Vn [f(nN)=< c g(n) +d]
L BEE, fIXE—=F—gTHBELY, =0(g) L2k T 3.

*EHC, diEnEMBERICETHENBE.

EHEAL BAREOEBOBKAS g, h (SR LROBERARIL,
(1) ¥n[f(n) = g(m] > f=0(9)

(2) Ic>0, @n[f(n) = cg(n)] > f=0(g)

(3) [f =0(g) M2 g=0(h)] > f=0(h)
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423 MEORKHHER

EHEAL O ZHEMBEL, tZERYM LOBESKETS.

WEOEHETEZTOTSLAEES ¢, d>0NFEHELT,
v I [time_A(l) < ct(l) + d]

HnlE, OIXOM)FMETERIEE, HAVNIODEHERE

0N THBELS.

AERCCCTIETEMRBELLT, £EOREMBEZRELTLS.
BEHMICIXTREDE t BRI LT CrEmTREI LV SER,

(E1) A DEREEFHEEF t KVELDBLNEL.
(E2) A YL EOERETHT0I S LA HHMELNALN.
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Bl4.7. REHERE ORI TR

FHHIERIRE(PRIME) 7~’>’—'J>7“0)'Lﬂ§z€;
A% BAMn(LEL, 2R el

B0 ARG 2 =202
PRIME ={[n] :nlZ&#}

Erog Naive(inputn); 2 ~ n- 1D TEI>TH S
egin

Rk

foreachi:=1<i<ndo 20024 (<
if n mod i = 0 then reject end-if o(l%)
end-for; o
' ~ ‘logi DOFILTYR L
ad log 109 5 BERELN

time _ Naive(n)<»" . (clognlogi+d)
=clog n log n+dn = O(n(logn)?)

nDESE LT 5L, | XIEXlog nf2h 5, time_Naive=0(122")
HIC, Y EREORHEGERT (F L) 0(122)
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Definition 4.3: For functions f and g on natural numbers, if
Sc,d >0, Vn [f(n)= c g(n) +d]
then we say f is in the order of g and denote it by f = O(g).

Remark: the constants ¢ and d must be determined
independently of n.

Theorem 4.1: The followings hold for any functions f, g and h on
natural numbers:
1. vn[f(n) = g(n)] > f=0(g)

2. Fc>0, yn[f(n) = cg(n)] > f=0(g)

3. [f =0(g)and g = O(h)] > f= O(h)
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4.2.3. Time complexity of a problem

Def.4.4. Let @ be a computing problem and t be a function over
natural numbers. If we have a program A to compute ® and some
constants ¢ and d > 0 such that

VI [time_A(l) = ct(l) +d]
then we say that ® is computable in O(t) time, or time complexity
of @ is O(t).

Notice: We assume here that a computing problem is that of
recognizing a set.

Intuitively
problem ® is computable within time t
* time complexity of A may be less than t.
+ there may be a faster program to compute @ than A does.
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Ex.4.7. Time complexity of the problem determining primes

Prime-determining problem(PRIME)
Input:a natural number n (binary representation)|  Stirling’s Formula:

Question: Is n prime? ~ lf(ﬂj"
PRIME ={[n] :nisprime} MmN e

EFOQ Naive(inputn);  try to divide by numbers between 2 — n-1
egin
foreachi:=1<i<ndo
if n mod i = 0 then reject end-if
end-for; h L
accept "~ log n-log i time
end.
time _Naive(n)< » . (clognlogi+d)

=clog n log n+dn = O(n(log n)?)

0(1°) time algorithm has
been proposed in 2002!!

When the length of n'is I, | is approximately log n. So, time_Naive
=0(122"). Thus, time complexity of PRIME is O(122').
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TE%A45.
BAKEOREHK tICRL, BEFHEEN OF) LEDIEE
(e, REMBE) O2AE O) HEEEERISZE,
ZDISRETIMEMERT.
Ff=, t O K57 B E HiBREFRE &I 5N
fzEZIE, O(I22) BRI CRRB TR EAE RO ITAN
TIME(I22)THY, &£& PRIME [FZD—EX.
PRIME € TIME(I2)
[S— e
— HEHREA%K ”
4 TIE PRIME € TIME (1°)
St @
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#5E REMUHEEITR
5.1 RE|HGEREEHRISZ
P=Upgmst TMERD)
£ =\Uq TIME@)

