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F LY X LP3-A0:

maxsum=0; BRI

for(p=0; p<n; p++) SEL—TEMD
for(g=p; q<n; g++){ O(n3)F5 A8

/I R [p,q] COHOFsumZE3R&H 5
sum=0;
for(i=p; i<=q; i++)
sum = sum + a[i];
if(sum > maxsum) maxsum = sum;

3
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Problem P3(Largest Sum Interval) : Given n data in an array a[],
a sum interval sum(p,q) for an interval [p,q] is defined as the sum of
elements a[p]~a[q]. Find a largest sum interval for a given array.

It can be computed by computing the interval sum for every interval.

Algorithm P3-A0:
maxsum=0;
for(p=0; p<n; p++)
for(g=p; q<n; g++){
/I find the interval sum in an interval [p,q]
sum=0;
for(i=p; i<=q; i++)
sum = sum + a[i];
if(sum > maxsum) maxsum = sum;

}

Computation time:
triple-loop=>
O(n3) time
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‘ Algorithm based on dynamic programming ‘

The array is checked from left to right.
Let L[i] be the largest sum interval in the interval [0, i-1] and

R[i] be the largest sum interval for interval with a[i] in its right end.
Then, we have

. L[i-1] if L[i-1]=R[i-1],
L[] = { R[i-1] otherwise.

a[i] if R[i-1]+a[i]<a[i],
R[] = { R[i-1] +a[i] otherwise.

1
CLTTTTT [TTTTTT]
L[I\]_‘J

RIi]
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(L[] L[F]ZR-]DEE,
Ll = { R[i-1] ZFhLstDeE.

] R[i-L]+a[i]<a[i] D &,
Rl = { RI-1] +afi] ZhBStDEE.

BRIZL[N-1]ERN-1DREVNA AR KIE.

FITYX LP3-AS:
L[0] = R[0] = a[0];
for(i=1; i<n; i++){
if( L[i-1] >= R[i-1] ) L[i] = L[i-1]; else L[i] = R[i-1];
if( R[i-1] + a[i] < a[i] ) R[i] = a[i]; else R[i] = R[i-1] + a[i];

if( L[n-1] > R[n-1] ) return L[n-1]; else return R[n-1];

FTEEEREIEO(n).
EERAOBRINEHGTEIETESLN? 7152

L[] if LRI,
L[] = { R[i-1] otherwise.

o ali] if R[i-1]+a[i]<ali],
Rl = { R[i-1] +a[i] otherwise.

Finally, we take the larger of L[n-1] and R[n-1] as the maximum.

Algorithm P3-A5:
L[0] = R[0] = a[0];
for(i=1; i<n; i++){
if( L[i-1] >= R[i-1] ) L[i] = L[i-1]; else L[i] = R[i-1];
if( R[i-1] + a[i] < a[i] ) R[i] = a[i]; else R[i] = R[i-1] + a[i];

if( L[n-1] > R[n-1] ) return L[n-1]; else return R[n-1];

Computation time is O(n).
Is it possible to do without any auxiliary array? 852

L[| DAEIEL[i-11&R[i-11721F TRES.
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FILTY X LP3-A6:
L =R =a[0];
for(i=1; i<n; i++){
if(L>=R)L=L;elseL=R;
if(R +a[i] <a[i]) R =a[i]; else R =R +a[i];

if(L > R) return L; else return R;
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L[i] is determined only by L[i-1] and R[i-1].
R[i] is determined only by R[i-1] and a[i].
Therefore, no auxiliary array is required.

Algorithm P3-A6:
L =R =a[0];
for(i=1; i<n; i++){
if(L>=R)L=L;elseL=R;
if(R +a[i] <a[i]) R=2ali]; else R =R +a[i];

if(L > R) return L; else return R;
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Problem P4: Suppose n data are stored in an array a[]. By ave[p,q]
we denote the average of elements in an interval [p,q]. Then, find
an interval maximizing the average.

0 12 3 4 56 7 8 9
al10[-9[-5[12]-3]10]-8[11]-8]-2]
|

ave[3,7] =22/5=4.4  ave[3,5]=19/3=6.33

If there is no constraint in intervals, this problem is in fact quite easy.
If a[i] is the maximum in the array, then the interval maximizing the
average is obviously [i,i].

