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Theory of Algorithms

Lecture #4
Divide and Conquer and
Recurrence Equation
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Divide and Conquer
Decompose the problem into several subproblems, solve them
recursively, and then find a solution to the original problem by
combining the solutions to the subproblems.

Divide : Decompose the problem into several subproblems.

Conquer: Solve the subproblems recursively. If they are small
enough, we solve them directly.

Merge : Combine those solutions to have a solution to the problem.

TR SLIERD&SHERK:

function DQ(x){
if EIRE x A3 1T/NE0 then 35 BID FEZBRALTEERT;
FEIRE X ZE DD DI EIRE Xy, Xy o0, X, [THE;
fori=1tok

y; = DQ(x,); /&R IR x, DR y, ZHIRMIZTKR D B;

HAEEDER Y, Vo .., Y EHAEDHETTOREE X D
Ry%E/T y&RY;

} 3/44

Program is of the following form:

function DQ(x){
if problem x is small enough then apply an adhoc procedure;
decompose x into several subproblems x,, X, ..., X, ;
fori=1tok

y; = DQ(xy); /lsolve x; recursively;

combine the solutions y,, y,, ..., Y, to obtain a solution y to the
original problem x and return y;

} 4l44
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7 ILTY X LPT-A0:
max=a[0];
for(i=1; i<n; i++)

if(a[i] > max) max = a[i];
cout << max;
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Problem P7:Find a largest value in an array.

In the most simple algorithm we check all the elements and if we
find a larger one than the largest one so far then we update the
largest value.--->algorithm P7-A0.
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al17]32]19]22]28[16]18]20]39]

Algorithm P7-A0:
max=a[0];
for(i=1; i<n; i++)

if(a[i] > max) max = a[i];
cout << max;
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FILTYX LPT-AL:

int FindMax(int left, int right){
if(right==left) return a[left];
int mid = (left+right)/2;
int x1 = FindMax(left, mid);
int x2 = FindMax(mid+1, right);
if(x1>x2) return x1; else return x2;

}
main(){

cout << FindMax(0, n-1);

}

YA nDEFITRAEE
KRHOHDIZET D%
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T(1)=1.

T(n) =2T(n/2)+3.
CO#E %L

T(n) = O(n).
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T
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Finding Maximum based on Divide and Conquer
Divide: Decompose array array into two halves
Conquer : If the array size is 1, output the element.
Merge: Output the larger one of the two maximums.

Algorithm P7-Al:

int FindMax(int left, int right){
if(right==left) return a[left];
int mid = (left+right)/2;
int x1 = FindMax(left, mid);
int x2 = FindMax(mid+1, right);
if(x1>x2) return x1; else return x2;

cout << FindMax(0, n-1);

Let T(n) be time to find
a maximum among n data,
then we have

T(1) = 1.

T(n) =2T(n/2)+3.
Solving it, we have

T(n) = O(n).

Exercise: Solve the above
recurrence equation.
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FILTYXLPT-A2:

int FindMax(int left, int right){
if(right==left) return a[left];
int x1 = FindMax(left, left);
int x2 = FindMax(left+1, right);
if(x1>x2) return x1; else return x2;

cout << FindMax(0, n-1);
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T =1

T(n) =ET(L)+T(n-1)+2.
COFEKEMEE

T(n) = O(n).
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Finding maximum based on divide and conquer
What happens if we decompose an array into one and remaining?

Algorithm P7-A2:

int FindMax(int left, int right){
if(right==left) return a[left];
int x1 = FindMax(left, left);
int x2 = FindMax(left+1, right);
if(x1>x2) return x1; else return x2;

cout << FindMax(0, n-1);
}

Let T(n) be time to find a
maximum among n data,
we have

T1)=1.

T(n) =T(1)+T(n-1)+2.
Solving it, we have

T(n) = O(n).

Exercise: Solve the above
recurrence equation.

2FY, RRERROLSLHHELGHETHNIE, EBLIET
BOESICABETNE, EOLIILTEHRIFBALRL,

That is, for a simple problem of finding a maximum, the efficiency
is almost the same if we decompose an array two non-empty parts.
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Algorithm for finding a maximum
P7-Al:decompose an array into two parts of the same length.
P7-A2:decompose an array into one and the remaining.

