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Theory of Algorithms

Lecture #4
Divide and Conguer and
Recurrence Equation
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function DQ(x){
if fIRE x D+ 7 Z/DEUY then FRID FEZERALTEZRT;
[HIRE X T DO DEBHFERE X,, Xy, ..., Xy (27N
fori=1tok
y; = DQ(X,); /&R FEIRE x, D y, ZBIFHIZKDH B,
M BRBDEEY,, Y, .. Y EHABTHETITOMEX D
fRy &/ T, yZiIRT;
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Divide and Conquer
Decompose the problem into several subproblems, solve them

recursively, and then find a solution to the original problem by
combining the solutions to the subproblems.

Divide : Decompose the problem into several subproblems.

Conguer: Solve the subproblems recursively. If they are small
enough, we solve them directly.

Merge : Combine those solutions to have a solution to the problem.

Program is of the following form:
function DQ(x){
If problem x is small enough then apply an adhoc procedure;
decompose X into several subproblems X,, X, ..., X, ;
fori=1tok
y; = DQ(X;); //solve x; recursively;
combine the solutions y,, y,, ..., Y, to obtain a solution y to the

original problem x and return y;
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EREP7 BEHIICEZ oN-T —3DHRKREZKD L.

OBEMLETILI)X LI, IRIZEESIERZHRAST, LIS
RFEOTWAORKELNKREVWERZREDITNIEIRKIEZE

HITBELNIED. -->F7 LT X LP7-A0.

0O 1 2 3 4 5 6 7 8
a 1732|1922 |28|16|18|20| 39

7 IL31) X LP7-A0:
max=a[0];
for(i=1; i<n; i++)

If(afi] > max) max = ai];
cout << max;
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Problem P7:Find a largest value in an array.

In the most simple algorithm we check all the elements and if we
find a larger one than the largest one so far then we update the
largest value.--->algorithm P7-A0.

0O 1 2 3 4 5 6 7 8
a 1732|1922 |28|16|18|20| 39

Algorithm P7-AO:
max=a]0];
for(i=1; i<n; i1++)

If(a[i] > max) max = a[i];
cout << max;
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AR BIDOHAXMNLUGNIE, ZOERINEZRZHEA.
ME EEDHBPOBRRIEDS>BERENVAEZLA.

FILTY X LP7-AL: A XnDEFTHRKEE
Int FindMax(int left, int right){ ROADIZET AR A
If(right==left) return a[left]; T(n)&ET 5L,
Int mid = (left+right)/2; T(1)=1.
Int X1 = FindMax(left, mid); T(n) =2T(n/2)+3.
int x2 = FindMax(mid+1, right); ZDEHERFRELE
If(x1>x2) return x1; else return x2; T(n) = O(n).
¥
main(){ HEEME: Lo#eRX%E
...... Bzt
cout << FindMax(0, n-1);
} 7144




Finding Maximum based on Divide and Conquer
Divide : Decompose array array into two halves
Conqguer : If the array size is 1, output the element.
Merge: Output the larger one of the two maximums.

Algorithm P7-Al:

Int FindMax(int left, int right){
If(right==left) return a[left];
Int mid = (left+right)/2;
Int X1 = FindMax(left, mid);
Int X2 = FindMax(mid+1, right);
If(x1>x2) return x1; else return x2;

cout << FindMax(0, n-1);

Let T(n) be time to find
a maximum among n data,
then we have

T(1) =1.

T(n) =2T(n/2)+3.
Solving it, we have

T(n) = O(n).

Exercise: Solve the above
recurrence equation.
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Int FindMax(int left, int right){
If(right==left) return a[left];
Int X1 = FindMax(left, left);
Int X2 = FindMax(left+1, right);
If(x1>%2) return x1; else return x2;

cout << FindMax(0, n-1);
}

H AL AnDES TEHRKRIEZE
KOHDIZET HFFMEZE
T(N)ET HE,

T(1) = 1.

T(n) =T(1)+T(n-1)+2.
ZDiFEREEECE

T(n) = O(n).

