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Dynamic Programming (1)
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HEEOBOHE
[EEP20: nfAD R HE DM SKERY HTHEE DEC(nKE
HEEEL
2ARITKDE,
C(n, k) = C(n-1, k-1) + C(n-1, k), O<k<ndD &=,
C(n,0)=C(n,n) =1,
ThdhD, BbIZROTOTS LEHBS.

int C(int n, int k){ EDOTOY 5 LEEBRICETLT
if(k==0 || k==n) return 1; HBHE, DNEYBREAMMNDIEM

return C(n-1, k-1) + C(n-1,k); | HM%.
3} BN AN DRE ?
HERE ORI -

CnK)ZEFHETIDICETHRMET(nK)ET DL,
T K)=T(-1k-1)+T(N-LK)AFEYILD. &>T, T(nk)=C(n,k).
CITTEERE SRR,
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Number of combinations

Problem P20: Calculate the number C(n, k) of combinations
to choose k items from n different items.

Using the formula,
C(n, k) = C(n-1, k-1) + C(n-1, k), if O<k<n,
C(n,0)=C(n,n)=1.

Therefore, we have the following program.

int C(int n, int k){ When you implement the program in
if(k==0 || k==n) return 1; practice, you will find that it takes much
return C(n-1, k-1) + C(n-1, k); | time. Why does it take time?

}

Analysis of computation time:
Let T(n,k) be time to compute C(n,k). Then, we have
T(n,k)=T(n-1,k-1)+T(n-1,k). Thus, T(n,k)=C(n,k).

This is an exponential function. o

TS LOEBEERRTHES !
C(5.3)

— \
C(4.,2) cl.3)
0(3,1’)/ \c(s,z) ?é{) \0(‘3,3)
N

\ /N
C(20) C(2.1 C(21) C(22) C@1) C22)
/ SO\
C(1,0) C(1,1) c1,00 c@1 C(Lo) CLy)
BHOFEVHLOBFF
FEICHEIZx L TR ELF R HIN TS,
f5:C(3,2) [F2EFE U H SN TL S > HEEX
MOTOKDFIZDONTCNKDIEZETET HLE, TD
EZEIDONKNERLLTEATHE, RLERIF2EL
BHELEL. EFRIcREEHNELN ! o

Let's analyze behavior of the program!
C(5,3)

— \t
C(4,2) C4.3)
c@3 1)/ \c(s 2) c 3'{) \C('s 3)
AN

\ /N
C(20) C@.1 Cc(21l) C2) C@1l) c@2)

/
C(1,0) c1y C(i,/C)) \C(l,l) C10 c(@11)
How is the function called

The function is called many times for the same value.
Example: C(3,2) is called twice.=»redundant

If we store the value C(n,k) as the (n,k) element of an array
when it is first computed, then the same value is never computed

twice. Basically, it suffices to fill in the table. 640




CINK)DEREEDH LS !
AT :C(nk) = C(n-1,k-1) + C(n-1,k)
n-117 B DIEA S > TURIE, BEIZC(n k) AEHE T AE
D &oT, UTEMSIEIZIEDH TULIFIELL.

Fill in the table C(n,k)!
Formula: C(n,k) = C(n-1,k-1) + C(n-1,k)
If the values in the (n-1)-st row are available, C(n,k) is easily
computed. =»Thus, we should fill in the table from the 1st row.

0[1]2|3]4[5|[ |o|1|2|3|4|5 0/1|2|3]4]5 o|1|2 |3 |45
01 01 01 0[1

1111 111 1(1]1 1/1(1

2|1|2|1 2|1]|2|1 2|12 2|1]|2|1

3 3[1]3[3]1 3[1]3]3]1 3/1]3|3 |1

4 4 AMRIEEIR a[1]4l6 [4 |1
5 5 5 5/1|5[/10[10(5 |1

ol1]2[3|4|5|[ To[1]2]a]a[s][ To[1]2]3]a[s |[ To[1]2 3 [4]s

01 01 01 0|1

1111 111 111 111

2|1)2|1 2[1]2]1 2[1]2]1 2]1]2]1

3 3[1]3[3]1 31]3]3]1 3l1]3]3 |1
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Each element of the table can be
computed in constant time.
Thus, the total time is

C(nk) omn?).