Both algorithms run in O(n) time.

Any difference between them?

processing order in
P7-Al

N\

7‘[2,3]‘10 13‘[4'5]‘16 17[16,77]20
5 8 /9\ 14./ \15 18£ 1£
0[] ral 3] [pal[ss)] e (7.7
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3‘ [0'1]‘ 6
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BIIDY A XEnET HEE, RDFEEFE log, n

&oT, BELFEIEZIXO(log, n).
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processing order in
P7-Al

3‘[0'1]‘6 7‘[213]‘10 13‘[4'5]‘16 17%20
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4[10,01|[.1][1221][13.31] [ 14.41] [15.51] [18.61] [17.71]

To process an interval [p,q] we need to keep its back path.
Example: for [3,3] we remember [2,3],[0,3], and [0,7]
=>depth of a tree

When the size of an array is n, the depth of a tree is log, n.

Thus, the required storage is O(log, n).

14144

P7-A2TDALEEIE

COEE, ROFESF
O(n).

&oT, RELEREED
O(n).

15/44

processing order in P7-A2

In this case the depth of

the tree is O(n).

Therefore, the required
18 storage is O(n).
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Problem P8: (Mergesort)
Sort n data stored in an array.

We can sort data based on divide and conquer.
Divide : decompose the array into two halves.
Conquer: Sort each half recursively.

Merge : Merge two sorted lists into a sorted list.
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T(n) = 2T(n/2) +¢cn,
175 CNERITFIE&L.
T(n) = 2T(n/2) +cn
= 2(2T(n/22)+c(n/2))+cn= 22T (n/22)+2cn
= 22 (2T(n/23)+c(n/22))+2cn= 23T (n/23)+3cn
= ... = 2KT(n/2%)+ken
ZZT, 2k=n, T(1)=3E%kd, £F%&, k=log nt=/is,
T(n) = dn+cnlogn=0(n log n)
=55,
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Analysis of Computation Time
Let T(n) be time (# of comparisons) for sorting n data by Mergesort.
We solve the half-sized problems twice and then sort two sorted
lists. Since merge operation is done in linear time, let it be cn.
Then, we have
T(n) = 2T(n/2) +cn,
Solving it,
T(n) = 2T(n/2) +cn
= 2(2T(n/22)+c(n/2))+cn= 22T(n/22)+2cn
=< 22 (2T(n/23)+c(n/22))+2cn= 23T(n/23)+3cn
= ... = 2KT(n/2%)+ken.
If we assume 2k=n, T(1)=a constant d, then we have k=log n and
T(n) = dn+cnlogn=0(n log n).
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Problem P9: (Median finding)
Find a median of n data stored in an array.

0 12 3 4 56 78
al17[32]19]22]28]16]18]20]39]

increasing order: 16,17,18,19,20,22,28,32,39
thus, the median is 20.
Note that is n is even then there are two medians.

General problem is to find the k-th largest element among n data.

Algorithm P9-A0:
Sort n data in O(n log n) time.
Output the k-th element.

This algorithm always finds the k-th largest element.
But, does it really need O(n log n) time? 20144
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FILTYXLPI-AL:
nBOT—42%E5a][CEZ5.
—DODEHEFR x FELIEY, BIIZIBICHANT,
XUTDEZDEASE, XU EDERDEALIZH TS,
ifk < |L| then
ELOFTKERICKREVERYZBIRMITKRDS.

else
EESOBTKLIFBIZKREVERYZBEIFMITKRD 5.
yEH N9 5.
0 12 3 4 56 7 8
al17]32]19]22]28[16]18]20]39]

[17]20]19]22]18]16] [28]32]39]
S =28 L=28
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Algorithm based on Divide and Conquer

Algorithm P9-Al:
Store n data in an array a[].
Choose an arbitrary element x and decompose n data into

a set S smaller or equal to x and a set L larger or equal to x.
if k = |L| then

recursively find the k-th largest element in the set L.
else

recursively find the (k-|L|)-th largest element in the set S.
Output y.

