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max(p,q) = max{a[p], a[p+1], ... , a[q]}
min(p,q) = min{a[p], a[p+1], ..., a[a]}
LT BHE LOEHIE
max(p,q) - min(p, q) =w
ERTIENTES.
0 12 3 4 56 7 8 9
a[17]32]19]22]28]16]18[20]39]31]

w=237%5, [0,9]hREXMH
w=20735, [0,7]REXM
w=127%5, [2, 7] &R XM
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Problem P5: Suppose that n data are stored in an array af].
Given a real number w>0, find a longest interval [p,q] in which the
difference between the maximum and minimum is at most w.

max(p,q) = max{a[p], a[p+1], ..., a[al}

min(p,q) = min{a[p], a[p+1], ..., a[a]}

Then, the condition is as follows:
max(p,q) - min(p, q) =w

0 123 4 56 7 8 9
al17[32]19]22]28]16]18]20]39]31]

for w=23, [0,9] is the longest interval
for w=20, [0,7] is the longest interval

for w=12, [2,7]is the longest interval
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max=a[p]; min=a[p];

for(i=p+1; i<=q; i++){
if(a[i]>max) max=ali];
if(a[il<min) min=a[i];

}

if(max-min<=w && g-p+1>maxlength)
maxlength = g-p+1;

}

cout << maxlength;
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fi %

FTRTORMENELT, BWOEKHEB-THEIHEHARDS

7T X LP5-A0:

maxlength=0;

for(p=0; p<n-1; p++) SRR
for(g=p+1; q<n; g++){ o(n3)

ECETHETED?

Brute-force algorithm
Enumerate all intervals and check the condition on width w.

Algorithm P5-A0:

maxlength=0;
for(p=0; p<n-1; p++) Computation time
for(g=p+1; q<n; g++){ o(n3)
max=a[p]; min=a[p]; How much
for(i=p+1; i<=q; i++){ improvement is
if(a[i]>max) max=al[i]; possible?
if(a[i]<min) min=a[i];
}

if(max-min<=w && g-p+1>maxlength)
maxlength = g-p+1;

}

cout << maxlength;
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XE D EfmpZEEIEL THLS.

XEOEHREECEFTEIETEINERARSD.

T X LP5-AL:
maxlength=0;
for(p=0; p<n-1; p++){
max=a[p]; min=a[p];
for(q=p+1; q<n; g++)}{
if(a[q]>max) max=a[q];
if(a[q]<min) min=a[q];
if(max-min>w) break;

}
if(g-p>maxlength) maxlength = g-p;

cout << maxlength;

ETE R
0O(n?)

7138

Fix the left endpoint p of an interval.

Extend the right endpoint g as far as possible.

Algorithm P5-Al:
maxlength=0;
for(p=0; p<n-1; p++){
max=a[p]; min=a[p];
for(q=p+1; q<n; g++)}{
if(a[q]>max) max=a[q];
if(a[g]<min) min=a[q];
if(max-min>w) break;

}
if(g-p>maxlength) maxlength = g-p;

cout << maxlength;

Computation time
o(n?)
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Algorithm based on divide-and-conquer

-solve the problem for the left half

+solve the problem for the right half
-find the longest interval containing the middle
-output the longest one among the above three

Algorithm P5-A2:

First, find a longest interval within w from the middle m to the right.
At the same time find maximum and minimum in the interval [m, q]
for g=m, m+1, ... and store them in arrays.

Next, extend the interval from the middle m to the left.

Then, if the width condition is not satisfied, the right endpoint q is
decreased appropriately. If the right endpoint g exceeds the middle
or the left endpoint p reaches the margin of the array, then stop.
Output the longest interval among ones found so far.
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FILTYX LP5-A2:

int findmaxlength(left, right){ 3}
m = (left+right)/2; main()
L1=findmaxlength(left, m-1);
L2=findmaxlength(m+1, right);
gmax[m]=gmin[m] = a[m];
for(g=m+1; q<n; g++) }

return max(L1, L2, L3);

cout << findmaxlength(0, n-1);

gmax[q]=max(gmax[g-1], a[q]);
gmin[g]=min(gmin[g-1], a[q]);

if(gmax[q]-gmin[q]>w) break;

