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max(p,q) = max{alp], a[p+1], ..., a[ql}
min(p,q) =min{a[p], a[p+1], ..., a[q]}

3 BE, EDEEIE
max(p,d) - min(p, q) =w
ERTEMNTES.
0 12 3 4 56 7 8 9
a 173219 |22|28|16|18|20(39 |31
w=237%15, [09]AREKF
w=20%i 5, [0,7]h KX fE
w=127%55, [2, 71 KM
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Problem P5: Suppose that n data are stored in an array a[].
Given a real number w>0, find a longest interval [p,q] in which the
difference between the maximum and minimum is at most w.

max(p,q) = max{a[p], a[p+1], ..., a[q]}

min(p,q) = min{a[p], a[p+1], ..., a[q]}
Then, the condition is as follows:

max(p,q) - min(p, q) =w

O 1.2 3 4 5 6 7 8 9
d 17/132|19(22|28|16|18|20|39|31

for w=23, [0,9] is the longest interval
for w=20, [0,7] is the longest interval
for w=12, [2,7]is the longest interval
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IANTORMEZESNZELT, BWOEHZREI=TNEIDZERND

7ILI31) X LP5-A0:
maxlength=0;
for(p=0; p<n-1; p++)
for(g=p+1; g<n; g++X
max=a[p]; min=a[p];
for(i=p+1; iI<=q; I++){
If(a[i]>max) max=a[i];
If(afi]<min) min=a[i];
}
If(max-min<=w && g-p+1>maxlength)
maxlength = g-p+1;
}

cout << maxlength;

STEERIE
O(n3)
ECETHETED?
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Brute-force algorithm
Enumerate all intervals and check the condition on width w.

Algorithm P5-A0:

maxlength=0;
for(p=0; p<n-1; p++) Computation time
for(q=p+1; q<n; g++){ O(nd)
max=a[p]; min=a[p]; How much

for(i=p+1; i<=q; i++){
if(a[i]>max) max=a[i];
if(a[i]<min) min=a[i];
}
if(max-min<=w && g-p+1>maxlength)
maxlength = g-p+1;
¥

cout << maxlength;

Improvement is
possible?
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XD EImprBEELTHEKD.

7ILT) X LP5-Al:
maxlength=0;
for(p=0; p<n-1; p++){
max=a[p]; min=a[p];
for(q=p+1; g<n; g++)}{
If(a[g]>max) max=a[q];
If(a[g]<min) min=a[q];
If(max-min>w) break;
¥
If(g-p>maxlength) maxlength = g-p;
¥

cout << maxlength;

XEDAImqEE ZFTEIEE LN ERRDS.

T E R
O(n?)
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Fix the left endpoint p of an interval.

Extend the right endpoint g as far as possible.

Algorithm P5-Al:
maxlength=0;
for(p=0; p<n-1; p++){
max=a[p]; min=a[p];
for(g=p+1; g<n; g++){
If(a[q]>max) max=a[q];
If(a[g]<min) min=a[q];
If(max-min>w) break;
}
If(g-p>maxlength) maxlength = g-p;
}

cout << maxlength;

Computation time
O(n?)
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Algorithm based on divide-and-conquer
-solve the problem for the left half
-solve the problem for the right half
-find the longest interval containing the middle
-output the longest one among the above three

Algorithm P5-A2:

First, find a longest interval within w from the middle m to the right.
At the same time find maximum and minimum in the interval [m, q]
for g=m, m+1, ... and store them in arrays.

Next, extend the interval from the middle m to the left.

Then, if the width condition is not satisfied, the right endpoint q is
decreased appropriately. If the right endpoint g exceeds the middle
or the left endpoint p reaches the margin of the array, then stop.
Output the longest interval among ones found so far.
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7 LT X LP5-A2:

Int findmaxlength(left, right){
m = (left+right)/2;
L1=findmaxlength(left, m-1);
L2=findmaxlength(m+1, right);
gmax[m]=gmin[m] = a[m];
for(g=m+1; gq<n; g++)

gmax|q]=max(gmax[q-1], a[q]);

gmin[g]=min(gmin[g-1], a[q]);
iIf(gmax[g]-gmin[g]>w) break;
}
0=q-1;
L3 = g-m+1;
for(p=m-1; p>=0; p--){
do{
pmax=max(gmax[q], a[p]);
pmin=min(gmin[q], a[p]);
If(pmax-pmin>w)g=qg-1,;
Ywhile(pmax-pmin>w);
If(g-p+1>L3) L3=q-p+1;
}

return max(L1, L2, L3);
¥

main()

{

cout << findmaxlength(0, n-1);

}

R e 5T E R
O(nlog ) THhH_t%
REAAE K.