‘ Exercise: Question: Prove the above fact.

Then, what about if the length of an interval must be at least two?

In this case there is no simple algorithm. 1252
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}

FILT X LsP4-AQ:
maxave=(a[0]+a[1])/2;
for(p=0; p<n-1; p++)
for(q=p+1; q<n; g++¥{
sum = 0;
for(i=p; i<=q; i++)
sum = sum + a[i];
ave = sum/(g-p+1);
if(ave > maxave) maxave = ave;

return maxave;

TRTSLOEBENSEIL—TTHEHND, OM)ERI NS,

(Brute-force algorithm)

Algorithm P4-A0:
maxave=(a[0]+a[1])/2;
for(p=0; p<n-1; p++)
for(q=p+1; q<n; g++}{
sum = 0;
for(i=p; i<=q; i++)
sum = sum + a[i];
ave = sum/(q-p+1);
if(ave > maxave) maxave = ave;

}

return maxave,

Triple-loop structure => O(nd) time.

computes average for every interval to find the largest value
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(BHR1)

REMERODFHELMAHEDEDEREANETD

maxsum=a[0];

sum=0;

}

return maxsum;

FIILTYXLP3-AL:
for(p=0; p<n-1; p++){
for(q=p; g<n; g++){

sum = sum + a[q];
if( sum > maxsum) maxsum = sum;

EREO7LTIVXLEREFEHAICERTREEL.
=1L, \WEEBMOT7ILTIXLEGRATHILITTEGRL.
(faIA%ESM ?)
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(Improvement 1)

Algorithm P3-Al:
maxsum=a[0];
for(p=0; p<n-1; p++){
sum=0;
for(g=p; q<n; g++){
sum = sum + a[q];
if('sum > maxsum) maxsum = sum;

}

return maxsum;

Note that we cannot apply the linear-time algorithm.
(What is different?)
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Application of algorithm for largest sum interval leads efficiency.

It suffices to convert the above algorithm for average in intervals.

FILTYXLPA-AL: REEHDEEIZL, Algorithm P4-Al: For interval average,
maxave=(a[0]+a[1])/2; REDESH2L LT maxave=(a[0]+a[1])/2; note that the length of
for(p=0; p<n-1; p++){ HIFNIEESENS &I for(p=0; p<n-1; p++){ interval must be at least
sum=a[p]; EE. sum=a[p]; 2.
for(q=p+1; q<n; g++¥{ for(q=p+1; q<n; g++}{
sum = sum + a[q]; sum = sum + a[q];
ave = sum/(g-p+1); ave = sum/(g-p+1);
if( ave > maxave) maxave = ave; if( ave > maxave) maxave = ave;
} }
} }
return maxave;
RELTD!

SEIX2EL—TDHEELDT, O(n?) .

REAFEEDO LSRR 7LV X LREET N ?
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return maxave;

Computation time

double loop structure => O(n?) time.

Is there a linear algorithm like in the largest sum interval prolljﬂlgzm?
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As in the largest sum interval problem P3, compute the sum
S[p] = a[0]+a[1]+...+a[p] for each p and plot it at (p, S[p]) in
the plane.
slope of line through the
two points

S[al-S[p

q-p

This is the average in
the interval [p+1,q].

q,|S

(b} S[p])

p

Thus, the problem is to find two points among n points so that their

associated line has a largest slope. Here, since the length of each

interval must be at least 2, their x-coordinates must differ at least by 2.
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REDEmpEEELI=EE,

EDE(, S[A)EENIFIEBENRKIZHD M ?
als qZp+r2DEFED =
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p q n-1
q=p+2
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Fixing the left endpoint p,
which point (g, S[q]) should be selected to maximize the slope?

We should find a tangent
line to the smallest convex
polygon (upper convex hull)
(| SfP)) of a set of point in the

range q=p+2.

o]
w

qZp+2

22152

REOHmoEEELI=EE,
EDFE(p, SP)EEANFEENRKIZEHM ?
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0 p q n-1

p=g-2

23/52

Fixing the right endpoint p,
which point (p, S[p]) should be selected to maximize the slope?

a,Sla] We should find a tangent
line to the smallest convex
polygon (lower convex hull)
of a set of point in the

range p=q-2.