R MRE T ERRE X
O(nlogn)THAHZ L%
el SRR &

L3 =g-m+1;

for(p=m-1; p>=0; p--}{

pmax=max(gmax[q], a[p]);

do{ FEME RRCTOISLE
Y- TEIMEEREM D &.

pmin=min(gmin[q], a[p]);

if(pmax-pmin>w)q=q-1;
Jwhile(pmax-pmin>w);
if(q-p+1>L3) L3=qg-p+1;
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Algorithm P5-A2:
int findmaxlength(left, right){

L1=findmaxlength(left, m-1);
L2=findmaxlength(m+1, right);
gmax[m]=gmin[m] = a[m];
for(qg=m+1; g<n; g++) }

return max(L1, L2, L3);

}
m = (left+right)/2; main()

cout << findmaxlength(0, n-1);

gmax[q]=max(gmax[q-1], a[q]);

gmin[g]=min(gmin[q-1], a[q]);
if(@max[q]-gmin[q]>w) break;

Exercise: Prove that the
o computation time is
aal O(n log n).

L3 =qg-m+1;
for(p=m-1; p>=0; p--){

pmax=max(gmax[a], a[p]);

dof{ Exercise: Implement the algorithm
as a program to see its behavior.

pmin=min(gmin[q], a[p]);

if(pmax-pmin>w)q=g-1;
Jwhile(pmax-pmin>w);
if(q-p+1>L3) L3=q-p+1;
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X 8 [p,q]ASmax(p,q)-min(p,q) SWD & E -3 &E, D
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a[0]mBaln-1]IcAITTEELTITE, REOERTAIRRME
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cur_min=min{a[p], a[p+1], ..., a[q]}
cur_max=max{a[p], a[p+1], ..., a[q]}
EEERTS.
w=12:

0 12 3 4 56 7 8 9 prxEFe

a[17]32]19]22]28]16]18[20]39]31] cur_min=16
cur_max=28ss

Algorithm using linked Iist‘

When an interval [p,q] satisfies the condition max(p,q)-min(p,q) =w
then this interval [p,q] is called feasible.

We can find a longest feasible interval by sweeping the array from
a[0] to a[n-1].

At a[q], let [p,q] be the longest feasible interval with its right end
atq, i.e.,
[p.q] is feasible and [p-1,q] is not

We define

cur_min=min{a[p], a[p+1], ..., a[q]}

cur_max=max{a[p], a[p+1], ..., a[a]}.
w=12:

0 12 3 4 56 7 8 9 [27]isfeasible

a[17]32]19]22]28]16]18[20]39]31] cur_min=16

CUr_ma)(:a&;s

BRED X [p,g]lZd: LT

min_after[i] = min{ a[j] | i=j=q}, i=p, ..., q
EEET S (RENTIHEBUBOR/MEERT)
min_after[] (L #RIEZMTHS.

XM [p,q]AT, min_after[| DETEICRLSLDZIEIZESS
L1=£ D% min_after[i,]>min_after[i,]>...>min_after[i, ] &5 5.

EI#k1Z, max_after[il=max{a[j]i<j=<q}, i=p,..., GbEET 3.
InIZkY, YRRLIST_min&LIST_max2E&HT 5.

BHEDXME[2,6], w=12
0 12 3 4 56 7 8 9

a[17]32]19]22]28]16]18]20]39]31|

min_after[] @616 16 16 @8 yzELIST min
max_after[] 28] 28 28 [Ag] 18 1) ZRLIST_max
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At the current interval [p, q] we define

min_after[i] = min{ a[j] | i=j=q}, i=p, ..., Q.
(to indicate the minimum in the interval after the i-th element)
min_after[] is monotonically nonincreasing.
We connect values min_after[] by skipping the same values in the
interval [p,q]. Let the resulting list be
min_after[i,]>min_after[i,]>...>min_after[i,].

