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Foundation of Design and Analysis of
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Algorithm

=procedure to solve a problem correctly
= to find a correct solution for any input
= to terminate in all cases

= no ambiguity in its description

Program
= description of algorithms in computer languages
or simply a sequence of instructions

Algorithms based on sudden thought
: lack of knowledge of algorithm design schema
Algorithms without any consideration
: no analysis on behavior of algorithm
= equation to estimate computation time
best case, worst case
= equation to estimate storage required

= validation of correctness of algorithms 4148
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F LT X LPO-AO:
min=9999;
for(i=0; i<n; i++)
if(afi] < min) min =a[i];
return min;
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Minimum Value

‘ Problem PO: Find a minimum value among n data in an array.

012 3 4 56 7 89
al17]32]19]22]28]16]18]20]39]31]

Algorithm P0-A0:
min=9999;
for(i=0; i<n; i++)
if(afi] < min) min = a[il;
return min;

number of comparisons is n. computation time is O(n).

If all data are at most 9999, then the minimum value is found
correctly, but 9999 is output otherwise. 6746
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F LT X LPO-AL:
min=a[0];
for(i=1;i<n; i++)
if(a[i] < min) min = a[i];
return min;
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Minimum value

‘ Problem PO: Find a minimum value among n data in an array.

012 3 4 56 7

8 9

a[17[32]19]22]28]16]18]20]39]31]

Algorithm P0-Al:
min=a[0];
for(i=1;i<n; i++)
if(a[i] < min) min = a[i];
return min;

number of data comparisons is n-1. computation time is O(n).
Minimum value is always found correctly.
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Min(i) = a[0] - a[i|DH/IME, EEET D&,

Min(0) = a[0];
Min(i) = min( Min(i-1), a[i]) for i>0
Ch&ETnJSLICETE

7IL1) X LPO-A2:
int Min(int i){
if(i==0) return a[0];
else if(afi] < Min(i-1) ) return a[il;
else return Min(i-1);

}
main T cout << Min(n-1) &9 %.
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‘Algorithms based on Recursion‘

‘ Problem PO: Find a minimum value among n data in an array.

0 12 3 4 56 7

8 9

a[17[32]19]22]28]16]18]20]39]31]

Define Min(i) = minimum among a[0] - a[i], then

Min(0) = a[0];
Min(i) = min( Min(i-1), a[i]) for i>0
Converting the above into a program:

Algorithm P0-A2:
int Min(int i){
if(i==0) return a[0];
else if(a[i] < Min(i-1) ) return a[i];
else return Min(i-1);
}
main T cout << Min(n-1) &9 5.

Computation time?
If Min(i-1) is called
twice, then it is not
efficient.

Analysis? 10/46

FITYX LPO-A2:
int Min(int i){
if(i==0) return a[0];
else if(a[i] < Min(i-1) ) return a[i];
else return Min(i-1);

}
main T cout << Min(n-1) &9 5.

BERME: 7TV L
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FERMET(NERT L,
T(n)=2T(n-1)+c
clEES.

T(n)=2T(n-1)+c=2(2T(n-2)+c)+c=22T(n-2)+(2+1)c
=2MT(n-(n-1))+(2™2+...+2+1)c = O(2")
LY, FBHEEAN S TLESRIREAHD.
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Algorithm P0-A2:
int Min(int i){
if(i==0) return a[0];
else if(a[i] < Min(i-1) ) return a[i];
else return Min(i-1);

}

main contains cout << Min(n-1).

Exercise: Implement the
algorithm P0-A2 to see its
behavior.

T(n)=2T(n-1)+c
where c is a constant.

If we denote the computation time by T(n), then we habe

T(n)=2T(n-1)+c=2(2T(n-2)+c)+c=22T(n-2)+(2+1)c
S 20T (n-(n-1))+(202+.. +2+1)c =
This suggest some possibility of exponential time.

o(2")

exponential time.