0 p q n-1

p=g-2
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#/, FilTDOWT, RE0,i-1]0 /D FEMELCH(0,i-1)&
RFE[i+1,n-1]0 RO LA BUCH(i+1,n-1)EROTHE,
W& DHBERERONIEEL.

[0,i-1] [i+1,n-1]
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After all we should compute for each i the lower convex hull
LCH(0,i-1) for an interval [0,i-1] and the upper convex hull
UCH(i+1, n-1) for an interval [i+1, n-1] and then find their
common tangent.

[0,i-1] [i+1,n-1]
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RFE[0,i-1]D "D FEHELCH(O,i-1) D E
iZBIZEEOLEABLCH(0,)ZIBIZE#H

n-1
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Compute the lower convex hull LCH(0,i-1) for an interval [0,i-1].
Update LCH(0,i) while increasing i.

n-1
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X[E[0,i-1]D =MD FE M EBLCH(0,i-1)DEHE
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LCH(0,i-)ZHmAD
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Compute the lower convex hull LCH(0,i-1) for an interval [0,i-1].
Update LCH(O,i) while increasing i.

Maintain LCH(0,i-1) as a
directed tree. To insert a
point i, traverse the tree
from point i-1 to the root
and determine the edge
when it becomes a tangent
to LCH(O, i-1).

n-1

Exercise: Show that the above computation is done in O(n) time. ‘
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RFE[0,i-1]D KD TEHELCH(O,i-1) D HE
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Compute the lower convex hull LCH(0,i-1) for an interval [0,i-1].

32/52

RE[i+1,n-1]0 SO EEBLBUCH(i+1, n-1)DEHE
iIZIEIZRE D LA BUCH(I+1,n-1)ZIBICE
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Compute the upper convex hull UCH(i+1,n-1) for an interval [i+1,n-1].
Update UCH(i+1,n-1) while decreasing i.
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IICBL TN DORKIEERDS.
[0,i-1]D R &[i+1,n-1]D REFESMEESRADRAERDS.

Ri-1ERi+H1EFESR
BRODBIRHT,

ED HILLCH(0,i-1)
BDRILUCH(i+1,n-1)
DiBZFEWY, HBEHELR
S ERDOB.
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Find an interval maximizing the average for each i.
Find a largest-slope line connecting points in [0,i-1] and [i+1,n-1].

Starting from the line
connecting point i-1 and
point i+1, trace LCH(0,i-1)
for the left points and
UCH(i+1,n-1) for the

¢ right points.
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BT FHREEROEY

p=i-1; q=i+1;
do{
change=false;
while((p,g,UCH(i+1,n-1)IZ& 1+ HqD ) A R BFEHEY ) {
q=UCH(i+1,n-1)I=351+5qMD$]; change=true;

}

while((LCH(0,i-1)I=#511%pM#,p.q,) HEFETEIY) {
p=LCH(0,i-1)IZ&+5p?D 3, change=true;

}

}

LEROFHEE(IOMNBHTTES.

ChENERYR T ELAETIEOM)IZH->TLES.
REEEICRETEDN ?

BHBNE, KLIZOM)BEEMMNZDH ? 37152

The concrete procedure is as follows:

p=i-1; g=i+1;
dof{
change=false; ccw: counter-clockwise
while((p,q,parent of g in UCH(i+1,n-1)) is ccw) {
g=parent of g in UCH(i+1,n-1); change=true;

}

while((parent of p in LCH(0,i-1),p,q,) is cw){
p=parent of p in LCH(0,i-1); change=true;

}

3

The above procedure is done in O(n) time.

If we iterate it n times, the overall time becomes O(n?).

Can we improve it into linear time?

Or, does it really take O(n?) time? 3852

iICBL CRMTFHDRKEZRDS.
[0,i-1]D R &[i+1,n-1] D REFESMEEZRKDBAERD .

Ri-lERi+1EREAR
BODBIRDT,

E D AIELCH(0,i-1)
D HIFUCH(+1,n-1)
DiDEWY, HBER
6 =RD5B.
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Find an interval maximizing the average for each i.
Find a largest-slope line connecting points in [0,i-1] and [i+1,n-1].