C(n-1k-1) C(n-1,k)

8/40

EEOTOTSLITTDEY:
int C(int n, int k){
C[o][0]=1;
for(i=1; i<=n; i++){
C[i][0]=1; C[[i][i]=1;

for(j=1; j<i; j++) TEEMIRE E8-1: HA A
CIil[j] = C[i-1][j-1] + C[i-1][j]; | | i£2T. C(n,k) A A —/3—
JO—-LANVES[ERPT

return C[n][K]; YA —n—on—LAEWL&
SHHUAREER THE

RuKE2:
COK) = g CHB=EERLBE, OB THEHE.

=L, COFETIEROA—N\—T0—ITFE.
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C program is as follows:
int C(int n, int k){
Cl[o][0]=1;
for(i=1; i<=n; i++){

CIi][0]=1; C[[i1[i]=1; Exercise E8-1: Consider
for(j=1; j<i; j++) an algorithm that computes
CIil0] = C[i-1][-1] + C[i-1][i1; | | C(n,k) based on the Naive
idea such that it computes
C(n,k) correctly if C(n,k)
itself does not overflow.

}
return C[n][k];

Naive Algorithm 2:

Using the formula C(n,k) = nt

(n-k)! k!
Here, note that this algorithm may suffer from numerical overflow.

, it can be computed in O(n).
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4R FTYFROHE

FIREP21: RATERSND T4 R TV FHF(NERD&.
F(n) = F(n-1) + F(n-2), n>1D&EE,
FO)=F@)=1.

TaRFyFH:
1,1,2,3,5,8,13, 21, 34,55, 89, 144, 233, ...

JEE [RE E8-2: MREP20L AR D @R T RAE &

TA4RFOF RN, EELOERT,
F(n) = 0(¢")

ERYIENTES.

¢=(1+475)/21.61803
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‘ Computation of Fibonacci number‘

Problem P21: Compute the Fibonacci number F(n) defined by
F(n) = F(n-1) + F(n-2), ifn>1,
F(O) =F(1)=1.

Fibonacci number:
1,1,2,3,5,8, 13,21, 34, 55, 89, 144, 233, ...

‘ Exercise E8-2: Have an argument similar to that in Problem P20.

Using the golden ration ¢, the Fibonacci number F(n) can be
represented as

F(n) = O(¢")
where ¢p=(1+y 5)/2=1.61803.
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fEEP22: RENEMD2 DD XFINALBI 5 ZONT=LE, lA
DXFHHBETIHBAXFITRENLDERD K.

5l: A=GAATTCAGTTA,B=GGATCGANLE,
GATCAIZHBEN XFINTHS.

A= GAATTC AGTTA

B=GGA T CGA

XFHNADEE DS XFINA NI FFNBDES XF M
ESME, ADXFHXFIBICHENTRLIEICHIRT S5
ESHETRNIEEL. DR THIET#E

HERME E8-3: 20D XFIEAALT, RIDXFFHIM2
FEEDOXFI DA XFIHIE>TNENEIHERRERT
HETBITOTSLEZT.
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Longest Common Subsequence

Problem P22: Given two strings A and B of lengths n and m,
find the longest substring common to both of them.

Example: Fr A=GAATTCAGTTAandB=GGATCGA,
the longest common substring is GATCA.

A= GAATTC AGTTA

B=GGA T CGA

Any substring A' of A is a substring of B if characters of A' appear
in the same order in the string B.
=>1t can be determined in linear time.

Exercise E8-3: Write a program to determine whether the first
string of two input strings is a substring of the second string in
linear time.
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FIILTY X LP22-A0: (BiHsk)
XFFADTRTOEAXEIIAIZDONT, AHXFEFBD
BAXFIE-TLENEIHEELISD, RERVWHEXF
JERZICHNTS.

STERFRE DR
RENOXFHOHBAXFIHE L TMEYHS.
{COXFINXFIIBLYRNEEE, BASMIZF
BD &R XFFHITIEARL.

" EITHNEE, ZRENICOM) DAL NS,
ko T, £ERDOFERMEIL, 02" m)EEfE LS.