Exercise: Give an input such that the algorithm P0-A2 requires

12/46|




Tl ESTNERBBMERBTESN ?
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7 LY X LPO-A3:
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int Min(int i){ T(n) =T(n-1) +c.
if(i==0) return a[0]; Lf=m>T, T(n) = 0O(n).
minsf = Min(i-1);

if(a[i] < minsf ) return ai];
else return minsf;

}
main T cout << Min(n-1) &95%.

HISEEIRIAET LIV RXAFEZLNDN ?
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Then, how can we avoid exponential time?
The same function should be never called twice.
Store the value of Min(i-1) in a variable.

Algorithm P0-A3: Computation time

int Min(int i){ T(n) =T(n-1) +c.
if(i==0) return a[0]; Thus, T(n) = O(n).
minsf = Min(i-1);

if(a[i] < minsf ) return a[i];
else return minsf;

}

main contains cout << Min(n-1).

Any other recursive algorithm?
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int find_min(int i, int j){ BEN2DDRIMEDINSNEEE
if(i==j) return a[il; Z%.

int x1 = find_min(i, (i+j)/2);
int x2 = find_min((i+j)/2+1, j);

if( x1 < x2) return x1; else return x2;

main(){ [0,4] [5,9]

cout << find_min(0, n-1);

2] [B4a [B7] [©9

BHEME: T 2R
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Divide-and-Conquer
Algorithm P0-A4:
int find_min(int i, int j){
if(i==j) return a[il;
int x1 = find_min(i, (i+))/2);
int x2 = find_min((i+j)/2+1, j);

if( x1 < x2) return x1; else return x2;

main(){ [0.4] [5.9]

Divide an array into two halves, find
minimum values recursively, and output
the smaller one of the two.

cout << find_min(0, n-1);

2] [Bal [B7] [Ba]

Exercise: Analyze the
number of comparisons.
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F LT X LPL-AO: R A:
Imin[0] = a[0]; FTARTHOERITDLTHEPO
for(i=1; i<n; i++) { IZxtd 37 ILTYR LEEA.
min=a[0];
for(j=1; j<=i; j++)
if(a[j] < min) min = a[j];
Imin[i] = min;

3

FTEERXBAS M
0O(n?)
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Problem P1:For each datum from n data in an array find
the minimum value among those to its left (including itself).

0 12 3 4 56 7 8 9
a[17]32]19]22]28]16]18]20]39]31|
[17]17]27]17]17]16]16]16]16] 16]

Algorithm P1-A0: Brute-Force algorithm:

Imin[0] = a[0]; Apply the algorithm for the
for(i=1;i<n; i++) { problem PO for each element.
min=a[0];

for(j=1; j<=i; j++)
if(a[j] < min) min = a[j];
Imin[i] = min;

}

Computation time is obviously
o(n?)

18/46
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Imin[i-1] ali]
Imin[i] = min(Imin[i-1], a[i) THAHZEISEB T HE
FIAYXLPI-AL )
Imin[0] = a[0]; ETERRIZ
for(i=1; i<n; i++){ O(n)
min=Imin[i-1];
if(a[i] < min) min = a[i];
Imin[i] = min;
} 19/46

Problem P1:For each datum from n data in an array find
the minimum value among those to its left (including itself).

0 123 4 56 7 8 9
al17[32]19]22]28]16]18]20]39]31]
[17]17]17]17]17]16]16]16]16] 16 ]

Imin[i-1] a[i]
If we note that Imin[i] = min(Imin[i-1], a[i])
Algorithm P1-Al: L
Imin[0] = a[0]; Computation time is
for(i=1; i<n; i++){ O(n)
min=Imin[i-1];
if(a[i] < min) min = a[il;
Imin[i] = min;
} 20/46

RMp, qJERDE.

P2 nE O T—42EHla[[cE XN TLVDEE, ER[p.ql.
0=p<qg<n,IZRHLTEFEHE(RREE) a[q] - a[p] #|/KIZT S

0 12 3 4 56 789
al17]32]19]22]28]16]18[20]39]31]

afp]. alq]
FTRTORMEELT, BAORMEEROAIEEL.

