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Developing Algorithms based on Dynamic Programming

Objects: optimization problems
problem of finding an optimal solution among those satisfying
given constraints.

Problem solving by dynamic programming

1. Characterize a structure of an optimal solution.

2. Define an optimal solution recursively.
(construct a solution using solutions to subproblems)

3. Compute a value of an optimal solution in a bottom-up manner
(in the way to fill in a table)

4. Construct an optimal solution using information obtained.
(not only finding a value of an optimal solution but also
constructing an optimal solution by following in the table)
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[FREP24: (RE2 57 ERRARDIE)

MEDT—RZ 2R FERKRICBEZLDIC, FT—F T 8%
DHERBBE)DFOHFETSLHLEE, FRDE=OHD LA
(DHFE) NR/DMNIEEHLII2HERBRAREEAE L.

BEZ2HNEE: S={a,a, .., y=a,=-* = a,
S BIENE: WI SHDERETHAERINDILDERE.
Find(a;, S)D HIRFEE I,
SE2NIERRNICEAT-LET,
SHEFRIZTETHRDL AN Zlevel(q)&T 5.
aDIERITWHEL LB EIF(Llevel(a) +1[E (BBDOLNJLIXO)
Li=D'oT, IMERARDIRFLLEEIZ DR E) (X, RAXTEALNS:

ERARDIARR= X p; x [level (a) +1]
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Problem P24: (Construction of an optimal binary search tree)
When probability that each element is asked is given, store n data
In a binary search tree so that the expected number of comparisons
to locate a query In the tree Is minimized.

Data to be stored: S={a;,a,,..,a.}, ;= a,=--- = a,
A priori knowledge : Assume that only elements of S are retrieved.
probability for Find(a;, S) Is p;
When S is stored in a binary search tree,
let the level of a node a; containing an element of S be level(a;).
the number of comparisons for searching &, is level(a;) +1
(assuming the level of the root node is 0)
Therefore, the cost of a search tree (expected number of comparisons)
IS given by

Cost of search tree= 2. p; X [level (a;) +1]
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a[1l] a2] a[3] a[4]

2 3 5 6
2/10 1/10 5/10 : 2/10
P1 P, P3 P4

level O

level 1

level 4

ARR=(2*1+1*2+5*3+2*4)/10
=2.7

2
FA

ARR=(2*1+2*2+5*3+1*4)/10
=25
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Examlpe: a[1] a[2] a[3] a[4]

S| 2 3 5 6
2/10 1/10 5/10  2/10
Pq P P3 Py
level O
/2 level 1

level 4

COSt=(2*1+1*2+5%3+2%4)/10
=2.7

2
FA

COSt=(2*1+2*2+5%3+1*4)/10

=25
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QR R=(1*1H(2+5)%242%3)/10 =21 JAR=(5*1+(2+2)*2+1*3)/10 = 1.6
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cost=(1*1+(2+5)*2+2*3)/10 =2.1 cost=(5*1+(2+2)*2+1*3)/10 = 1.6

If we enumerate all search trees and compute their costs, then
we can find an optimal search tree. But it is not efficient to
enumerate all of them.
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Tli,j] = 8 &ES{a, a.q, - » aj}l:ﬁ'd’é%ll\:xh*
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Construction of an optimal binary search tree

Characterize structure of an optimal solution and define the value
of an optimal solution recursively.

T[i,J] = minimum-cost tree for a subset {a;, a,;, --- , &}
=1, ...,n, J=I,1+1, ..., n

Enumerating all possibilities:

T[2,n] TI3,n] T[L2] T[4,n] T[Lk-1] T[k+1,n] T[1,n-1]

If T[2,n], T[3,n], ..., T[1,2], T[4,n], ..., T[1,n-1] are all available,
costs of those trees can be computed. If we choose the minimum-

cost tree, we can determine its root a,. 12138



RELZ YT DX TRERDEZRDS.

{T[i, i+1],i=1, 2, ... , n-1}&K& B === =1
{T[i, i+2],i=1, 2, ..., n-2}&K&HBH=---- =2
{TL, i+K], i=1, 2, ..., n-KYERGD B+ - - 2k

2%(2T[L NARERIE, ChhREEDIE.

T[1,n]
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Computing the value of optimal solution in a bottom-up fashion

{TN, 1+1],1=1, 2, ..., n-1} is computed = == = difference 1
{TN, 1+2],1=1, 2, ... , n-2} iscomputed= ==~ - difference 2
{T[i, i+K], i=1, 2, ..., n-k} is computed- - - - - differencel k

Finally, we compute T[1, n], which is the value of optimal solution.

T[1,n]
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T[i, i+k]D K& A

T[ii+k] = BH EE{a, a,q, ..., &, HIXFTDER/NARLK
s, ZO1RIE, a,a,,, ..., a, Dk+1BEYHS. @
aZfRELTRATLLE,
EE7ARET[ij-1], BEN S RZET[j+1,i+k]
ETHDH=RIE. /\
T[i,j-1]&T[+1,i+k| COARXMDEE XYL
LRI DEIHBRA TSI EITEE.