Similarly we define max_after[il=max{a[jli=j=q}, i=p,..., 0.
Using them we define a list LIST_min&LIST_max.

current interval [2,6], w=12
0 12 3 4 56 7 8 9

a[17]32]19]22]28]16]18]20]39]31]

min_after[] 6116 16 16 B8 Jist LIST_min
max_after[] [28] 28 28 [A8] 18 list LIST_max
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BHEDXME[2,6], w=12
0 12 3 4 56 7 8 9

al17]32]19]22]28]16[18]20]39]31]

min_after[] @616 16 16 @8 yzELIST min
max_after[] [28] 25 25 [Ag] 18 1JZBRLIST_max

RIq=T&HImET DREEERD.
LIST_mingEEM5EIZWY, a[q]&Y REVEREHIR
LIST_maxZBEMNSZEIUY, a[ql&Y/NSNEREHIBR

012 3 4 56 7 8 9
a[17]32]19]22]28]16]18[20]39]31 ]
min_after[] - - 1)ZRLIST_min
max_after[] - 20 ') ABLIST_max
COSEIFREORHEERATRE 17/38

current interval [2,6], w=12
012 3 4 56 7 8 9

a[17]32]19[22]28]16[18][20]39]31]

min_after[] @616 16 16 @8 st LIST_min
max_after[] 28] 25 25 [8] 18 list LIST_max

Next, consider the interval with its right end at g=7.
Following LIST_min from right to left, delete elements > a[q].
Following LIST_max from right to left, delete elements < a[q[].
012 3 4 56 7 89

a[17]32]19]22]28]16]18[20]39]31]

min_after(] 6] B8 istLisT_min
max_after[] 28 20 list LIST_max

In this case we can extend the right end. 18/38




r—Z1:a[q+1]E MR THERITAIRETHHLEE
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REDREMZE[p,q+1]ITE#H.
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LIST_maxZZimMoA(IZlWY, afi]-alqrl] SWwAHRYIIDET
YRREAIZWY, FHROERTHIRTS.
62, REOEinzEp=i  +1IStyhT 5.
EHRICLIST_mintEBH T 5(i LY E DL EHIBR) .
RAEDOREZ[p,g+1]IZE#H.

GEME: LRO7LTURLEREL, BEERRE L. |

Case 1:interval remains feasible after adding a[g+1]
Then, we can extend [p,q] into [p,q+1].

Case 2:a[qg+1]-cur_min>w,
Following LIST_min from its left end to the right, delete all the
elements until a[q+1]-a[i,]=w holds.
Furthermore, we set the left end of an interval at p=i,_,+1.
Similarly, update LIST_max(delete the part to the left of i,_,) .
Update the current interval to [p,q+1].

Case 3:cur_max-a[g+1]>w,
Following LIST_max from its left end to the right, delete all the
elements until a[iJ-a[q+1]=w holds.
Furthermore, we set the left end of an interval at p=i,_,+1.
Similarly, update LIST_min (delete the part to the left of i ,).
Update the current interval to [p,q+1].

‘ Exercise : Implement the above algorithm to see its behavior. ‘

STRE: LRO7 LT X LOFHEEMIZON THH LB R |

‘ Exercise: Show that the algorithm runs in O(n) time. ‘ 20138

| EEBOBROHE |

FIREPE: EEH n [SHLT, ZOHH Un ZIEREISHAE L.
EIRIMBICESB AL, RRORRBALENTHEES HL.

Bl ERES ORIIERZE#TRY
U7 =04#142857

1/11 = 0.409 1/17$ ;i 3
1/13 = 0.#076923 30/7-4. 2
1/17 = 0.40588235294227647 20/7=2 6
1/28 =0.03#571428 60/7=8. 4
1/104 = 0.009#615384 40/7=5 .5

50/7=7..1

KYEIELT, n TEo-RYERD S, s
LSS, RUN 0 124D, LIETIZR LIRTICH=5&Y
HIDERLRYNHEBETRHETS.
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Computation of reverse of a positive integer

Problem P6: Given a positive integer n, calculate its reverse
1/n exactly. Ifitis a repeated decimal, specify where it starts.

Example: # indicates the start of a repeated decimal.