7L X LP2-A0:
maxsf=0;
for( p=0; p<n-1; p++)
for(q=p+1; q<n; g++)
if(a[q] - a[p] > maxsf) maxsf = a[q] - a[p];

2B L —TOEELDT, FEERIZOM)
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Problem P2:When n data are stored in an array a[], find an
interval to maximize an interval difference a[q]-a[p] for an
interval [p,q], 0=p<qg<n.

0 12 3 4 56 7 89
al17]32]19]22]28]16]18]20]39]31]

alp]. alq]

Find the largest interval difference by enumerating all intervals.

Algorithm P2-A0:
maxsf=0;
for( p=0; p<n-1; p++)
for(q=p+1; q<n; g++)
if(a[q] - a[p] > maxsf) maxsf = a[q] - a[p];

Double loop structure ==> computation time is O(n?). soas

pLADIBFZEANER TIL—TEHERLTHDL,

1: maxsf=0; 3-5¢7B TI&, a[0]~a[g-1]D
2: for(g=1; g<n; g++) %/I\E‘?ﬁs}tﬁwm\é. a

. —N- . FoT, BREPID K515k
3 for(p=0; p<g; p++) ABRIOLTERLUETD
4 if(a[d] - a[p] > maxsf) | gifEEOMmEMTRST
5 maxsf = a[q] - a[p]; BIHE, COBAEMBLATLE.

FILT X LP2-Al:
7T X LsP1-AlTa[0] ~a[g-1]D

B/MEFIMin[g-1]1£L TRHTHL. BHOAT YT 1F0(n).
maxsf=0; EYDEHELO(n).
for(g=1; q<n; g++) &2T, £&THOM).

if(a[q] - Imin[g-1] > maxsf)
maxsf = a[q] - Imin[g-1];

RODBEFIMin[EFEHTITRLIEMNTESH ?
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Reconstructing the program by exchanging the order of p and g

maxsf=0; The lines3-5 find the minimum value
for( g=1; g<n; g++ ) of a[0]~a[g-1]. Thus, this part can be
for(pZVO' p<’Q' p++) simplified if for each element the

. minimum value to its left is available
if(afq] - a[p] > maxsf) as in Problem 1.

maxsf = a[q] - a[p];

AN

Algorithm P2-A1l:
Find the minimum value among

a[0]~a[g-1] as Imin[q-1] by the The first step takes O(n)

algorithm P1-Al. time. The computation of

maxsf=0; the remaining steps is also
for( g=1; gq<n; g++) O(n). Thus, the total

if(a[q] - Imin[g-1] > maxsf) computation time is O(n).
maxsf = a[q] - Imin[g-1];

Is it possible without any auxiliary array Imin[]? 24/46




FNTY X LP1-AL: maxsf=0;
Imin[0] = a[0]; for( g=1; g<n; g++)
for(g=1; q<n; g++) if(a[q] - Imin[q-1] > maxsf)
min=Imin[g-1]; maxsf = a[q] - Imin[g-1];
if(a[q] < min) min = a[q];
Imin[q] = min;

NLEHABHOEDERDT TR LERS.

FILT X LP2-A2:
maxsf=0;min=a[0];
for( g=1; q<n; g++ }{ )

if(a[q] - min > maxsf) maxsf = a[q] - min; | FtEEFRE: X
if(a[q] < min) min = a[q]; 1EL—TEMD
} O(n)
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Algorithm P1-Al: maxsf=0;
Imin[0] = a[0]; for(g=1; q<n; g++)
for( g=1; g<n; g++) if(a[q] - Imin[g-1] > maxsf)
min=Imin[g-1]; maxsf = a[q] - Imin[g-1];
if(a[q] < min) min = a[q];
Imin[q] = min;

Combination of the two algorithm leads to the following algorithm.

