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Algorithm

=procedure to solve a problem correctly
* to find a correct solution for any input
* to terminate in all cases

* N0 ambiguity in its description

Program
= description of algorithms in computer languages
or simply a sequence of instructions

Algorithms based on sudden thought
. lack of knowledge of algorithm design schema

Algorithms without any consideration

: no analysis on behavior of algorithm

= equation to estimate computation time

best case, worst case
= equation to estimate storage required
- validation of correctness of algorithms
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BIREPO: BH BN T-nEDT—2DH/IMEEZRKRD L.

o 1 2 3 4 5 6 7 8 9
a 17|32(19|22|28|16|18|20|39 |31

7 IJL31) X LsPO-AQ:
min=9999;
for(1=0; I<n; I++)
If( a[i] <min) min = ali];
return min;

F—AtEEE B (InE. 5 ERRILO(n).

TARTHDT—EMN9LLITLHL, IELLSE/IMEMNKES.
10000LL L DIENEENS L9999 HEnb.
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Minimum Value

Problem PO:Find a minimum value among n data in an array.

o 1 2 3 4 5 6 7 8 9
a 17|32(19|22|28|16|18|20|39 |31

Algorithm P0O-AO:
min=9999;
for(1=0; I<n; I++)
If( a[i] <min) min = ali];
return min;

number of comparisons is n. computation time is O(n).

If all data are at most 9999, then the minimum value is found

correctly, but 9999 is output otherwise. 6/46
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BIREPO: BH BN T-nEDT—2DH/IMEEZRKRD L.

o 1 2 3 4 5 6 7 8 9
a 17|32(19|22|28|16|18|20|39 |31

7 LI X LPO-Al:
min=a[0];
for( 1=1; I<n; I++)
If( a[i] <min) min = aJi];
return min;
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Minimum value

Problem PO:Find a minimum value among n data in an array.

o 1 2 3 4 5 6 7 8 9
a 17|32(19|22|28|16|18|20|39 |31

Algorithm P0O-Al:
min=a[0];
for( 1=1; I<n; I++)
If( a[i] <min) min = aJi];
return min;

number of data comparisons is n-1. computation time is O(n).
Minimum value is always found correctly.
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REEPO: BEHICE

AoNEnlDT—2D&m/IMEZRD L.

0 1 2 3 4 56 7 8 9
a[17[32[1922]28]16]18[20]39]31
Min(i) = a[0] - a[i]D&x/IME, EFEET D&,
Min(0) = a[0];
Min(i) = min( Min(i-1), a[i]) for i>0
NETOTSLICET E
FIL3) X LP0-A2: )
int Min(int i){ AEEEE?
if(i==0) return a[0]; Mini-1)& 2[5lF T
else if(afi] < Min(i-1) ) return a[i];| 9 EXIENEL
else return Min(i-1);
se return Min(i-1) fRATIE?

¥

main T cout << Min(n-1) ¢&9%.
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Algorithms based on Recursion

Problem PO:Find a minimum value among n data in an array.

o 1 2 3 4 5 6 7 8 9
a 17|32(19|22|28|16|18|20|39 |31

Define Min(i1) = minimum among af[0] - a[i], then
Min(0) = a[0];
Min(i) = min( Min(i-1), a[i]) for i>0
Converting the above into a program:

Algorithm P0O-AZ2:
Int Min(int 1){
If(1i==0) return a[0];
else if(afi] < Min(i-1) ) return a[i];
else return Min(i-1);

} -
main T cout << Min(n-1) &9 %. Analysis? 10/46

Computation time?
If Min(i-1) is called
twice, then it 1s not
efficient.




7IL3) X LP0-A2:

int Min(int i TR 7)) X L
Int Min(int 1){ =
if(i==0) return a[0]; PO;?;)’E%%L, B %
else if(a[i] < Min(i-1) ) return ai]; HEMD &

else return Min(i-1);

¥
main T cout << Min(n-1) ¢&9°%.

STERMET(NERT &,
T(N)=2T(n-1)+c
CIETEZ.
T(N)=2T(n-1)+c=2(2T(n-2)+c)+c=22T(n-2)+(2+1)c
= 2"1T(n-(n-1))+(2"2+...4+2+1)c = O(2")
EIEY, FRHEBFEANAIN O TLEIBIRELNHS.