Starting from the line
connecting point i-1 and
point i+1, trace LCH(0,i-1)
for the left points and
UCH(i+1,n-1) for the

¢ right points.
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IICBL TN ORKIEEZRDS.
[0,i-1]D R &[i+1,n-1]D REFESMEESRADRAERDB.

Ri-1ERi+1EFESR
BRODBIRHT,

ED HILLCH(0,i-1)
BDRILUCH(i+1,n-1)
DMWY, HBEHELR
S ERDOB.
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Find an interval maximizing the average for each i.
Find a largest-slope line connecting points in [0,i-1] and [i+1,n-1].

Starting from the line
connecting point i-1 and
point i+1, trace LCH(0,i-1)
for the left points and
UCH(i+1,n-1) for the

¢ right points.
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iICBL TR DRKEZRDS.
[0i-1]D R &[i+1,n-1]D REBESMEERADRAERD S,
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i=3
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Find an interval maximizing the average for each i.
Find a largest-slope line connecting points in [0,i-1] and [i+1,n-1].

Starting from the line
connecting point i-1 and
point i+1, trace LCH(0,i-1)
for the left points and
UCH(i+1,n-1) for the

right points.

i=3
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iICBL CRMTFHDRKEZRDS.
[0,i-1]D R &[i+1,n-1] D REFESMEEZRKDBAERD .

Ri-lERi+1EREAR
BODBIRDT,

E D AIELCH(0,i-1)
D HIFUCH(+1,n-1)
DiDEWY, HBER
=RD5B.

i=4
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Find an interval maximizing the average for each i.
Find a largest-slope line connecting points in [0,i-1] and [i+1,n-1].

Starting from the line
connecting point i-1 and
point i+1, trace LCH(0,i-1)
for the left points and
UCH(i+1,n-1) for the

right points.

i=4
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The same edge can be traversed more than once in this algorithm
and thus it cannot guarantee linear computation time.
Is there any example requiring O(n?) time?

Guarantee of linear time

No edge of UCH() is
traversed three times.

Edge traversed
in the search i
and i+2.

; n-1
i
The two points i-1 and i+1 must lie above the line pg. But, then the
edge is never traversed in the search at i, a contradiction (Why#)2
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Similarly, for k=2, the same edge in UCH is never traversed in
the search from point i-1 and from i+k.

Remark: It happens that the same edge in UCH is traversed in
the search from point i-1 and point i.

At last, it has been proven that no edge in UCH is traversed
three times. Same for LCH.
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BROICTILTVXLIERD&S1245.

FILTYX LPA-A2:
&M, S[i]=a[0]+a[1]+...+a[i|&RK&HB(i=0, 1, ..., n-1)
RIZHEE(G, S[i]), i=0, ..., n-1&HERK.
LCH(0, i-1)&UCH(i+1, n-1)Z B I<#& Rk
maxslope=(a[0]+a[1])/2;
for(i=1; i<n-1; i++){
Ri-IERIHIZERESRAMSIRN T,
E D HIZLCH(0,i-1), H® HIFUCH(i+1,n-1) D50%WY,
HBER(p, Slpl)-(a, S[A)ZERDS.
if( 2@ D EZ>maxslope) maxslope= 1t BIE#EDIEE;

}
maxslope# i 71;

EEME CO7IINT) X LEERES L. ‘ 51/52

Finally we have the following algorithm.

Algorithm P4-A2:
First, we compute S[i]=a[0]+a[1]+...+a[i] (i=0, 1, ..., n-1).
Then, construct a set of points (i, S[i]), i=0, ..., n-1.
Construct LCH(0, i-1) and UCH(i+1, n-1) in order.
maxslope=(a[0]+a[1])/2;
for(i=1; i<n-1; i++){
Starting from the line connecting point i-1 and point i+1,
traverse edges in LCH(O,i-1) for the left point and in UCH(i+1,n-1)
for the right point to find the common tangent (p, S[p])-(q, S[a])-
if( slope of tangent line>maxslope) maxslope=slope of tangent line;

output maxslope;

‘ Exercise: Implement this algorithm. ‘
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