Algorithm P2-A2:
maxsf=0;min=a[0];
for( g=1; g<n; g++ }{

if(a[q] - min > maxsf) maxsf = a[q] - min; | Computation time
if(a[q] < min) min = a[q]; Single loop
} =>0(n)

26/46

RIREP3 (AR : DT —2AEFa[JISEA SN TS
&E XM[p,qllcxd 9 2 (RFEF) sum(p, )%, TOXERDE
Falpl~a[q)PFEEERT S, COEE, REHMDOREKREEZRD L.

Problem P3(Largest Sum Interval) : Given n data in an array a[],
a sum interval sum(p,q) for an interval [p,q] is defined as the sum of
elements a[p]~a[q]. Find a largest sum interval for a given array.

0 1 2 3 4 56 7 8 9 0 12 3 4 56 7 8 9

al10[-9]-5]12][-3]10]-8]11]-8]-2] al10]-9]-5]12][-3]10]-8[11]-8]-2]
0 1 2 3 45 6 7 8 910 0 1 2 3 45 6 7 8 9 4

0110 1 4 8 515 71810 8 0/10 1 -4 8 515 71810 8
1 914 2 -5 5 -3 8 0 -2 1 914 2 5 5 -3 8 0 -2
2 5 7 414 617 9 7 2 5 7 414 617 9 7

n3 12 919 1122 14 12 o3 12 919 1122 14 12
4 3 7 -110 2 0 4 3 7 -110 2 ©
5 10 213 5 3 5 10 213 5 3
6 8 3 5 -7 6 8 3 5 -7
7 11 3 1 7 11 3 1
8 -8-10 8 -8-10
9 _2 27146 9 _2 28/46

FIBEP3 (AR : nfEDT—42HEFHa[[ICEZ 5N TS
&E XM p.qll<xtd 25 (XEF) sum(p, )&, TOXEADE
Falp]~a[q]DFEEETS. CDEE, REFIDRKEERD &

FTARATORMITOVWTHIET DEMAERHNIELL.

FILTY X LP3-A0:
maxsum=0; ETEBR:
for(p=0; p<n; p++) BEL—ThS
for(g=p; a<n; g++){ O(n®) B A
/I EfE[p,q] TOFsum%R&H B
sum=0;

for(i=p; i<=q; i++)
sum = sum + a[i];
if(sum > maxsum) maxsum = sum;

3
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Problem P3(Largest Sum Interval) : Given n data in an array a[],
a sum interval sum(p,q) for an interval [p,q] is defined as the sum of
elements a[p]~a[q]. Find a largest sum interval for a given array.

It can be computed by computing the interval sum for every interval.

Algorithm P3-A0:
maxsum=0;
for(p=0; p<n; p++)
for(g=p; q<n; g++){
/I find the interval sum in an interval [p,q]
sum=0;
for(i=p; i<=q; i++)
sum = sum + a[i];
if(sum > maxsum) maxsum = sum;

}

Computation time:
triple-loop=>
O(nd) time
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BT AT

n-1 «n-1 q n-1 n-1
Zp:ozq:p z i=pC = z p=0 Zq:p (g-p+1)c

= Z:;;100((1/2)”(n-1)-13(13-1))/2-(9-1)(f1-l3)(3=0(113)

(HBR)

REDERmpZEELTEZDE,

AfqlE—2FOE~BHT 5.

REMOELFEHRDERQDH T
SNIFO)EFE TEHTATRE.
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Detailed analysis

n-1 on-1 q n-1 n-1
Zp:()Zq:p Ei:pc =X p=0 Zq:p (g-p+1)c

= Z;_=1oc((1/2)“(”-1)-9(}3-1))/2-(13-1)(f1-p)0=0('13)

(Improvement)

If we fix the left endpoint p of an interval,

the right endpoint moves tot he right one by one.
The interval sum is affected only by the rightmost
element a[q].