1/7  =0.#142857 -
111 = 0.409 Calculation of 1/7

113 =04076923 ;g ; ; z i g
117 =0.#0588235294227647 20/7=2 .6
1/28 =0.03#571428 60/7-8. 4
1/104 = 0.009#615384 40/7=5 &

50/7=7..1

Repeat the operation to multiply residue by . )
10 and find residue after dividing it by n the residue ever obtained
until the residue becomes 0 or we encounter
the same residue we have ever had before.
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BiE1: RYZIBICEZS

EEOREFRDEY
*RYZIELILDZENTEY, B g ERY r 2R, Bq e NT 5.
“RY r A0ESIET
“ESTHEINE, RY r BNUBRTITHIRLEOESHEREN DD,
LRTICHIRLTOAIE, ZOEMAABERORIBERITLS.
SLRTICHIRLTORITIIE, BEORY r 2B EET 5.
FILTY X LsP6-A0:
printf(“0.”); r = 1; k=0;
do{
q=r*10/n; r=(r*10) % n;
printf(“%1d”, q);
t=0;
if(r > 0 && k>0)
for(i=1; i<=k; i=i+1)
if(afi]==rt=1;
if(r>0&&t==0)
{k=k+1; a[k] = r;}
Jwhile(r>0 && t==0);
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Algorithm 1: Keeping the residues in order

Operations at each iteration:
-divide 10 times the residue by n to have quotient g and residue
r, and output the quotient q.
=1 r is O then stop.
= Otherwise, see whether the residue r has ever appeared.
- If it appeared before, it gives the starting position.
-Otherwise, keep the current residue rin an array.

Algorithm P6-A0:
printf(“0.”); r = 1; k=0;
do{
q=r*10/n; r=(r*10) % n;
printf(“%1d”, q);

t=0;
if(r > 0 && k>0)
for(i=1; i<=k; i=i+1)
if(afi nt=1;

if(r>0&&t==0)
{k=k+1; a[k] = r;}

Iwhile(r>0 && t==0); 24138
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BEOHEE ALRYMREOMSLNGE
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-BREOBEORERE
k BB ORYELTRKX K IZHHIT BERA MY,
BYBLOERKEEK n 1205, 2UTHELHMIE 52
1+2+..+n=n(n+l)/2

Analysis of Computation Time

*Upper bound on the number of iterations?
The number if iterations is at most n since the loop is iterated if
we have a new residue but there are at most n different residues.

+Computation time at each iteration
It takes most time to compare the current residue with one
obtained so far. The worst case is when the same residue is
not found. In this case it takes time proportional to k at the k-th
iteration.

+Computation time in the worst case
The k-th iteration takes time O(k), and the number of iterations is
at most n, Thus, the total time for computation is at most

ZEfI 5 BB A DA D.
o(n?) 1+2+...+n=n(n+l)/2.
0O(n?)
25/38 26/38
=R b Efficiency Improvement
W)RYRLDOREIFHZE ST (1)Decrease the number of iterations.

Q)EROBYVRELTOEEHELLTD
D)IFHLESRDT, (QI2D2WVTEZD
f

RYIZ0AS -1 FETHnEYFEIT

‘RCRYIF2EHBRLGL
CRALRYARDOMof=LE, MEBEBICHRYMNEMYTL.
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(2)Simplify computation at each iteration.
Since (1) looks hard, consider (2).

Observation
- There are n different residues, O, ..., n-1.
- The same residue never happens twice.
*When the same residue is found, we want to know in what
order it appeared.
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- T—2EE

.kEIBICRY r B HF=EE,
alk] =r;
ETHDTIEAL, #HI
a[r] = k;
ELT, RY r Ak EIBICHI=CEERR
BRAETRTD rI2DLVTar] =0&L T,
RY r (FFELHBELTLGENIEETRT.
“COESITTBE, RY r AT TITHBRLE=AESI M,
1B LTS5
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New Data Structure

. If the residue at k-th iteration is r, we do not set
alk]=r;
but conversely we record that the residue r appeared at the
k-th iteration by setting
a[r] = k;
*We initialize the array by setting
a[r] =0;
for each r to indicate that r has not appeared as a residue.
*With this method, just one comparison suffices to know
whether the residue r has already appeared.
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for(i=1; i<n; i=i+1)

a[i] = 0;
a[0] =-1; *RYOMHIzEEITRT TEDLS ¥/
a[l]=1; FRYUZTEEORY */

r=1;
for(k=1; k<n; k=k+1){
b[k] = (r*10) / n; /* EAZEIBEIZEZ S */
r=(r*10)%n;
if(a[r] != 0) break;
a[r] = k+1;