HEME: Lo#EeXE
fEIT.

SFY, BAERROLSLEELHETHNIE, E55LET
BNESIZHBTIIE, EDLISLTEHEFBRALRL.




Finding maximum based on divide and conquer
What happens if we decompose an array into one and remaining?

Algorithm P7-A2:

Int FindMax(int left, int right){
If(right==left) return a[left];
int x1 = FindMax(left, left): we have
int x2 = FindMax(left+1, right): T(1)=1,

< _
if(x1>x2) return x1; else return x2; T(r_1) =_T(1)+T(n 1)+2.
} Solving it, we have

main(){ T(n) = O(n).

Let T(n) be time to find a
maximum among n data,

cout << FindMax(0, n-1); Exercise : Solve the above

} recurrence equation.

That Is, for a simple problem of finding a maximum, the efficiency

IS almost the same If we decompose an array two non-empty B%ts.
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P7-AL: RS Z#EEFIFEFLWVH A XIZHE.
P7-A2:B25Z= 1{E LY £ 8RZHE.
EDHELETEREIXOMN)TRL.
AHMEWNEHBEMN?

1 [10,771]%2 P7-ALTD LI E
[03] 214,71 21
\ /
3/[0,1]| © [2 31110 13|[a51116 17\[6,77|20
/5\ 8 /9\ 14/ \15 18/ 1&
4/10,01|112,211112,21| 113,31 | | [4,41 || [5,51 | | [6,6]|[7,7]
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Algorithm for finding a maximum
P7-Al.decompose an array into two parts of the same length.
P7-A2.decompose an array into one and the remaining.

Both algorithms run in O(n) time.

Any difference between them?

1110,71 22 processing order in
P7-Al
2 / \
[0,3] 214,77 41
N, /
3[10,116  ’|[2,31/10 13[[451]16 17[6 77|20
/s\ 8 /9 14/ \us 18/ 19
4110,01| 121111221 11331 ' 14,41 | 15,51 | | [6.6] | | [7,7]
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22

110,7] P7-A1TOULE R
[oa 214,71 21
\ /
3/[0,1]| © [2 31110 13|[a51|16 17\[6,77|20
/5\ 8 /9\ 14/ \15 18/ 15&
4170,01 (11,11 1(12,211113,31 | 14,41 ||[5,5] | |[6,6]||[7,7]
X fE[p,q]c 0T 5HLE, TORYEZERELTHEDLENDS.

- [3,3]DBAIZIE, [2,3],[0.31,[0,7]
=> KD RIITH I
BRFDH A XEnET HESE, ROFES(L log, n
&2 T, HEGFREEZILO0(log, n).
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22

1110,71 processing order in
P7-Al
2 / \
[0,3] 214,71 2L
AN /
3/[0,1] "112,31]10 13[1451]16 17[(6,77|20
/s\ 8 /9 14/ \us 18/ 19

410,01 [1.11]12.21|| 13,31 | | 1441 | | 551 | [6.61] | [7.7]

To process an interval [p,g] we need to keep Iits back path.
Example:for [3,3] we remember [2,3],[0,3], and [0,7]
=>depth of a tree

When the size of an array is n, the depth of a tree is log, n.

Thus, the required storage is O(log, n).
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processing order in P7-A2

19

[4,7]

N

18

[4.4]

11

[5,7]

N

In this case the depth of
the tree is O(n).
Therefore, the required
storage is O(n).
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0O 1 2 3 4 5 6 7 8
a 1732|1922 |28|16|18|20| 39

17132119 | 22|28 16|18 | 20 | 39
17132 |19 22 | 28 16 | 18 20| 39
17119 | 32 22 | 28 16 | 18 20| 39

1711922 |28 | 32 16|18 | 20 | 39

16117118 19|20 (22|28 |32 |39 17/44




Problem P8: (Mergesort)
Sort n data stored In an array.

We can sort data based on divide and conquer.
Divide : decompose the array into two halves.
Conquer: Sort each half recursively.