R NRE . EEICTO0T L%

EoTHNMEZHEN D L.
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Algorithm P5-A2: return max(L1, L2, L3);
Int findmaxlength(left, right){ 1
m = (left+right)/2; main()
L1=findmaxlength(left, m-1); {
L2=findmaxlength(m+1, right);
gmax[m]=gmin[m] = a[m]; cout << findmaxlength(0, n-1):
for(g=m+1; q<n; g++) }

gmax|q]=max(gmax[q-1], a[q]);
gmin[q]=min(gmin[g-1], a[q]);

If(qmax[q]-gmin[q]>w) break; Exercise : Prove that the
s . computation time is
q|_3q: A O(n log n).
for(p=m-1; p>=0; p--){
do{ Exercise : Implement the algorithm
pmax=max(qmax[a], a[p]); as a program to see its behavior.

pmin=min(gmin[q], a[p]);
If(pmax-pmin>w)g=qg-1,;
}while(pmax-pmin>w);

if(g-p+1>L3) L3=qg-p+1, 12/38
¥
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cur_max=max{a[p], a[p+1], ..., a[q]}
EEET D.

w=12:
0 12 3 4 56 7 8 9 [27]&R(TATH
d 17 (3211922281618 |20/39|31| cur_min=16
CUr_max=28ss




Algorithm using linked list

When an interval [p,q] satisfies the condition max(p,q)-min(p,q)=w
then this interval [p,q] is called feasible.

We can find a longest feasible interval by sweeping the array from
a[0] to a[n-1].

At alq], let [p,q] be the longest feasible interval with its right end
at g, 1.e.,
[p,q] is feasible and [p-1,q] is not

We define

cur_min=min{a[p], a[p+1], ..., a[q]}

cur_max=max{a[p], a[p+1], ..., a[q]}.
w=12:

0 1 2 3 4 5 6 7 8 9 [27]isfeasible

d 17 132(19(22|28 1618|2039 |31| cur_min=16

cur_max=2@ss




IREDXE[p,qll2H LT

min_after[i] = min{ a[j] | i=j=q}, i=p, ...,
EEETH (EKENTIHEHUBEOR/MEZERT)
min_after[] (X EERAIEEINTH 5.
X fE[p,q]AAT, min_after[|DIETEICELZSEDZIEIZELS
L=t M %min_after[i,]>min_after[i,]>...>min_after[i &9 5.

BI#R(Z, max_after[il=max{a[jli=j=q}, i=p,..., (b EET 5.
“nilzkY, YRRLIST min&LIST maxzE&ET 5.

IR D XMHE[2,6], w=12
o 1.2 3 4 5 6 7 8 9

d 17/132|19(22|28|16|18|20|39|31

min_after(] 16|16 16 16 {8 1) ZRLIST min
max_after][] 28 28 28 |18| 18 ') ARLIST_max
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At the current interval [p, q] we define

min_after[i] = min{ a[j] | i=j=q}, i=p, ..., Q.
(to indicate the minimum in the interval after the i-th element)
min_after[] is monotonically nonincreasing.
We connect values min_after[] by skipping the same values in the
Interval [p,q]. Let the resulting list be
min_after[i,]>min_after[i,]>...>min_after[i,].

Similarly we define max_after[i]l=max{a[j]li=j=q}, i=p...., Q.
Using them we define a list LIST_min&LIST _max.

current interval [2,6], w=12
o 1 2 3 4 5 6 7 8 9

d 17/132|19(22|28|16|18|20|39|31

min_after[] 16116 16 16 {18 list LIST_min
max_after[] 28 28 28 18| 18 list LIST max
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IRTE D X FE[2,6], w=12

o 1 2 3 4 5 6 7 8 9

d

171321192228 |16|18|20|39 |31

min_after|[]
max_after([]

16116 16 16 @8]  1YRKLIST min
28] 28 28 i8] 18  'JARLIST_max

RIZg=72HintT HAXBZEEZD.
LIST minzaMoEITMY, a[ql&Y KEWNERFHIR
LIST maxza&MoEIZlY, a[q)&kY/NSWNERZHIBR

o 1 2 3 4 5 6 7 8 9

d

1713211922128 16|18 |20|39 |31

min_after|[]
max_after([]

—DiFEE

- - JARLIST _min
28] I20] ') AELIST_max

X ] 0D A Um 7z 4 £ 7l 6E 17/38




current interval [2,6], w=12
o 1 2 3 4 5 6 7 8 9

d 1732|1922 28|16 |18|20|39 |31

min_after[] 16116 16 16 @8]  list LIST min
max_after][] 28] 28 28 [18] 18 list LIST_max

Next, consider the interval with its right end at g=7.
Following LIST _min from right to left, delete elements > a[q].
Following LIST _max from right to left, delete elements < a[q].

o 1 2 3 4 5 6 7 8 9
d 1732|1922 28|16 |18|20|39 |31

min_after[] 16 | 18]  Jist LIST min
max_after(] 28] 20 list LIST_max

In this case we can extend the right end. 18/38
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Case 1:interval remains feasible after adding a[q+1]
Then, we can extend [p,q] into [p,g+1].