0 12 3 4 56 7 8
al17]32]19]22]28[16]18]20]39]

[17]20]19]22]18]16] [28]32]39]
S =28 L=28
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int Find_k_largest(int low, int high, int k)
{
int s=low, t=high, x=a[(s+t)/2];
while(s < t){
while(a[s]>x) s++;
while(a[t]<x) t--;
if(s<t) swap(&a[s++]., &a[t--1);

3
if(k <= t+1) find_k_largest(low, t, k);
else if(k >= s) find_k_largest(s,high, k-s);
else return x;
main(Q)
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An example of a program
int Find_k_largest(int low, int high, int k)

{
int s=low, t=high, x=a[(s+t)/2];
while(s < t){
while(a[s]>x) s++;
while(a[t]<x) t--;
if(s<t) swap(&a[s++]., &a[t--1):

}
if(k <= t+1) find_k_largest(low, t, k);
else if(k >= s) find_k_largest(s,high, k-s);
else return x;
main(Q)
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Analysis of Computation Time ‘

Worst case: an interval of length n is decomposed into intervals of
lengths 1 and n-1. If we denote by T(n) time for processing an
interval of length n, we have
T(n) =T(1)+T(n-1)+cn.
Solving it, we have
T(n) = O(n?).
If we denote the average number of comparisons by C(n k),
CNK)=NHLH(AN)(Ecgmier CNL KAL) FT g g CHHLK)).
Solving this recurrence equation, we have
C(n,k) = O(n),
which implies that the average running time of the algorithm is O(n).

‘ Exercise : Obtain the recurrence equation from the algorithm. ‘

‘ Exercise: Solve the above recurrence equation. -

BEOBAICLEMEMOTLTYLL |

FILTYX LP9-A2:

ONEDT—4%15@FT 2OV L—TFIZHEIL, BRI IL—TF
CEICIEDT 20 R REERDS.

QO LSILTHONNISED R RIEIC, COFEERIF
BISERAL, PREOPREMERDD.

ENE®OT—42EMIZBELTHE:
S=M&YNSWTF—2NER,
L=M&YKRELNT—HDESE,
E=MIZELLVT—20DEE.

Ak = ILDEE, LOPTKERICKELERZHIFMIC
Kb

) kS|LHEIDEE, SOHRTK-LHEIE B I AZHEREFEIRIC
KiHB.

(6) LEEUSNDIHE, MIROIETHS.
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‘ Linear-time Algorithm in the worst case

Algorithm P9-A2:
(1)decompose n data into groups each containing at most 15 data
and find the median in each group.
(2)Find the median M of these n/15 medians obtained recursively.
(3)Decompose the n data with respect to M:
S=asetof data< M,
L = a set of data > M,
E = a set of data = M.
(4) If k = |L, find the k-th largest element in L recursively.
(5) If k>|L|+|E]|, find the (k-|L|-|E|)-th largest element in S
recursively.
(6) Otherwise, return M as a solution.

\ s [E] L]
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D2MEDT—2EYAXEDT I—TIZHEIL, hRIEERDHD
S = {12,56,43,22,31,25,57,75,45,33,39,85,37,44,19,28,18,23,92,73,77,28,64,35}
S = {12,56,43,2231)25,57,75(45,33,89)85,37,44,19,¢8)18,23,92,73,77,28,64,85}
TR fE ={31,45,39,28,35} HREDFRIEM =35

35&Y k=LY = {56,43,57,75,45,39,85,37,44,92,73,77,64} 13 Ek > 24/2
LEROPREIZCDEEIZHD.
COEATRERICKEVEREHRMICRDD
L = {60,43,57,75,45,39,85,37(43,92(13)77,64}
I R{E = {56,44,73} P RIEDH REM =56
56&Y k=LY = {57,75,85,92,73,77,64} 7 EF > 1312
REBICREVERIZCOREITHL
HYDEEDHT (12-)BBITKEFVERERDD
S ={56,43,45,39,37,44} SEHIZKELEFR=39