AL X AT RED ?
ZEARBHOT7ILITIVXLRIEFET DM ?
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Algorithm P22-A0: (Brute-Force Algorithm)
For each substring A' of a string A, determine whether A'is a
substring of a string B, and finally output the longest common

substring.

Analysis of computation time:
- There are 2" different substrings of a string of length n.
«If this substring is longer than the string B, obviously it is not
a substring of B.
- Otherwise, each test takes O(m) time.
+Thus, the total time is O(2" m) time.

Is it possible to have faster algorithm?
Is there any polynomial-time algorithm?
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FILTYX LP22-Al:

A= a,a,...a,, B=b,b,... b,
L[ij] = a,2,..a&byb,.. b DBERILBEH A XFIORE

k=

(0) i=0F = (£j=0D &, L]i,j]=0.

(1) a,=b> L[i,j] = L[i-1j-1]+1

(2) a#b;> L[ij] = max{ L[ij-1], L[i-1, I}

A=GAATTC AGTTA A=GAATTC AGTTA
B= GGATC GA B=GGATCG A
a=bnEE aFEbDEE

Li=htoT, SELRLJZIEITED TOFFEEL !
RKROYAXFn*mZhs, FHEEREBHO(hm) B,
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Algorithm P22-A1l:

A= a,a,...a,, B=b,b,... b,
L[i,j] = the length of the longest substring common to a,a,...a; and
b,b,... b;

Observation:

(0) if i=0 or j=0, L[i,j]=0.

(1) a=Db;> L[ij] = L[i-1,j-1]+1

(2) a# ;> L[ij] = max{ L[ij-1], L[i-1, jT}

A=GAATTC AGTTA A=GAATTC AGTTA
B= GGATC GA B=GGATCG A
when a;=b; when a;#b;

Therefore, it suffices to fill in the table L[i,j] in order.
Since the table size is n*m, it takes O(nm) time.
18/40




FIVTY X LP22-Al:
for(i=0; i<=n; i++)
L[i][0]=0;
for(j=0; j<=m; j++)
L[O][j] = 0;
for(i=1; i<=n; i++)
for(j=1; j<=m; j++)
if(a[i] == b[i]) L[i][] = L[i-1]0-1]+1;
else L[i][j] = max{ L[i][j-1], L[-1][j] ;
return L[n][m];

A:XYXXZXYZXY 0 0 fo o jo Jo fo fo Jo fo |o |o 0 0

! 1o fo 11 fr 11 f1 o1 f1 f1 1 1
B=ZXZYYZXXYXXZ  |rfe o i e f
D EEDENES] [N A I 0 N O N
A= XY XXDXYZXY,  fohipp b pp i bk
B_ZXZYYZXXYXXZ 9 0 (1 f2 [3 |3 [3 [4 |4 [5 |5 |6 6 6

Algorithm P22-Al:
for(i=0; i<=n; i++)
L[i][0]=0;
for(j=0; j<=m; j++)
L[oI[j]=0;
for(i=1; i
for(j=1; j<=m; j++)
if(a[i] == b[j]) L[i][j] = L[i-1](-1]+1;
else L[i]{j] = max{ L[i]{-1], L{i-1101 };

return L[n][m];

N N O O 20 O EC N 2
Example for the case e [ L I
A=XYXXZXYZXYand oo i e e P o ]2 ]2 I
- EN O N S S I 30 0 O X X EX ENN
B=ZXZYYZXXYXXZ koot e fofede 1

B O S 2 A 20 XN N O 0 O R

S O I 20 N 20 X 0 0 O N R

A N 2 N X N 0 O O R
- I O I N N O 0 O GO N R
A_XY XXZXYZXY' 9 0 [t [2 3 [3 |3 [4 [4 |5 |5 [6 6 6
B=ZXZYYZXXYXXZ EEN N N £ X 3 N N O

REREOER

REROERFREEDHDEICEYRDONDD, ZDEE
BT AIREREEDISITERT NITINM?