= (1)
sap K.ggIEEéI'IME(ZP )
CEE: FHEEVIRCZADESR.
CHERE: CEEDRHME =
>

HBHEREAPIZA>TULVELNES

BEMICIEFICERLEL..
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BI5.1: S RP, & EXPTIE, LIEXBMIZEDZLLME
TIEAL.
P 2IER x FHEAS>LIERX
E2DME x ZIERX > 20 E
EXP2MZIEHE x FER > 20FEXE
515.2: PRIMED St EE 95 R REK: 2002412 O(1°)

#14.7 > PRIME < TIME(2') OF LY L LA
1% PRIVE < £ roc. siin

EES.L T HIREFEORE

Ut <7 TIMEQ): TR HE S5 X
—SZhETIME(T)ERT.

SEH5.1: (1) P= UgsgTIME(IY),  (2) EXP = Ugsg TIME(2")

[—)
Now, PRIME € TIME(I®)
Polynomia 6
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Def.4.5.
For a function t over natural numbers, the set of all sets
(i.e. recognition problems) with time complexities O(t) is
called O(t)-time complexity class, and it is denoted by TIME(t).
And such a function t is called a time limit.
For example, a class of sets recognizable in time O(122') is
TIME(I22"), and the set PRIME is one element.
PRIME € TIME(I22')

=

Exponential
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Chapter 5

Representative Complexity Classes

5.1. Representative time complexity classes
P = pipotynomial ™MER()
£ = Uc>1 TIME(2%)

cxp=U_ TiME@0)
p:polynomial
Cset: setin the complexity class C.
C problem: problem of recognizing a C set.

Problems not in P are intractable
from the practical viewpoint...
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Ex.5.1: Polynomial makes no serious difference in the classes
P, E EXP.
P: polynomial X polynomial->polynomial
&: linear power of 2 X polynomial - linear power of 2
EXP: poly. power of 2 X poly. > poly. power of 2

Ex.5.2: Complexity class of PRIME
Ex.4.7 > PRIME e TIME(2")

Thus, PRIME e & 0(1°) time algorithm put
itin P!
Def.5.1: T: set of time limits

Ut <7 TIME(t): T time complexity class
—lt is denoted by TIME(T).

Theorem5.1 (1) P=U

IME(IF), (2) ExP=U C>0T|ME(2'°)

esof
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L (1) P= U TIME(S), () EXP= U TIME(2'®)

SEEH: (2)DEERA L HBE.
TuFEWSHEDOSERXDES.
Ty ZIERADEK
ST, S T,HDT, TIME(T,) € TIME(T,)
p: FEDZEX (pET,OEEDER)
ZEXpDRRREEKET DL, p(l) = Ok
EIH43&Y,
TIME(p(l)) € TIME(IK) € TIME(T,)
Lt=A85T, TIME(T,) = TIME(T,)
SEBA#R

TEH4.3:
FATOHIBREFE t,t, ISR
t,=0(t,) %51 TIME(t,) S TIME(t,)
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Theorem 5.1: (1) P= Usg TIME(R), (2) EXP= U TIME(2')°

Proof: The proof of (2) is omitted.
T,: set of polynomials of the form of I°.
T,: set of all polynomials
> since T, € T,, TIME(T,) € TIME(T,)
p: arbitrary polynomial (p is any element of T,)
if the maximum degree of a polynomial p is k, p(l) = O(I¥)
From Theorem 4.3,
TIME(p(I)) € TIME(IX) € TIME(T,)

erefore, TIME(T,) = TIME(T,)
Q.E.D.

Theorem 4.3:
For any times t,,t,,
t,=0(t,) implies TIME(t,) S TIME(t,)
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Ex.5.3. Problem of evaluating propositional expression(PROP-EVAL)
Input:<F, <a,, a,, ..., a, >>
F is an extended prop. expression
(@, @y, ..., &, ) is atruth assignment to F
Question: F(ay, ay, ... , a,) =1?

Xy X oy
xY) [(TxVy) [(x=Y)Ay—X)
0,0) [1 1
1) |1 0
(1,0) |0 0
|1 1
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1515.3. e 5 22 =X 5T ffi Fé RE (PROP-EVAL)
AR :<F <a, a, ...,a,>>
FIZIRSERER AV - ©
(g, 8y, ..., 3 [EFICHTHEEBERYEHT
Bl F@ay,a, ..., a,)=1?
X=y X ey
xy) |[(TxVY) [(x=y) Ay—X)
0,0) |1 1
(01 |1 0
(1,0) |0 0
11 |1 1
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1515.3. e 5w 22 =X 5Tl SR8 (PROP-EVAL)
AR :<F,<a,ay, ..., a,>>
FIIIERETERERX AV - ©
(ay, @y, ..., a,)[FFICR I HEEERY LT
B Fa, ay ..., a,)=1?