Merge : Merge two sorted lists into a sorted list.

0O 1 2 3 4 5 6 7 8
a 1732|1922 |28|16|18|20| 39
17132119 | 22|28 16|18 | 20 | 39
17132 |19 22 | 28 16 | 18 20| 39
17119 | 32 22 | 28 16 | 18 20| 39
1711922 |28 | 32 16|18 | 20 | 39
161718192022 |28 |32 |39
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NBDT—2%E&<Y—Y—FTY—rT5DIZES S5
(LEER[EIE) Z2T(N)EELZEIZT 5.

DY A XDEEZ2EFENT, RRIC2DDYV—MZE
N—UF 50, Y—URREERTTE M6 on EELS,
T(n) = 2T(n/2) + cn,
7. INTEEITIEKL.
T(n) = 2T(n/2) + cn
= 2(2T(n/29)+c(n/2))+cn= 22T (n/2%)+2cn
= 22 (2T(n/23)+c(n/22))+2cn= 23T (n/23)+3cn
= ... = 2T (n/2%)+ken
ZCT, 2k=n, T(Q)==#d, &9 5&L, k=log nt=hi5,
T(n) = dn+cnlogn=0(nlogn)
=195.

19/44



Analysis of Computation Time
Let T(n) be time (# of comparisons) for sorting n data by Mergesort.

We solve the half-sized problems twice and then sort two sorted
lists. Since merge operation is done in linear time, let it be cn.
Then, we have
T(n) = 2T(n/2) + cn,
Solving It,
T(n) = 2T(n/2) + cn
= 2(2T(n/29)+c(n/2))+cn= 22T (n/2%)+2cn
= 22 (2T(n/23)+c(n/22))+2cn= 23T(n/23)+3cn
=< ... = 2XT(n/2¥)+ken.
If we assume 2k=n, T(1)=a constant d, then we have k=log n and
T(n) = dn+cnlogn=0(nlogn).
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FREP9: (AR REER)
BESICEZAONT-nEDT—3DHREZTRH K.

0O 1 2 3 4 5 6 7 8
d 1732|1922 28|16 |18|20 |39

SIEIZHERBE, 16,17,18,19.20,22,28.32,39
DT, PREIX20.
NHVMEEZL, HREIF2DHS.

—#2IZIE nBOT—20HFD kFBICKZEWVLDZKRHLHMERE.

7 LI X LP9-AO0:
n fBDOT—42%0(n log n)EEEITY—Fk.
kFEBDT—2%HN.

CDF7ITYALTEILKKEZFBDEZRNKRES.
LA, O(nlog NDEFEIMHETF=ADM ? 21/44



Problem P9: (Median finding)
Find a median of n data stored in an array.

0O 1 2 3 4 5 6 7 8
d 1732|1922 28|16 |18|20 |39

Increasing order: 16,17,18,19,20,22,28,32,39
thus, the median is 20.
Note that is n Is even then there are two medians.

General problem is to find the k-th largest element among n data.

Algorithm P9-AO0:
Sort n data in O(n log n) time.
Output the k-th element.

This algorithm always finds the k-th largest element.
But, does it really need O(n log n) time? 20144
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F7IL31) X LP9-Al:
nBDT—2%EFa[]ITEZS.
—DDEINER x Z@EYITEY, BEFIZIEIZRANRT,
XUTDERDESSE, XLEDERDESLIZHDITS.
if kK = |L| then
ESELOFTKEBRIZKREVWERYZHIRMIZKD .
else
EE8SOFTKILIBFBBICKEWERYZTHIFHIIZ KD S.
vyt 9 5.

0O 1 2 3 4 5 6 7 8
a 1732|1922 28|16 (18|20 |39

1712011922 |18 |16 28132 |39
S =28 L =28
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Algorithm based on Divide and Conquer

Algorithm P9-ALl:
Store n data in an array a[].
Choose an arbitrary element x and decompose n data into
a set S smaller or equal to x and a set L larger or equal to x.
if K = [L| then
recursively find the k-th largest element in the set L.
else

recursively find the (k-|L|)-th largest element in the set S.
Output y.