Example: Decompose 24 data into groups of size 5 to find the median.
S = {12,56,43,22,31,25,57,75,45,33,39,85,37,44,19,28,18,23,92,73,77,28,64,35}

S = {12,56,43,22(3),25,57,75(5,33(39,85,37,44,19(28)18,23,92,73,77,28,64 35}
group medians ={31,45,39,28,35} the median of the mediansM = 35

data > 35 = {56,43,57,75,45,39,85,37,44,92,73,77,64} 13 elements > 24/2
The overall median must be in this set
Find the 12th largest element in this set recursively
S = {6643,57,75,45,30,85,37(43,92(73 77,64}
group medians = {56,44,73}, the median of the mediansM =56
data > 56 = {57,75,85,92,73,77,64} 7 elements > 13/2
The 12-th largest element cannot be in this set
Find the (12-7)-th largest element in the remaining set.
S = {56,43,45,39,37,44} 5-th largest lement= 39
The overall median is 39

20 FRIE 39
Eg In fact,
>39: 56,43,57,75,45,85,44,92,73,77,64, >39: 56,43,57,75,45,85,44,92,73,77,64,
39 39
<39: 12,22,31,25,33,37,19,28,18,23,28,35 saa <39: 12,22,31,25,33,37,19,28,18,23,28,35 soras
SHE B DR Analysis of Computation Time

I5EDT—2DY—b: 2EOLETH5
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MU ED R REZEEL DT IL—TIE(/15)25 IL—TF
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&Ko T, MUEDERHKIZD#LES (8/30)n = (4/15)n
DFY, MUTOEZRHIMLULOERHKLE 2 (LU/15)nE

MIZBIT 2 A BINE D LBEANE |

Sort of 15 data: 42 comparisons suffice
intotal, 42 X (n/15) comparisons

M is the median of the group medians, and so
there are (n/15)/2 groups whose median are ZM,
where 8 or more elements (more than half) are = M.
Thus, there are at least (8/30)n = (4/15)n data =M.
That is, there are at most (11/15)n elements =M and =M.

‘ For the decomposition w.r.t. M, n comparisons are required.

HUEKY, From the above arguments, we have
T(n) < 42(n/15) + T(W/15) + n + T((L1/15)n) T(n) < 42(n/15) + T(n/15) + n + T((11/15)n)
&7, Hence,
T(n) =19n. T(n) =19n.
HEME: EO#EXEREIT. ‘ 33144 ‘ Exercise: Solve the above recurrence equation. ‘ 3444
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Problem P10: (Construction of Convex Hull)
Given a set S of n points in the plane, construct a smallest convex
polygon (convex hull) containing all the points in its interior.

Vertices of a convex hull must be given points.
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Construction of Convex Hull

Algorithm P10-A0:

1. Divide a set of points into two subsets by a vertical line
at the median x-coordinate of the points.

2. Compute the convex hull for each subset recursively.

3. Merge the two convex hulls into one convex polygon.
(Find two external tangent lines to merge them.)
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Merging Two Convex Hulls

Find the rightmost vertex u of the left polygon and
the leftmost vertex v of the right polygon.
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RT7 (V) BIEHD
EEERICGHET MANMBLEELEAWS
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(uv) Bubic D EEBIERICEDD (&
WEBETEY TVORDIERET BHLE
(u, v, w) HEFETEIYDIED EE.
(uVv) BV D TEMERICED DX
tEREFEYTUDRDIERLET HLE
(t,u,v) AREFETEIVDIED L=, 41/44

Starting from the pair (u,v),
go up the pair until it reaches the upper tangent line, and
go down the pair until it reaches the lower tangent line.

It takes linear time
since at least one
vertex advances to
the next position.

(u,v) is an upper tangent line from u
if (u, v, w) is clockwise order
for w: the next vertex of v in the clockwise order
(u,v) is an upper tangent line from v
if (t, u, v) is clockwise order
for t: the next vertex of v in the counter-clockwise ordess
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Exercise: Show that the algorithm for constructing a convex hull
based divide and conquer is O(n log n).
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