SHERRE: 7I)L3) X LPO-A2HNE# BRI MM > TLESKS5%
ANZEKRWIZEZ L.
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Algorithm P0O-A2: :
' inint i Exercise: Implement the
Int Min(int 1){ e A :

if(i==0) return a[0]; ggh()”_ m PO-A2 10 see Its
else if(afi] < Min(i-1) ) return a[i];| | 2="@VIo"

else return Min(i-1);

¥

main contains cout << Min(n-1).

If we denote the computation time by T(n), then we habe
T(N)=2T(n-1)+c
where c is a constant.
T(N)=2T(n-1)+c=2(2T(n-2)+c)+c=22T(n-2)+(2+1)c
= 2"1T(n-(n-1))+(2"2+...4+2+1)c = O(2")
This suggest some possibility of exponential time.

Exercise: Give an input such that the algorithm PO-A2 requires
exponential time. L0746




Tl, E3FhiLES

Sk

2

FCEAM?

FCEA#ZEEL THFEVHIGNIIITEE.
Min(i-l)DIEZZH#HICEZTHLS

7I)L31) X LiP0-A3:
Int Min(int 1){

minsf = Min(i-1);

else return minsf;

¥

If(i==0) return a[0];

if(afi] < minsf) return a[il;

main T cout << Min(n-1) &9 %.

ST E R DT
T(n) =T(n-1) +c.
L7=hY>T, T(n) = O(n).

IZEBIRMGETZILO)XLIZEZZSNSD?
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Then, how can we avoid exponential time?
The same function should be never called twice.
Store the value of Min(i-1) in a variable.

Algorithm PO-A3: Computation time
Int Min(int 1){ T(n) =T(n-1) +c.
If(i==0) return a[0]; Thus, T(n) = O(n).
minsf = Min(i-1);

if(afi] < minsf) return a[il;
else return minsf;

¥

main contains cout << Min(n-1).

Any other recursive algorithm?
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yaR 1[5 Ri=p
7IL31) X LP0O-A4:

int find_min(int i, int j){
If(i==)) return a[i];

Bzont-BEAzEaFEEF (2275 F
L. ThENTHIFRMIC
Bon=2700&x/MED/NEWVAZEZE
AD.

=/IMEZR

Int X1 = find_min(i, (1+))/2);
Int x2 = find_min((i+))/2+1, ));

If( X1 < x2) return x1; else return x2; [0,9]

P -

main(){ [0,4] [5.0]

;:.(.)ut << find_min(0, n-1); /

[0.2] [3.4] [57]] [[8.9]
} [\ N
wERmE. F—stesr | (O] [2] [3][4][B6]] 7] [8]]F
Bl 30E R & /[ | [\

0|1 5| |6 15/46




D|V|d_e—and—Conquer Divide an array into two halves, find
Algorithm PO-A4: minimum values recursively, and output
Int find_min(int 1, int J){ the smaller one of the two.

If(i==)) return a[i];
Int x1 = find_min(i, (1+))/2);
Int x2 = find_min((i+})/2+1, j);

If( x1 < x2) return x1; else return x2; [0,9]
main({ [0,4] [5,9]
cout << find_min(0, n-1); /

[0,2] [3,4] [5,7] [8,9]

} [N LA N

Exercise: Analyze the [56] |7] |8]|9

number of comparisons. ./ \ ./\
0|1 5|16 16/46




BEPL: BEHICEZONT=-NBDT—2FENENIZDOLNT, BS

FUE(BRLEHTVDERDHDR/IMEZRH K.
0o 1 2 3 4 5 6 7 8 9
d 1732|1922 (28|16|18|20|39 |31
17|17 17|17 |17 (16|16 |16 |16 | 16
7L X LsP1-A0: TPab
Imin[0] = a[0]; ITRTHDERIZDLVTRIREPO
for( 1=1; I<n; 1++) { 2% 27ITYXLEER.
min=a[0];

for(J=1,; j<=I; j++)

if( a[j] < min) min = a[j];

Imin[i] = min;

¥

T EEFREIIXBAL A
O(n?)
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Problem P1:For each datum from n data in an array find
the minimum value among those to its left (including itself).

o 1 2 3 4 5 6 7 8 9
d 1713211922 |28|16|18 20|39 |31
171171717117 |16|16 |16 |16 |16
Algorithm P1-AO0: Brute-Force algorithm:
Imin[0] = a[0]; Apply the algorithm for the
for( 1=1; i<n; i++) { problem PO for each element.
min=a[0];

for(j=1; j<=i; j++)
if( a[j] < min) min = a[j];
Imin[i] = min;

¥

Computation time is obviously
O(n?)
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BEPL: BEHICEZONT=-NBDT—2FENENIZDOLNT, BS
FUYE(BHLEOT)DEZFEDHOF/IMEEKRD L.