IEGERER F AI—FEEh30 [F] MhOHEREES.
FTERIZO([FIPHRETHERTES.
FEANGLONTONIE, RELATYTRHT
Flay, ay ..., 8,) DETBEZITFHETEE. |

HERXR
Bl F(Xy %o, X)) = Xy A %] V% =X 0 05\9\ 1,
F(0,1,0)=1 ©)
F(1,1,0)=0
&>TPROP-EVAL € P ‘ 0

Ex.5.3. Problem of evaluating propositional expression(PROP—EV%AE)I/_%8
Input:<F, <ay, ay, ..., a,>>
F is an extended prop. expression
(a, @y, ..., a,) isatruth assignment to F
Question: F(a, a,, ..., a,) = 1?

Construct a computation tree from a code [ F | of ext. prop. expression
Itis built in time O(|[F] ).
If computation tree is available, we can easily obtain the value
F(ay, ay, ... , &, ) inabottom-up fashion.  ; ;

}9\ computation
EX.: F(Xy, X5, X3) = X A X v [X) —X%5] 0.0 1, tree

F(0,1,0)=1
F(1,1,0=0

Hence PROP-EVAL € P ‘




%15.3. EnRERIBR I B MERIRE : 2FNFERL (2SAT)
A <P> FIR2fifER S mER
B F(ay, ay ..., a,) = 1E@/ETEIYHTHHDH?

niER:
F=(OVOV..VOABV..VO)A..A(..)
S)TFILOHBHORERECREINLD

IR (CSAT)
- HEROLSRENAKBEAD)TIIVESD

- 3SAT, 4SAT L EIMRICEETE S,

- SAT: £HIBAMOUTIILOEEKICHIBLZLED

-ExSAT: AAMREGEREXCP o159
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Ex. 5.3. 2-Satisfiability (2SAT)

Input: <F> F is 2-conjunctive normal form
Question: Is there any assignment such that F(a,, a,, ... , a,) = 1?

Conjunctive Normal Form (CNF)
F=(@OVOV..VOA(BV..VO)A..A(..)
- described by A of V of literals.

exactly/at most
k SAT

- Each closure contains k literals

- We can define 3SAT, 4SAT similarly.
- SAT consists of any CNF.
- EXSAT consists of any extended propositional expression.
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5.4: EE AT BEMERIRE(ST-CON)

AF:<Gst>: FERTSTG, 1=st=n(=|G|)
B GLTs ot ~DENHEH?

>HREE AR AN RLTH D
> AS—EBLIE. TRTOIDE—EIDEHHK
FNIILEUEHREE. TRTOTERE—EDDEIHE

iI5.4: —EEEFAKMRE(DEULER)
AN <G> ARYTSTG
B GIEA/>—FHBRELDH?

f55.5: /N2 )L+ BABR R RE(DHAM)
AN <G> HEAYSTG
BRI GIZNSILUBRBEEL DAV

Ex. 5.5 Hamiltonian cycle problem (DHAM)
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UTOEENSENTNS:

>UTOMEREPIZETS:
v PROP-EVAL, 2SAT, ST-CON, DEULER

>UTORER EITBT S M. ..
v 3SAT, DHAM

PEEDEMO)YDIZANP
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Ex. 5.4: Graph reachability problem (ST-CON)

Input: <G,s,t> : an undirectd graph G, 1=st=n(=|G|)
Question: Does G have a path from s to t?

»Cycle is a path that shares two endpoints.
»Euler cycle is a cycle that visits all edges once.
»Hamiltonian cycle is a cycle that visits all vertices once.

Ex. 5.4: Euler cycle problem (DEULER)
Input: <G>: a directed graph G
Question: Does G have an Euler cycle?

Input: <G>: a directed graph G
Question: Does G have a Hamiltonian cycle?

It is known that:
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» The following problems are in P:
v" PROP-EVAL, 2SAT, ST-CON, DEULER

» The following problems are in &, but...
v 3SAT, DHAM

The class AP between P and £?