T[i,j-1]= 2 p,, X [level (a,) +1]
LAILZET1TZITIE 0T &,
T[ij-1]= = p,, * [level (a,) +2] = T[i,j-1] + = p,,
DFY, Tij-1]IZp; + pjyy +... + pj-ljf_m;_’h’t"'IEE
TLRIVTIFENKRES. T'[+1,i+k][22WWTHFEL.
£oT, aF BT HEEDIARNIRATEZDNS:
P+ T'[1,j-1]+ T [+1,i+K]
= TI-1HTO+1+K]+ P + Py +o F P

Tlij-1] TO+L,i+K]
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How to compute T, 1+K]

T[i,i+k] = min-cost tree for a subset {a;, a;,4, ... , &, }. Thus,

k+1 different roots a, a4, ... , a;,, are possible. ©
If we choose a; as a root,
an optimal solution has T[i,j-1] as its left
subtree and T[j+1,1+K] as right subtree. /\

Note thfat one level is incre_a_ses than when_ Thij1] TI*L,i+k]
computing the costs for T[i,j-1] and T[j+1,i+k].

T[i,j-1]= 2 p,, X [level (a,) +1]
If we increase the level by one,
T’lij-11= Z p, X [level (a,) +2] = T[i,j-1] + = p,,
That is, we have the value one level down by adding
Pi + Pisg T + P10 T[1J-1]. Same for T'[j+1,1+k].
Thus, the cost with a; at the root Is given by
P+ T'[1,j-1]+ T [+1,i+K]
= TILATO+LI+K]+ P + P+ + Pl
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T[i, i+k]D K& A

Cliij] = {ay, g, ..., aHTH T BRAKT[ JOIRE
WILI] = pi + Pig +- + P
L9 HE

2 ERET BEEDARMERKTEZLNS
C[i,J-1]+C[j+1,i+K]+ WII, 1+K]

RS E T LEDEDH/IMEZTEANILC]i,i+k]HKED.
a;&a, MWIREGDIZELERET DL, ROXEFS:

C[i,i+k] = min{ C[i+1,i+k]+WI[i,i+k],
min{C[i,j-1]+C[j+1,i+k]+WT[i,i+k], j=i+1, ... , i+k-1},
Cli,i+k-1]+WI[i,i+k]}

k=1, 2, ..., n-i

ELTIEITRODHIEMNTES.
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How to compute T, 1+K]

C[i,j] = cost of the minimum-cost tree T[i,j] for {a;, a.,;, ... , &}

o ]
WILI] = pi + Py +- + P
Then,

the cost when g; Is the root is given by the following:
C[i,J-1]+C[j+1,i+k]+ WII, i1+K]

C[1,i1+k] is obtained by taking the minimum value while varying j.
Considering the cases where a; and a;,, are roots, we have
C[1,1+k] = min{ C[i+1,i+K]+W/[i,i+k],
min{C[i,j-1]+C[j+1,i+k]+W[i,i+K], j=i+1, ..., i+k-1},
Cli,i+k-1]+WI[i,i+k]}
k=1, 2, ..., n-i
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Clij]l = {a;, ai,y, - aj}lZﬂTéﬂE?c/J‘*T[i,j]d)ZIXI*
WILJ] = p; + Pisy +-- + P,

R AR 4%
Y L N N O]

T[L,1] T[2,2] T[3,3] T[4,4] 2\
C[1,1]=0.2 C[2,2]=0.1 C[3,3]=0.5 C[4,4]=0.2

/Qg 1\

1 2
T[2,2] T[1,1
mp § Xk

=0.2+C[2,2]+W[2,2] =0.1+C[1,1]+W[L,1]
=0.2+0.140.1=04  =0.1+0.2+0.2=0.5
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C[1,J] = cost of minimum-cost tree T[i,J] for {a;, .4, ... , &}
WILJ] = p; + Piyg +. + D)

R AR 4%
Y L N N O]

T[L,1] T[2,2] T[3,3] T[4,4] 2\
C[1,1]=0.2 C[2,2]=0.1 C[3,3]=0.5 C[4,4]=0.2

/Qg 1\

1 2
T[2,2] T[1,1
mp § Xk

=0.2+C[2,2]+W[2,2] =0.1+C[1,1]+W[L,1]
=0.2+0.140.1=04  =0.1+0.2+0.2=0.5
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GREP24: (E=AR5H3)
MZARNEADRINELTEZLONT=ESE, 2DDITEADMIC
% 5IKCEIZKYZABORAREZ=ARIZENTLHEMNT
=50, LORSOBINZFR/DTEI2=AMREIZRH L.
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Problem P24: (Optimal triangulation)

Given a convex polygon as a vertex sequence, we can partition its
Interior into triangles by drawing chords between two vertices.
Find a triangulation so that the total sum of lengths of chords is
minimized.