O 1.2 3 4 5 6 7 8 9
d 17/132|19(22|28|16|18|20|39|31

17[17[17117]17]16]16] 16|16 16
\ ~ 4
Imin[i-1] a[i]

Imin[i] = min(Imin[i-1], a[i)) CHAZEITEH T HE
F7I)LT) X LP1-Al: Cm
Imin[0] = a[0]; st R BRI
for(i=1; i<n: i++){ O(n)
min=Imin[i-1];
If(a[i] < min) min = a[i];
Imin[i] = min;

} 19/46




Problem P1:For each datum from n data in an array find
the minimum value among those to its left (including itself).
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If we note that Imin[i] = min(Imin[i-1], a[i])

Mmin

)
i-1] ali]

¥

Algorithm P1-Al:
Imin[0] = a[0];
for( 1=1; I<n; I++ ){

min=Imin[i-1];
If(a[i] < min) min = a[i];
Imin[i] = min;

Computation time is

O(n)
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FIREP2 : nEDT—4AEFa[]IcEZ SN TS EE, KE[p,gl,
0=p<qg<n,ILTEEHE (RME) a[q] - a[p] TR KIZT S

0O 1.2 3 4 5 6 7 8 9
a|l7132]119|22|28|16|18|20|39 |31

a[p]| Ial[Q]
TARTHOREMBZEIZELT, RRORBEZROHINIEKL.

7 L3 X LP2-A0:
maxsf=0;
for( p=0; p<n-1; p++)
for(g=p+1; g<n; g++)
If(a[q] - a[p] > maxsf) maxsf = a[q] - a[p];

N
(Tl

5 )L—T DEELGD T, TERREIEO(?)

21/46




Problem P2:When n data are stored in an array a[], find an
Interval to maximize an interval difference a[qg]-a[p] for an
interval [p,q], 0=p<qg<n.

0O 1.2 3 4 5 6 7 8 9
a|l7132]119|22|28|16|18|20|39 |31

alp] alq]

Find the largest interval difference by enumerating all intervals.

Algorithm P2-A0:
maxsf=0;
for( p=0; p<n-1; p++)
for(g=p+1; g<n; g++)
If(a[q] - a[p] > maxsf) maxsf = a[q] - a[p];

Double loop structure ==> computation time is O(n?). s



PEADIEFZEZANEBZ TIL—TEHERELTHBE,

1: maxsf=0; 3-5{TH TI&, a[0]~a[g-1]®D
2. for(g=1; g<n; g++) %/JWE%‘?RE&TCL%. .
. _A. ) &o T, BEEP1D LSIZ5k(Z
3: Tor(p=0; p<g; p++) EERIZONTEAEYETD
4 If(alq] - alp] > maxsf) | ginfEEOMEERITRDT
5 maxsf = a[q] - a[p]; BIHE, COBIEBEILTTEE.

7I)L3) X LP2-Al:
7I)L3) X LsP1-A1Ta[0]~a[g-1]D

B /MEZEIMIn[g-1]ELTROHTHL. FADATYTLO(n).
maxsf=0; %Y DETELO(n).
for(g=1; g<n; g++) &2 T, £ATELO(n).

If(a[q] - Imin[g-1] > maxsf)
maxsf = a[q] - Imin[g-1];

RAODEFImin[]ZFEHT IZRCZENTESLMN?
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Reconstructing the program by exchanging the order of p and g

1: maxsf=0; The lines3-5 find the minimum value

2: for(g=1; g<n; g++) of a[0]~a[g-1]. Thus, this part can be
. PN simplified if for each element the

3. for(p=0; p<q; p++)

4

5

_ minimum value to its left is available
If(a[g] - a[p] > maxsf) as in Problem 1.
maxsf = a[q] - a[p];

Algorithm P2-Al.