Case 2:a[g+1]-cur_min>w,
Following LIST _min from its left end to the right, delete all the
elements until a[g+1]-a[i, ] =w holds.
Furthermore, we set the left end of an interval at p=i,_,+1.
Similarly, update LIST_max(delete the part to the left of i, ;).
Update the current interval to [p,q+1].

Case 3:cur_max-a[q+1]>w,
Following LIST max from its left end to the right, delete all the
elements until a[i,]-a[g+1] =w holds.
Furthermore, we set the left end of an interval at p=i,_,+1.
Similarly, update LIST_min (delete the part to the left of I, _,).
Update the current interval to [p,g+1].

Exercise: Implement the above algorithm to see its behavior.

Exercise: Show that the algorithm runs in O(n) time. 20/38
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EIREPG: IEE#M n [TxLT, TOHEH 1/n ZEREICEHE R L.
BER/MMIZGIESX BRORBEFVBHATIEET S,

5l FRIREB D DFBIGATEH TR
17 =0.#142857

1/11 = 0.409 Y 176'3 a7+:%:1 ,

1/13 = 0.4076923 0/ 7-2 5

1/17 = 0.40588235294227647 017 e

1/28 = 0.03#571428 0 7og a

1/104 = 0.009#615384 078 &
KUEL0fELT, n THo-RYERDHS, | 20/ /=71
LOSBIEE, KU O [THBh, BETIZR LARITIS =R Y
DI-DERLRYNHZETHEITS.
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Computation of reverse of a positive integer

Problem P6:Given a positive integer n, calculate its reverse
1/n exactly. Ifitis a repeated decimal, specify where it starts.

Example: # indicates the start of a repeated decimal.
Calculation of 1/7

/7 =0.#142857

1/11 =0.#09

1/13 =0.#076923

1/17 = 0.#0588235294227647
1/28 =0.03#571428

1/104 = 0.009#615384

Repeat the operation to multiply residue by
10 and find residue after dividing it by n
until the residue becomes 0 or we encounter
the same residue we have ever had before.

10/7=1...
30/7=4...
20/ 7=2 ..
60/7=8...
40/7=5 ...
50/7=7..
the residue

3

R OB O

ever obtained

22/38



HiE1: RYZIBEICEAZS
BEORETROEY

"RYZI0fELI=LDZENTEIY, B q ERY r &R, B qZzHNT 5.

“RYr DOGEHRT

ZOTIEITNIL, RY r NLRTICHIRLEZDESIHLZHENDD.
LARTICHIRLTONIE, ZDGEFAMNEIROREIBGERTICES.
LARNICHBEL TR, WEORY r 2EHNIZEEHKT 5.

7 L3 X LP6-AQ:
printf(*0.”); r = 1; k=0;
do{
q=r*10/n; r=(r*10) % n;
printf(*%1d”, q);

t=0;
If(r >0 && k>0)
for(i=1; i<=k; i=i+1)
if(afi]==nrt=1,;

if(r >0 && t==0)
{k=k+1; a[k] =r;}
Iwhile(r>0 && t==0);
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Algorithm 1: Keeping the residues in order

Operations at each iteration:
-divide 10 times the residue by n to have quotient g and residue
r, and output the quotient g.
“If r is O then stop.
- Otherwise, see whether the residue r has ever appeared.
- If it appeared before, it gives the starting position.
- Otherwise, keep the current residue r in an array.

Algorithm P6-A0:
printf(*0.”); r = 1; k=0;
do{
q =r*10/n; r=(r*10) % n;
printf(*%1d”, q);
t=0;
If(r >0 && k>0)
for(i=1; i<=k; i=i+1)
if(afi]==nrt=1,;
If(r>0&&t==0)
{k=k+1; a[K] =r;}
Iwhile(r>0 && t==0);

24/38
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Analysis of Computation Time

 Upper bound on the number of iterations?
The number if iterations is at most n since the loop is iterated if
we have a new residue but there are at most n different residues.

- Computation time at each iteration
It takes most time to compare the current residue with one
obtained so far. The worst case Is when the same residue is
not found. In this case it takes time proportional to k at the k-th
Iteration.

- Computation time in the worst case
The k-th iteration takes time O(k), and the number of iterations is
at most n, Thus, the total time for computation is at most

1+2+...+n=n(n+l)/2.
O(n?)
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Efficiency Improvement

(1)Decrease the number of iterations.
(2)Simplify computation at each iteration.

Since (1) looks hard, consider (2).