0O 1 2 3 4 5 6 7 8
a 1732|1922 28|16 (18|20 |39

1712011922 |18 |16 28132 |39
S =28 L =28
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P FN ]
int Find _k largest(int low, int high, int k)
{
int s=low, t=high, x=a[(s+t)/2];
while(s < t){
while(a[s]>x) s++;
while(a[t]<x) t--;
1T(s<t) swap(&a[s++], &a[t--]);
+
1IT(k <= t+1) find _k largest(low, t, k);
else 1f(k >= s) find _k _largest(s,high, k-s);
else return Xx;
+
main()
{
cout << find k largest(0O,n-1,k);
+

25144



An example of a program
int Find_k_largest(int low, 1nt high, Int k)
{
int s=low, t=high, x=a[(s+t)/2];
while(s < t){
while(a[s]>x) s++;
while(a[t]<x) t--;
1T(s<t) swap(&a[s++], &a[t--]);
+
1If(k <= t+1) find_k largest(low, t, Kk);
else 1f(k >= s) find _k _largest(s,high, k-s);
else return Xx;

26/44
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IHCEICIED. REnOXBZELET LDICHELZEFEZ
T(nN)&ET HE,

T(n) =T(1)+T(n-1)+cn
LB, ThEfEs,

T(n) = O(n?).

EH B RI#EC(NK)ET HE,

C(n,K)=n+1+(1/n)(Z ey, C(N-t-1 K-t-1)+Z 11y CHFHLK))
ZDHEEXEfECLE,

C(n,k) = O(n)
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Analysis of Computation Time

Worst case: an interval of length n is decomposed into intervals of
lengths 1 and n-1. If we denote by T(n) time for processing an
Interval of length n, we have

T(n) =T(1)+T(n-1)+cn.
Solving it, we have

T(n) = O(n?).

If we denote the average number of comparisons by C(n,k),
C(n,kK)=n+1+(1/n)(ZX gy, C(N-t-1,K-t-1)+%_, ., .1 C(t+1,K)).
Solving this recurrence equation, we have
C(n,k) = O(n),
which implies that the average running time of the algorithm is O(n).

Exercise : Obtain the recurrence equation from the algorithm.

Exercise: Solve the above recurrence equation. .
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7L X LP9-A2:
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Linear-time Algorithm in the worst case

Algorithm P9-A2:
(1)decompose n data into groups each containing at most 15 data
and find the median in each group.
(2)Find the median M of these n/15 medians obtained recursively.
(3)Decompose the n data with respect to M:
S = aset of data < M,
L = a set of data > M,
E = a set of data = M.
(4) If k = |L, find the k-th largest element in L recursively.
(5) If k>|L|+|E[, find the (k-|L|-|E|)-th largest element in S
recursively.
(6) Otherwise, return M as a solution.

S E L

30/44



Bz

2MEADT—3ZHAX5DT IIL—TIZHEIL, HRIEZKHD
S = {12,56,43,22,31,25,57,75,45,33,39,85,37,44,19,28,18,23,92,73,77,28,64,35}
S ={12,56,43,22,31)25,57,75(45,33,89)85,37,44,19,¢8)18,23,92,73,77,28,64,35}

R fiE ={31,45,39,28,35} HHREDHFRIEM = 35

35&LYKEL = {56,43,57,75,45,39,85,37,44,92,73,77,64} 13 EF > 24/2
EROPREXZDESIZHS.
CHEABTREBIZKEVERZHIRITKO S
L = {66,43,57,75,45,39,85,37(42,92,73) 77,64}
h g fE = {56,44,73}, P RIEDFR{EM =56
56&YKELY = {57,75,85,92,73,77,64} 7 &% >13/2
P2FBICKREVERIICODESIZALY
BRYDEEDHT (12-)BBIZKEZVWERETZKDHD
S = {56,43,45,39,37,44} S5FEBIZKEZLVEZR=39
EARDHR{EX 39
E R
>39: 56,43,57,75,45,85,44,92,73,77,64,
39
<39: 12,22,31,25,33,37,19,28,18,23,28,35 3144