Find the minimum value among _

a[0]~a[q-1] as Imin[g-1] by the The first step takes O(n)

algorithm P1-Al. time. The computation of

maxsf=0; the remaining steps is also

for( g=1; g<n; g++) O(n). Thus, the total
If(alg] - Imin[g-1] > maxsf) computation time is O(n).
maxsf = a[q] - Imin[g-1];

s it possible without any auxiliary array Imin[]? 24148



7L X LP1-Al: maxsf=0;
Imin[0] = a[0]; for( g=1; q<n; q++)
for( g=1; g<n; g++) If(a[q] - Imin[g-1] > maxsf)
min=Imin[qg-1]; maxsf = a[q] - Imin[g-1];
If(a[g] < min) min = a[q];
Imin[g] = min;
h

NoZHAEDHOEDIERDTIVTIX LEFS.

7 IL31) X LP2-A2:
maxsf=0;min=a[0];
for( g=1; g<n; g++ ){
If(a[g] - min > maxsf) maxsf = a[q] - min;
If(a[g] < min) min = a[q];
}

FT R A
1EL—TEAD
O(n)
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Algorithm P1-Al: maxsf=0;
Imin[0] = a[0]; for( g=1; q<n; q++)
for( g=1; g<n; g++) If(a[q] - Imin[g-1] > maxsf)
min=Imin[qg-1]; maxsf = a[q] - Imin[g-1];

if(a[q] < min) min = a[q];
Imin[qg] = min;

¥

Combination of the two algorithm leads to the following algorithm.

Algorithm P2-A2:
maxsf=0;min=a[0];
for( g=1; g<n; g++ ){
If(a[g] - min > maxsf) maxsf = a[q] - min;
If(a[g] < min) min = a[q];
}

Computation time
Single loop
=>0(n)
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BIREP3 (R ARXMIR) : nfADT—2AEFa[[ICBZ 5N TLVS

E= XA p.qllzxt9 5F0(

X R F0)sum(p, q)z, TDORXRINDE

Fa[p]~a[q]PFEEERTS. CDEE, REFIORKEEZRD L.

0 1 2 3 4 5 6 7 8 9
al0-9|-5/12|-3|10|-8|11|-8| -2

O 1 2 3 4 5 6 7 8 9 0
010 1 4 8 515 7 18 10 8
1 -9-14 -2 5 5 -3 8 0 -2
2 5 7 414 617 9 7
3 12 9 19 1122 14 12
4 -3 7 -110 2 O
S 10 213 5 3
6 -8 3 -5 -7
14 11 3 1
38 -8 -10
9 ) 27146




Problem P3(Largest Sum Interval) : Given n data in an array a[],
a sum interval sum(p,q) for an interval [p,q] Is defined as the sum of
elements a[p]~a[qg]. Find a largest sum interval for a given array.

0 1 2 3 4 5 6 7 8 9
al0-9|-5/12|-3|10|-8|11|-8| -2

0O 1 2 3 4 5 6 7 8 9 ¢

010 1 4 8 515 7 18 10 8
1 -9-14 -2 5 5 -3 8 0 -2
2 5 7 414 617 9 7

D 3 12 9 19 1122 14 12
4 -3 7 -110 2 O
S} 10 213 5 3
6 -8 3 -5 -7
4 11 3 1
38 -8 -10
o) ) 28/46




BIREP3 (R ARXMIR) : nfADT—2AEFa[[ICBZ 5N TLVS
& XE([p,g]l<x9 5 (REF) sum(p, )%, TOXBANDE
Fa[p]~a[q]PFEEERTS. CDEE, REFIORKEEZRD L.

TARTORMEIZDOWNTHIET AXEFZERDHIIEX KON,

7IL3) X LP3-A0:

maxsum=0; ST E M
for(p=0; p<n; p++) SEIIL—TEML
for(q=p; q<n; g++){ O(n3)B5f&E]
/I XfEl[p,q] THOFIsumZz3K 5
sum=0;

for(i=p; I<=q; i++)
sum = sum + a[i];
If(sum > maxsum) maxsum = sum;

¥
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Problem P3(Largest Sum Interval) : Given n data in an array a[],
a sum interval sum(p,q) for an interval [p,q] Is defined as the sum of
elements a[p]~a[qg]. Find a largest sum interval for a given array.