Observation
- There are n different residues, 0, ..., n-1.
 The same residue never happens twice.
-When the same residue is found, we want to know In what

order it appeared.
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New Data Structure

. If the residue at k-th iteration is r, we do not set
a[k] =r;
but conversely we record that the residue r appeared at the
K-th iteration by setting

afr] = k;
-We initialize the array by setting
a[r] =0;

for each r to indicate that r has not appeared as a residue.
- With this method, just one comparison suffices to know
whether the residue r has already appeared.
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for(i=1; i<n; i=i+1)

a[i] = 0;
a[0] =-1; *RYOAHI=EZITR T TESELS ¥/
a[l]=1; FRYLI1EIBDORY */

r=1,
for(k=1; k<n; k=k+1){
blk] = (r*10) / n; /* EZIEICEZ S */
r=(r*10) %n,
if(a[r] = 0) break;
a[r] = k+1,;
¥
printf(“0.”);
If(r==0){
for(i=1; i<=k; i=i+1) printf(“%1d”, b[i]);
}else {
for(i=1; i<a[r]; i=i+1) printf(“%1d”, b[i]);
printf(*“#”);
for(i=a[r]; i<=k; i=i+1) printf(*%21d”, b[i]);
¥
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for(i=1; i<n; i=i+1)

a[i] = 0;
a[0] =-1; /*to stop when O appears as a residue */
a[1l] =1; /*the residue is initialized as 1 */

r=1,
for(k=1; k<n; k=k+1){
b[K] = (r*10) / n; /* keep quotients in order */
r=(r*10) %n,
if(a[r] '= 0) break;
a[r] = k+1,;

¥
printf(“0.”);
If(r==0){
for(i=1; i<=k; i=i+1) printf(*%21d”, b[i]);
}else {
for(i=1; i<a[r]; i=i+1) printf(*%21d”, b[i]);
printf(*“#”);
for(i=a[r]; i<=k; i=i+1) printf(“%21d”, b[i]);
¥
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17D EE 5

0123456 01234567 k=3,0=2,r=6(20/7=2...6)
a-1/1/0/0000 b/l.|.LL LI 0123456 01234567

a-11|3|1200(4| b/|1|42| ||. |

k=1,9=1,r=3(10/7=1...3)
0123456 01234567 k=4,9=8,r=4(60/7=8...4)
al-11/0[2000[0| bi/|1. | | ||| 0123456 01234567

a-1132504 b/|14|1218] ..

k=2,q=4,r=230/7=4..2)
0123456 01234567 k=5,9=51r=540/7=5...9)

a-1/1/3[2000 b/|1l4|.] L].]|. 0123456 01234567
a-11/31256/4| b/|1/4/2185|. |

k=6,q=7,r=1(50/7=7..1)
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Example: calculation of 1/7
k=3,0=2,r=6(20/7=2 ... 6)

d

K

d

0123456 01234567
-11/0/0joplol B/l [ L L] L.
=1,9=1,r=3(10/7=1... 3)
0123456 01234567
1102000 o/(1]. | | ]|
k=2,9=4,r=2(30/7=4..2)
0123456 01234567
111320 0(0] O/|14].] |].]|

d

0123456

d

-1

1

3

2

0

0

4

01234567

b/11142 || |

k=4,9=8,r=4(60/7=8 ... 4)
0123456

d

-1

1

3

2

5

0

4

01234567

b/|14]2181|. |

k=5,9=5,r=5M0/7=5..5)
0123456

d

-1

1

3

2

5

6

4

01234567

b/|1|4|28 5|. |.

k=6,q=7,r=1(50/7=7..1)
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In reality, it is computed without any array

Observation 1:
1/n is notrepeated decimal (finite decimal fraction)
<—>if nis divisible by 2 and 5.

Observation 2:
integer n is factored in the form 2! * 51 * m :
If m=1 then it is divisible.
If m>1 then the length of the non-repeated part is given by
max(l,)).

So, If it is a repeated decimal, it suffices to keep the last residue
In the non-repeated part and repeat the loop until the residue

appears.
36/38



- 1/28 DIHE

28=2"2*T7=h 6, FEBFIRETDESEL2.
10 /28=0..10

100/28=3..16 COHORYELEF
160/28=5...20

200/28=7..4

40 /28=1..12

120/28=4...8

80 /28=2..24

240/28=8..16 : BILRYEZHRER

2. 1/28 = 0.03#571428
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Example: case of 1/28

28 =272 * 7 therefore the length of non-repeated part is 2.
10 /28=0...10

100/ 28 =3 ... 16 keep this residue

160/28=5...20

200/28=7..4

40 /28=1..12

120/28=4... 8

80 /28=2..24

240 /28 =8 ... 16 : the same residue has been found!

answer: 1/28 = 0.03#571428
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