BREHXEHIXFIOMETERED LB S XFIID
RS(REBOE) 21T THL, XFIZ0OLD (REHE)
KTzl

REBDHBHEE, L[| DEARCRDEDEIZL>TREST=
METLHET S:

(1) &=b,> L[i,j] = L[i-Lj-1]+1
(i-1, j-1) &R

(2) ;b L[ijl = max{ L[i,j-1], L[i-1, I}
L[i j-1>L[i-1 jldEF, (i, j-1)E52HE,
ZOTHVEE, (i-1, j)ZiEE

Construction of an optimal solution

The value of an optimal solution is obtained by filling in the table.
How can we construct an optimal solution achieving the value?

In the problem of finding the longest common substring, we want
to find not only the length (value of an optimal solution) but also
the longest such substring (optimal solution) itself.

When we fill in the table, we memorize which table element
determined L[i][j].

(1) &=b;=> L[i,j] = L[i-1,j-1]+1
(i-1, j-1) is memorized

(2) &#b;~> L[i,j] = max{ L[ij-1], L[i-1, j]}
if L[i,j-1]>L[i-1,j] then (i, J-1) is memorized, and
otherwise, (i-1, j) is memorized.
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BHmLEToI5 4 Concrete program
for(i=1; i<n; i++) for(i=1; i<n; i++)
for(j=1; j<m; j++){ for(j=1; j<m; j++){
if( Ali] == B[j] { if( Ali] == B[j] {
L[I0] = LLi-110-1] + 2 L[I0] = LL-110-1] + 1;
B1[i][j] = i-1; B2[i][i] = j-1; B1[i][j] = i-1; B2[i](i] =j-1;
Yelse { Yelse {
L[i10] = max2(L[i][-1], L[i-1100): L[i10] = max2(L[i][j-1], L[-110):
if( L[G-1] > L[-1]0] ){ if( LIi0-1] > L[i-110]
L[i10] = LLIG-11: L[I0] = LIG-1]
B1[i][j] = B1[i][i-1]; B2[i][i] = B2[i][i-1]; B1[i][j] = B1[i][j-1]; B2[i][i] = B2[i][i-1];
Yelse { Yelse {
L[i10] = LL-1100; L[0] = LL-11060;
) B1[i][j] = B1[i-11[j]; B2[i][i] = B2[i-11[i]; ) B1[i][i] = B1[i-1][j]; B2[il[i] = B2[i-11[il;
} }
} EEME ES-4: ERICTOY S LEE->TEMES } Exercise E8-4: Write a program in practice to see

HERE L.
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its behavior.
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A=XYXXZXYZXY, B=ZXZYYZXXYXXZDIH&
Ny by IREDE
12 3 4 5 6 7 8 9 10 11 12
0.0)[(0.1)}(0.1) (0.1} (0.1)|(0.1)|(0,6) [(0.7)/ (0.7)](0.9)|(0,10) (0,10)
0.0[(0.1D}(0.1D1(1,3)1(1.4)|(1.4](1.4) (1,4 (1.8)(1.8)|(1.8) |(1.8)
0.0[(2,1](0.1) (1.3 1.4)[(1.4)|(2.6) (2.7 (2.7)[(2.9)|(2.10) (2,10)
0.0)[(3.1)](0.1) [(1.3)|(1,4)[(1,4)(3.6) [(3.7)[ (3.7)/(3.9)|(3,10)| (3.10)
4.0)[(3,1)|(4,2) [(1.3)| (1,4)[(4,5)|(3.6) |(3, D[ (3.7)[(3.9)|(3,10) (4,11)
4.0)/(5.1)](4.2)(1,3)|(1.4)|(4.5)|(5,6) [(5.7)| (3.7)|(5.9)|(5,10)| (4,11)
4.0)(5,1)|(4.2) (6.3)| (6.4)[(4.5)|(5.6) |(5.7)| (6.8)[(5.9)|(5.10) (4,11)
7.0)[(5,1)|(7.2) (6.3)| (6.4)[(7.5)|(5.6) |(5.7)| (6.8)[(5.9)|(5.10) (7,11)
7.0)[(8.1)|(7.2) (6.3)|(6,4)[(7.5)|(8.6) [(8.7) (6.8)|(8.9)|(8,10) (7.11)
10(7,0)((8,1)|(7,2) (9,3)[(9,4)/(7,5)|(8,6) |(8,7)] (9,8)|(8,9)|(8,10) (7,11)
L[10][12]h izl B &
L[10][12] > L[7][11]>L[5][10]>L[3][9]> L[2][7]>L[1][4]>L[0][1]
a[8]b[12] a[6]b[11] a[4]b[10] a[3]b[8] a[2]b[5] a[1]b[2]
BRI, REHEIDFIIE
123456789A 123456789ABC
XYXXZXYZXY ~ ZXZYYZXXYXXZ XYXXXZ 25140