It can be computed by computing the interval sum for every interval.

Algorithm P3-A0:

maxsum=0;

for(p=0; p<n; p++)

for(g=p; q<n; g++)}{
// find the interval sum in an interval [p,q]
sum=0;
for(i=p; I<=q; i++)
sum = sum + a[i];

If(sum > maxsum) maxsum = sum;

¥

Computation time:
triple-loop=>
O(n3) time

30/46



3 Ay

> zglpz:*pc Y om0 Zace (G-p+l)c
= 2p:oc«lfz)n(n-l)—p(p-l»/2—<p-1><n-p>c-o<n3>

p=]]]]

(HR)

XD EmprEELTEZDE,

AilgqlE—DoF 2EAEETS.

xFaﬁiua)ﬂl:(;tEiﬁﬁo)%%a[q]@ 1=
N IFO) Rl CTHEFT A EE
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Detailed analysis
Y oSy St = 2 nog Do (G-pH)e
= 2g;lc)C((1/2)n(n-l)-p(p-l))/Z-(p-l)(n-p)C=O(n3)

(Improvement)

If we fix the left endpoint p of an interval,

the right endpoint moves tot he right one by one.
The interval sum is affected only by the rightmost

element a[q].
This update is maintained in O(1) time.

32/46



RYRLETETHOERZHIRT H&

7ILI) X LP3-Al:
maxsum=a|[0];
for(p=0; p<n; p++){
sum=0;
for(g=p; q<n; gq++}{
sum = sum + a[q];
If( sum > maxsum) maxsum = sum,;

! 2EIIL—TDREEIC

! To-DOT, st EFRFMIZ
. O(n?)

return maxsum:

LR

MOFFETERCEBOMMNEIELHHE SN TS
tRYIRLATE TOEERZHRT HENRADEND.
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Removing duplication in the iteration, we have

Algorithm P3-Al:
maxsum=a|[0];
for(p=0; p<n; p++){
sum=0;
for(g=p; q<n; gq++}{
sum = sum + a[q];
If( sum > maxsum) maxsum = sum,;

¥
¥

return maxsum,;

Redundancy:

double-loop structure
=> 0O(n?) time

The same interval is dealt with in the computation of sums more
than once. Thus, if we remove duplication in the iteration

then the efficiency is improved.
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AXHEMEE5Z5XEIDFH=-9 XZHE
EimDExRap]EEAEDFHELYKEL

=>"MBRKXE" DS N EFEATEE.

7 LT X LP3-A2:
a[0]~a[n-1]D FE Y {EaveragezK6H 5.
maxsum=a[0];
for(p=0; p<n-1; p++){
If( a[p]>average){
sum=0;
for(g=p; q<n; g++){
sum = sum + a[q];

If( sum > maxsum) maxsum = sum,;

¥
¥

return maxsum,;

EWELU EDER
[Zn/2@ LL L2V 15

5D T, fERat FE M
[FO(n?).
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Property to be satisfied by the largest sum interval
the leftmost element a[p] must be larger than the
=> leads to a notion of "maximal interval"

Algorithm P3-A2:
Find the "average of a[0]~a[n-1].
maxsum=a[0];
for(p=0; p<n-1; p++){
If( a[p]>average){
sum=0;
for(g=p; q<n; g++){
sum = sum + a[q];
If( sum > maxsum) maxsum = sum,;

¥
¥

return maxsum,;

erall average

Since the number of elements
can be more than n/2, the
total computation time is
O(n?).
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£{RIDEZAICKSTILT)X L

S[i] = a[0]~a[i]D#0, EEET H&, R [p,glDF0IE
sum(p,q) = sum(0,g) - sum(0,p-1) =S[q] - S[p-1]

ELTEHETES. LI=A-T, 9[0], S[1]., ..., S[n-11%

KOTHITIE, REAEDHRKIEZKRDLHFEBEEFLLLGD.

7I)LT1) X LP3-A3:
S[0] = a[0];
for(i1=1; i<n; I++)
S[i] = S[i-1] + a[if;
maxsum=a[0]; minsf=a[0],
for(p=1; p<n; p++){
If(S[p] - minsf > maxsum) maxsum = S[p] - minsf;

} If(S[p] < minsf) minsf = S[p]; e
O(n)

37/46

return maxsum,;




Algorithm based on completely different ideas

If we define S[i] = sum of a[0]~a[i], the interval sum for [p,q]
can be computed by
sum(p,q) = sum(0,q) - sum(0,p-1) =S[q] - S[p-1].
Thus, if we have S[0], S[1], ..., S[n-1] in advance then the problem
IS reduced to that of finding the largest interval difference.