This update is maintained in O(1) time.
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BUBRLHHETOEREHRT DL

FITYZXLP3-AL:
maxsum=a[0];
for(p=0; p<n; p++){
sum=0;
for(a=p; q<n; g++){
sum = sum + a[q];
if('sum > maxsum) maxsum = sum;

} 2EIL—TDHEEIC
Bof=0T, FHERHIE

} . 0o(n?)

return maxsum;

TEM:
HOHETRLEEOMMAAELFEIN TS,
BRYBRLABETOEREHR T DEHDELNHEIND.
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Removing duplication in the iteration, we have

Algorithm P3-Al:
maxsum=a[0];
for(p=0; p<n; p++){
sum=0;
for(q=p; g<n; g++){
sum = sum + a[q];

if( sum > maxsum) maxsum = sum;
} ( ) double-loop structure

} => O(n?) time

return maxsum;

Redundancy:
The same interval is dealt with in the computation of sums more
than once. Thus, if we remove duplication in the iteration

then the efficiency is improved. 34146

RAREMNESASRE DT NEME
EiRDERap][FEHEDTELYKREL
S>"BRRE " OB~ EREARE.

FILTY X LP3-A2:
a[0]~a[n-1]0 T faverageZ Kb 5.
_n- . n b2y
for(p=0: p<n-L; p++){ 20T, BRHEHR
if( a[p]>average){ 120(m).
sum=0;

for(a=p; q<n; g++){
sum = sum + a[q];
if('sum > maxsum) maxsum = sum;
}
}

return maxsum;
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Property to be satisfied by the largest sum interval
the leftmost element a[p] must be larger than the
=> |eads to a notion of "maximal interval”

Algorithm P3-A2:
Find the “average™ of a[0]~a[n-1].
maxsum=a[0];
for(p=0; p<n-1; p++){
if( a[p]>average){
sum=0;
for(g=p; g<n; g++){
sum = sum + a[q];
if( sum > maxsum) maxsum = sum;
}
}

return maxsum;

Since the number of elements
can be more than n/2, the
total computation time is
0O(n?).
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[£<IOEAHITEETLTUZL |

S[i] = a[0] ~a[i]OF0, LEETHE, KFE[p,q I
sum(p,q) = sum(0,q) - sum(0,p-1) =S[q] - S[p-1]

ELTEETES. L= T, S[0], S[1], ..., S[n-11%

ROTHITE, REZEORKELEROIEBEEF LS.

7L X LP3-A3:

S[0] = a[0];

for(i=1; i<n; i++)
S[i] = S[i-1] + a[il;

maxsum=a[0]; minsf=a[0];

for(p=1; p<n; p++){
if(S[p] - minsf > maxsum) maxsum = S[p] - minsf;
if(S[p] < minsf) minsf = S[p];

‘ Algorithm based on completely different ideas‘

If we define S[i] = sum of a[0]~a[i], the interval sum for [p,q]
can be computed by
sum(p,) = sum(0,q) - sum(0,p-1) =S[q] - S[p-1].
Thus, if we have S[0], S[1], ..., S[n-1] in advance then the problem
is reduced to that of finding the largest interval difference.

Algorithm P3-A3:

S[o] = a[o]; _

for(i=1; i<n; i++) (_Zomputatlon
S[il = S[i-1] + a[il; time

maxsum=a[0]; minsf=a[0]; O(n)

for(p=1; p<n; p++){
if(S[p] - minsf > maxsum) maxsum = S[p] - minsf;

} RELD! if(S[p] < minsf) minsf = S[p];
return maxsum; o(n) }
37146 return maxsum; 3646
‘ ERRIELTLIEEN ? ‘ Is it possible without auxiliary array? ‘
W= O TIXEFIS[IZEL TIXS[D{ELANSBLTLVELY. In the loop we refer only S[i] in the array S[].

S>HERINTEET L EFLL.
SliERDBIN—TERHFRKEERDDIL—TEELDS.