00 =10 Uk W
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For the case: A=XYXXZXYZXY, B=ZXZYYZXXYXXZ

Table for backtrack

1 2 3 4 5 6 1 8 9 10 11 12
0.0)[(0.1)](0.1) [(0.1)}(0,1)[(0,1)/(0.6) [(0.7) (0.7)](0,9)|(0,10) (0.10)
0.0)[(0,1](0,1)](1,3) (1.4)](1.4](1.4)|(1.4)/ (1.8) (1.8)|(1.8) | (1.8)
0.0)[(2,1](0.1) (1,3)| (1.4)[(1.4)|(2.6) [2.7)] (2.7)[(2.9)|(2,10) (2,10)
0.0)/(3,1)](0.1) (1.3)| (1.4)[(1.4)|(3.6) [(3.7)| (3.7)[(3.9)|(3.10) (3,10)
4.0)[(3.1)|(4.2) [(1.3)| (1,4)[(4,5)|(3.6) [(3,7) (3.7)| (3.9)|(3,10) (4,11)
4.0)[(5.1)|(4.2) [(1.3)| (1,4)(4.5)|(5.6) [(5.7) (3.7)|(5.9)|(5,10) (4,11)
4,0)(5.1)|(4.2)((6.3)|(6.4)| (4.5)|(5.,6) |(5.7)| (6.8)| (5.9)|(5.10)| (4,11)
7.0)|(5,1)|(7.2) [(6.3) (6.4)|(7.5) |(5.6) [(5.7), (6.8)| (5.9)|(5,10)| (7,11)
7.0)|(8,1)|(7.2) [(6.3) (6.4)|(7.5)|(8.6) [(8.7), (6.8) (8.9)|(8,10) (7,11)
10(7,0)[(8,1)/(7,2)((9,3)] (9,4)| (7,5)((8,6)(8,7)| (9,8)| (8,9)[(8,10) (7,11)

00 ~1 O Uk W N

©

If we trace the table from L[10][12] in reverse order,
L[10][12] > L[7][11]>L[5][10]>L[3][9]>L[2][7]>L[1][4]>L[0][1]
a[8]b[12] a[6]b[11] a[4]b[10] a[3]b[8] a[2]b[5] a[1]b[2]
Thus, the longest common substring is
123456789A 123456789ABC
XYXXZXYZXY  ZXZYYZXXYXXZ XYXXXZ 26140

P23 (£ RAHREEBRHAE)
EHDEDTIINEZbNILE, ETOERARITDONT
ENoDEDFZERRDRIERD L.

—15 12 34
@ 0 @ 1/ 0 5 00 o
5{ {MS LS L= 2|50 015 5
3[300 015 .
@~ (—® 35 5 o AT
HFAYRNT%

ADnEOEREMEADIBISHEIEHDET ST
HEAEEO1RAIEYDTRTOTER~D A
FTEER: O(m + n log n)BERE, F1=1£0(n?)F5RE
Li=h'oT, ETEAEHRAELTE (VRN ZEERTSL,
FHE R ZO(hm + n2log n)E = (X0(n%)&755.
BPOEHEMIFOM)IEEMD, ZREDHEIE, On)THS.

BRIE LA REA ? 27140

Problem P23: (All-pairs shortest path problem)
Given a weighted graph, for every pair of vertices find the length
of a shortest path between them.

@-—L@ 12 34
0 1/ 0 5 00 o

5{ L}d5 LS =250 015 5|

@ ) 3300 015 dlsta_nce
15 41500 5 0 matrix

Dijkstra's algorithm
Input: Weighted graph consisting of n vertices and m edges
Output: Distances to all the vertices from one arbitrary vertex.
Computation time: O(m + n log n) time, or O(n?) time.
Hence, applying the Dijkstra's algorithm for each vertex,
computation time is O(nm + n2log n) or O(nd).
Since the number m of edges is O(n?), it takes O(n3) in the worst
case.
Any faster algorithm? 28040

RERBOME
v . BRUDSTERWETORERERLOEEDIESR
> UNBVETOIHRIRE, v DWETHO IS IRRR I
FNTN, ubBVETE, VHILWETDRERETHS.