Example: Decompose 24 data into groups of size 5 to find the median.
S = {12,56,43,22,31,25,57,75,45,33,39,85,37,44,19,28,18,23,92,73,77,28,64,35}

S = {12,56,43,22(31,25,57,75(45,33(39,85,37,44,19(28,18,23,92,73,77,28,64,35}
group medians ={31,45,39,28,35} the median of the mediansM = 35

data > 35 = {56,43,57,75,45,39,85,37,44,92,73,77,64} 13 elements > 24/2
The overall median must be in this set
Find the 12th largest element in this set recursively
S= {@43,57,75,45,39,85,37@,92@77,64}
group medians = {56,44,73}, the median of the mediansM =56
data > 56 = {57,75,85,92,73,77,64} 7 elements > 13/2
The 12-th largest element cannot be in this set
Find the (12-7)-th largest element in the remaining set.
S ={56,43,45,39,37,44} 5-th largest lement= 39
The overall median is 39
In fact,
> 39: 56,43,57,75,45,85,44,92,73,77,64,
39
<39: 12,22,31,25,33,37,19,28,18,23,28,35 32/44
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MIZRET %572 E(Zn[E D LLE AL EE

LLEKY,

T(n) < 42(n/15) + T(n/15) + n + T((11/15)n)
&2,

T(n) =19n.

FEEEE: ED#EEXF/EIT. 33/44




Analysis of Computation Time

Sort of 15 data: 42 comparisons suffice
In total, 42 X (n/15) comparisons

M is the median of the group medians, and so
there are (n/15)/2 groups whose median are =M,
where 8 or more elements (more than half) are = M.
Thus, there are at least (8/30)n = (4/15)n data = M.
That is, there are at most (11/15)n elements =M and =M.

For the decomposition w.r.t. M, n comparisons are required.

From the above arguments, we have

T(n) = 42(n/15) + T(n/15) + n + T((11/15)n)
Hence,

T(n) =19n.

Exercise: Solve the above recurrence equation. 34/44
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Problem P10: (Construction of Convex Hull)
Given a set S of n points in the plane, construct a smallest convex
polygon (convex hull) containing all the points in its interior.

Vertices of a convex hull must be given points.
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MEDIEK

Algorithm P10-AO0:

DEI BEZoNT-REe X BEIEORRIETERIZ27E]

e EADRESICHITHETEHIFHIIZIER.

HE 220MBEDHENMERZTRDOT, 2o00a%
1DODMEZAEWTITHET 5.
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Construction of Convex Hull

Algorithm P10-AO0:

1. Divide a set of points into two subsets by a vertical line
at the median x-coordinate of the points.

2. Compute the convex hull for each subset recursively.

3. Merge the two convex hulls into one convex polygon.
(Find two external tangent lines to merge them.)

——
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Merging Two Convex Hulls

Find the rightmost vertex u of the left polygon and
the leftmost vertex v of the right polygon.
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mADME EE EAlL
mADME LZTAWLD

BEELLMDIER
MNRDIGFTIZFZE)
g 5N, CNIZE
9 SR L ER A BFE.

(u,v) Humh oD LB ERIZEDSDIE
WERSETEIY TV RDIERET HEE

(u, v, w) HEFET[E

(u,v) v O T E

YDIEDEE.
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Starting from the pair (u,v),
go up the pair until it reaches the upper tangent line, and
go down the pair until it reaches the lower tangent line.

S 4

It takes linear time

since at least one

vertex advances to
u the next position.

(u,v) is an upper tangent line from u
If (u, v, w) is clockwise order
for w: the next vertex of v in the clockwise order
(u,v) Is an upper tangent line from v
If (t, u, v) is clockwise order
for t: the next vertex of v in the counter-clockwise ordag).s
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Exercise: Show that the algorithm for constructing a convex hull
based divide and conquer is O(n log n).
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