F IV X LP3-A4:
maxsum=a[0]; minsf=a[0];sum=a[0];
for(p=1; p<n; p++){
sum = sum + a[p];
if(sum - minsf > maxsum) maxsum = sum - minsf;
if(sum < minsf) minsf = sum;
}

return maxsum;

EHEERRE A EYO(M).
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=>no need to maintain sums in an array
Combining the loop to find S[i] and that of finding the largest
sum interval, we have

Algorithm P3-A4:
maxsum=a[0]; minsf=a[0];sum=a[0];
for(p=1; p<n; p++){
sum = sum + a[p];
if(sum - minsf > maxsum) maxsum = sum - minsf;
if(sum < minsf) minsf = sum;
}

return maxsum;

Computation time is still O(n). 206

(Db EECEI<TFLTIZL |

A% E M SAIIBIZHRTLL.
a[i|ZFARTNBEE, [0,i-1]DERIZHITHHEADXEFZEL[],
AiEAEET 2REOHTORARMMER]ET 5.
ZhEE,

. L[i-1] L[i-1]=R[i-1]]D &=,

L['l—{R[i-u RS DEE.

oyl R[i-1]+a[i]<a[i| D&,
Il = { R[i-1] +a[i] ZFhLstDe.

|
[TTTTTI [T
L[I\]_‘J

R[]
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‘Algorithm based on dynamic programming ‘

The array is checked from left to right.

Let L[i] be the largest sum interval in the interval [0, i-1] and

R[i] be the largest sum interval for interval with a[i] in its right end.
Then, we have

. L[i-1] if L[i-1]=R[i-1],
L[] = { R[i-1] otherwise.

] ai] if R[i-1]+a[i]<a[i],
Il = { R[i-1] +a[i] otherwise.

CLTTTTT [TTTTTT]
L["]_‘J

RIi]
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(L[] L[F]ZR-]DEE,
Ll = { R[i-1] ZFhLstDeE.

] R[i-L]+a[i]<a[i] D &,
Rl = { RI-1] +afi] ZhBStDEE.

BRIZL[N-1]ERN-1DREVNA AR KIE.

T X LP3-A5:
L[0] = R[0] = a[0];
for(i=1; i<n; i++){
if( L[i-1] >= R[i-1] ) L[i] = L[i-1]; else L[i] = R[i-1];

if( R[i-1] + a[i] < a[i] ) R[i] = a[il; else R[i] = R[i-1] + afil;

if( L[n-1] > R[n-1] ) return L[n-1]; else return R[n-1];

FHE R IZO(n).
EERRADERIELGCTERFTEDMN?
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L[] if LRI,
L[] = { R[i-1] otherwise.

o ali] if R[i-1]+a[i]<ali],
Rl = { R[i-1] +a[i] otherwise.

Finally, we take the larger of L[n-1] and R[n-1] as the maximum.

Algorithm P3-A5:
L[0] = R[0] = a[0];
for(i=1; i<n; i++){
if( L[i-1] >= R[i-1] ) L[i] = L[i-1]; else L[i] = R[i-1];
if( R[i-1] + a[i] < a[i] ) R[i] = a[i]; else R[i] = R[i-1] + a[i];

if( L[n-1] > R[n-1] ) return L[n-1]; else return R[n-1];

Computation time is O(n).
Is it possible to do without any auxiliary array? 4446

L[| DAEIEL[i-11&R[i-11721F TRES.
R DEIFR[i-1], a[i] 21+ TiRES.
&oT, BHEFEIBHEELL.

FILTY X LP3-A6:
L =R =a[0];
for(i=1; i<n; i++){
if(L>=R)L=L;elseL=R;
if(R +a[i] <a[i]) R =a[i]; else R =R +a[i];

if(L > R) return L; else return R;
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L[i] is determined only by L[i-1] and R[i-1].
R[i] is determined only by R[i-1] and a[i].
Therefore, no auxiliary array is required.

Algorithm P3-A6:
L =R =a[0];
for(i=1; i<n; i++){
if(L>=R)L=L;elseL=R;
if(R +a[i] <a[i]) R=2ali]; else R =R +a[i];

if(L > R) return L; else return R;
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