QU
OF \
BB uADVETORARBIRETE T NI,

COMNBEREREEBTEENADE, uhbw
~DEYEWVEBNELOND. ChITFE.
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Property of a shortest path
v : Any vertex on a shortest path from vertex u to vertex w.
=> subpath from u to v and subpath from v to w are both shortest
paths from u to v and from v to w, respectively.

WO
08 S
Why: If the subpath from u to v is not shortest,

we can shorten the path from u to w by replacing its
subpath by the shorter one, which is a contradiction.
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D J[ijl=&&{12.. KHIBTPERETEEBHLTERIND
ER|ICEIRERERORSE

=21 RERBEHITERKERBLEVD D [ijlERC
=22 RERBANTERKERBETS
DiNSkETORERERE +HKkMOjETORERER

Dyli.jl = min{ Dy4[i,j], Dy1[i,K] + Dy 4[K,j1}
f=f2L, D(lijl=L[ij] (E#OEHE=-D1OES)

D¢, Dy, Dy, ..., D, DIRICEHHEITZIE &L,

FITYRX LP23-A0:
EERESTHIZEDOLT B.
for(p=1; p<=n; p++)
FRTO(i,j)IZD2LT
DIp.i,j] = min{ D[p-1,i,j], D[p-1,i,K]+D[p-1 k,j] }
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D,[i,j] = the length of a shortest path from vertex i to vertex j
only through the vertices in the set {1,2,... k}.
Case 1:if the shortest path does not pass through vertex k

=> same as D 4[i,j]

Case 2: if the shortest path passes through vertex k
=>shortest path from i to k+that fromk to j

Dy[i.j] = min{ Dyi[i,j], Dy [i.K] + Dyylk,j1 }
where, Dy[i,j] = L[ij]

(direct distance=edge length)

Dy, Dy, D, ..., D, should be computed in this order.

Algorithm P23-A0:
Let DO be the distance matrix.
for(p=1; p<=n; p++)

for each (i,j)

DIp,i,j] = min{ D[p-1,i,j], Dp-1,i KI+D[p-1 k] }

32/40

-5 1234

Hea A5 1(0 5000

N PaN D=2 %0 015 5
@ ©) 33000 0 15| oo
15 41500 5 0 EEEETT S

15

@ 0 @ 1(0 500 o

5J @?@5 LS 5250 0155

®) ©) 17313035 0 15| JER1ZE&EHIC
4

1520 5 0) BE>TH&KL.

15
15 1 2
@ 0 & 1{0 520 10
5 o 5‘15 p2[0 0155 o
@@ 2 431 3035 0 15| JAR1, 2Z&&HIC

1520 5 0 E>THELL.
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15 12 34
= 0 = 1(0 50 o
5\ @2<]5 LS D250 0155
@ ©) 973|300 015

15 41500 5 0

<15 1234
@ 0 = 1[0 500 oo
5\ er><|5 LS 5.-2(50 015 5
®) ©) 17313035 0 15

15 411520 5 0

15 12 34
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distance matrix

vertex 1 can be
passed through

vertices 1 and 2 can
be passed through
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vertices 1 and 2 can
be passed through

vertices 1, 2, and 3
can be passed
through

vertices 1, 2, 3,
and 4 can be
passed through

Final distance matrix
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Problem on Space Requirement

The previous algorithm requires a 3-dimensional array.
=>when we have computed D,, we don't need to store D, ;.
Hence, only one array is sufficient.

We want to compute not only the lengths of shortest paths but also
shortest paths themselves.

«[1,j] = the vertex number immediately before the vertex j on the

shortest path from i to j through {1, 2, ..., k}.
Using it, we can trace back from the terminal vertex to the initial

vertex.
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Exercise E8-5:Describe the behavior of the algorithm P23-A0 for
the graph below.
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