Algorithm P3-A3:

S[0] = a[o]; |
for(i=1; i<n; i++) C_:omputatlon
S[i] = S[i-1] + a[i]; tlm((%)(n)

maxsum=a[0]; minsf=a[0];

for(p=1; p<n; p++)}{
If(S[p] - minsf > maxsum) maxsum = S[p] - minsf;
If(S[p] < minsf) minsf = S[p];

return maxsum: 38/46




YEXABCHEUTHRIEED 2

IW—T DR TIXEFHIS[)IZBEL TILS[I|DIEL NS EEL TLVELY.
=>MZEINTEET HIDLEILLL.
S[i]&kHDHI—T ERMFRKIEERDHDIL—TEFELDD.

FILT) X LP3-Ad:
maxsum=a[0]; minsf=a[0];sum=a[0];
for(p=1; p<n; p++){
sum = sum + a[p];
If(sum - minsf > maxsum) maxsum = sum - minsf;
If(sum < minsf) minsf = sum,;
¥

return maxsum,;

sTE R IEARIEYO(n).
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Is it possible without auxiliary array?

In the loop we refer only SJi] in the array SI].
=>n0 need to maintain sums In an array
Combining the loop to find S[i] and that of finding the largest

sum interval, we have

Algorithm P3-A4:
maxsum=a[0]; minsf=a[0];sum=a[0];
for(p=1; p<n; p++){
sum = sum + a[p];
If(sum - minsf > maxsum) maxsum = sum - minsf;
If(sum < minsf) minsf = sum;

¥

return maxsum,;

Computation time is still O(n). 40/46
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Algorithm based on dynamic programming

The array is checked from left to right.
Let L[i] be the largest sum interval in the interval [0, iI-1] and

R[1] be the largest sum interval for interval with a[i] in its right end.
Then, we have

(L[] i L[i-1]=R]i-1],
L[] = { R[i-1] otherwise.

_ a[i] if R[i-1]+a[i]<a[i],
R[] = | R[i-1] + a[i] otherwise.

R[i]
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7 ILT1) X LP3-A5:
L[0] = R[O] = a[Q];
for(i=1; i<n; 1++){

If( L[i1-1] >= R[i-1] ) L[i] = L[i-1]; else L[i] = R[i-1];

If( R[iI-1] + a[1] < a[i] ) R[1] = a[i]; else R[i] = R[i-1] + a[i];
¥
If( L[n-1] > R[n-1] ) return L[n-1]; else return R[n-1];

T E BRI (EO(n).
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(L[] i L[i-1]=RJi-1],
SUE { R[i-1] otherwise.

_ a[i] if R[i-1]+a[i]<a[i],
R[] = | R[i-1] + a[i] otherwise.

Finally, we take the larger of L[n-1] and R[n-1] as the maximum.

Algorithm P3-A5:
L[0] = R[0] = a[0];
for(i=1; i<n; 1++){

If( L[i-1] >= R[i-1] ) L[i] = L[i-1]; else L[i] = R[i-1];

If( R[1-1] + a[i] < a[i] ) R[1] = a[i]; else R[] = R[i-1] + a]i];
}
If( L[n-1] > R[n-1] ) return L[n-1]; else return R[n-1];

Computation time is O(n).
Is it possible to do without any auxiliary array? 44146
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7 LT X LP3-A6:
L =R =a[0];
for(iI=1; i<n; iI++){
If(L>=R)L=L;elseL =R;
If(R+afi] <a[i]) R=a]i]; else R =R + ai];
h

If( L > R) return L; else return R;
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L[i] is determined only by L[i-1] and R[i-1].
R[1] is determined only by R[i-1] and a[i].
Therefore, no auxiliary array is required.

Algorithm P3-AG6:
L =R =a[0];
for(iI=1; i<n; iI++){
If(L>=R)L=L;elseL =R;
If( R+ afi] <a[i]) R =a]i]; else R =R + a[i];
¥

If( L > R) return L; else return R;
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