}
printf(“0.”);
if(r==0){
for(i=1; i<=k; i=i+1) printf(“%21d”, b[i]);
Yelse {
for(i=1; i<a[r]; i=i+1) printf(“%1d”, b[i]);
printf(“#”);
for(i=a[r]; i<=k; i=i+1) printf(“%1d”, b[i]);
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for(i=1; i<n; i=i+1)

a[i] =0;
a[0] =-1; /*to stop when 0 appears as a residue */
a[1] =1; /*the residue is initialized as 1 */

r=1;
for(k=1; k<n; k=k+1){
b[k] = (r*10) / n; /* keep quotients in order */
r=(r*10)%n;
if(a[r] != 0) break;
afr] = k+1;

}
printf(“0.”);
if(r==0){
for(i=1; i<=k; i=i+1) printf(“%1d”, b[i]);
}else {
for(i=1; i<a[r]; i=i+1) printf(“%1d”, b[i]);
printf(“#”);
for(i=a[r]; i<=k; i=i+1) printf(“%1d”, b[i]);
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L7DEHER

0123456 01234567 k=3,q=2,r=6(20/7=2..

a-11000ﬁo q/ ....... 1234 1234
-1/1/3]2j0 04| Wb/|1/4]2].

k=1,q=1,r=3(10/7=1..3)

k=4,q=8,r=4(60/7=8..

0123456 01234567
44MbeM0\dN1LLLH-L\ SAERE &ﬁﬁﬁgﬁﬁﬁﬁ

k= 2 q 4 r—2(30/7 4

k=5,q=5r=5(40/7=5..

/
4ﬂlbbbﬂo\d\lM\\H § SERRS dﬁﬁﬁﬁégﬂﬁ

k=6,4=7,1=1(50/7=7..1)
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Example: calculation of 1/7
0123456 01234567 k=3,9q=2,r=6(0/7=2..

-1|1jojojoojo] B/|. | | | 1234 1234
-11]3[2/0pl4| H/|1j4]2]

k=4,q=8,r=4(60/7=8..

0123456 01234567
a-4olplo] t/lsl | L] r932seps &ﬁiﬁgﬁﬁﬁﬁ

k=2,0=4,r=2(30/7=4..2)

k=1,q=1,r=3(10/7=1...3)

0123456 01234567 k=5,9=5r=5(40/7=5..
d-1[1[3[2loolo] H/[afa[ [ [].]] REnERa &ﬁhﬁgggﬂﬁ

k=6,4=7,1=1(50/7=7..1)

34/38

E(XEHNE— AV (SHETEE

Bz
UnHTEIR /N TRV (FRR/IMK)
> nH2E5EFTEVIIND

flxmo:
BHnE2*5*m OBICHERLIZLE,
m=1%5EYh,
m>17%55, JEfRREBL O RS[Emax(ij)TEZLN5.

BRNRIZEHIHE, FRERBIDRRTORYEZRELTES
WT, REZORYDHBRT HFTRY B ELL.

35/38

In reality, it is computed without any array

Observation 1:
1/n is notrepeated decimal (finite decimal fraction)
<=>if nis divisible by 2 and 5.

Observation 2:
integer n is factored in the form 21 * 5i * m
if m=1 then it is divisible.
if m>1 then the length of the non-repeated part is given by
max(i,j).

So, if it is a repeated decimal, it suffices to keep the last residue
in the non-repeated part and repeat the loop until the residue

appears.
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Bi: 1/28 DIBE

28=22*712h5, ERERESDESF2.
10 /28=0..10

100/28=3..16 CORYZECEE
160/28=5...20

200/28=7..4

40 /28=1..12

120/28=4..8

80 /28=2..24

240/28=8..16 :RILRYEHRR

% 1/28 = 0.03#571428
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Example: case of 1/28

28 =272 * 7 therefore the length of non-repeated part is 2.
10 /28=0..10

100/28 =3 ... 16 keep this residue

160/28=5...20

200/28=7..4

40 /28=1..12

120/28=4...8

80 /28=2..24

240/28 =8 ... 16 : the same residue has been found!

answer: 1/28 = 0.03#571428

38/38