Vo
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RERDIBEZREOT, BRDEZHRMNICERT D.

MZ ARLEP(V,, Vi, Vo, Va, Vg, Vo) DEDIZTEA D RFITRIR.
JERV,IZDWNTEZSE,

r—X1 v, Mo RIDTERVIZE [T TRZESIL.

r—2R2:V 2D M BFRIETELY.

VO
y y ETEMEREES-1: 7 —R2MD EE,
1 S| RTEBOEANETREN
p1 P2 HoEZIAE &,
V4

Vv
2 Vs

R 1ARSIKTECE>TELDI P ZARIERIIYLTHY,
[BREInNKEEZND, INTOEMTSHBITONTRERE
ZROTHEITIE, TOMEORERZNFOND.
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Characterize structure of an optimal solution and define the value

of an optimal solution recursively.

Represent a convex polygon as a vertex sequence like
P(v,, V;, V5, V3, Vg, Ve). Considering a vertex v,,
Case 1:draw a chord from v, to another vertex v;.
Case 2: there Is no chord incident to v,,.

Vo

\Z1

P1

v,

Vs
P2
V4

V3

Exercise E9-1:Prove that two
adjacent must be connected by
a chord in Case 2.

When we draw a chord, two resulting subpolygons are convex.
Since It has less than n vertices, if we have all optimal solutions
for all subproblems, then we can obtain an optimal solution.
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nAfZE R ST 2 EAIIEEYH A7

NAE R (v, ..., Vo )ER BT DL AL(N)EYHEET S.
r—ZX1 v, ML RIDTERVIZT [T TRZESIL.
BRELTIX(VV,), (VoVa), ..., (Vo V) DIEZSNS.
5% (Vo, Vo) = 3T (Vo, vy, Vo) + (n-1) TS (Vo Y, Va1V )
5% (Vo,Va) 4B L (Vo vy Vo, Vo) + (N-2) A RS (Vo, V3, Vs Vi g)
52 (Vo V) =S ERE(Vo, V1.V, V3, V) + (N-3) RS (Vo Vy Vs, Vi)

62.(V0,Vn_2)—>(n-1)ﬁ Fo (Vo ViV Vo) + SETRE(Vo, V00V )
r—R2:V, |2 DM B,

R (V1. V) 3 E (Vo Ve V) + (-1 ERZ(Ve,V,,Vs,..0 V)
RIC=AESEINMELIRNSETEZLHE

f(n) = 3f(n-1) + 2f(n-2) + 2f(n-3) + === + 2f(4) + 3f(3)

f(3) = 1.
g(n)=2g(n-1), g(3)=1%x5g(n)=2"3f=hvi5, f(n)LI5EEEEK.
Tiahb, COFETIEZEXBFRTIIAEITZO !
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How many different triangulations of a convex polygon?

Suppose that there are f(n) ways to triangulate a convex polygon

(Vgs - s Vip)-

Case 1: Draw a chord from v, to v;.
possible chords are (V,,V,), (Vo:V3)s - s (Vg,V;0)-
(Vy,V,)=>triangle (vgy,vy,V,) + (n-1)-gon(vy,V,,Vs,..., Vo)
(Vo,Vg)=>quadrangle(vy,vy,V; V3) + (N-2)-gon(Vg,Va,Vy,..., V1)
(Vo:Ve)=>pentagon(Vy,Vy,V, ,V3,V,) + (N-3)-goNn(Vy,V,,Vs,..., V1)

(Vo:Vi2)=>(N-1)-g0N(Vy,V4,Vy,... V) + triangle(vo, v, 5,V 1)
Case 2: there is no chord incident to v,

(Vy,V,.p)=>triangle (v,,vq,V,.1) + (N-1)-gon(Vy,V,,Vs,...,V, 1)
Considering duplicate appearance of triangles,

f(n) = 3f(n-1) + 2f(n-2) + 2f(n-3) + - - - + 2f(4) + 3f(3)

f(3) = 1.
g(n)=2g(n-1), g(3)=1 then g(n)=2"-3, thus f(n) is also exponential.

That is, this method does not lead to polynomial-time algorithryss



MO ETHRNICHEZRIET .

MZ ARP(V,, Vy, Vo, Va, Vy, Vo) DIB(V,, V) IEAT ENDD
ZABICEFENGTNEGELELD. TDRIGE=AIE
(Vor V1, V5),(Vor Vo, V5),(Vo, V3, V), (Vo, Vg, Vs ) DR D —D.

VO
Vi ve  =AF(v,, v, Vi) DIHFHE,
BRYDEZF2DODLHZ AT
EISNS.
V4
V, ‘.

— %I, MBAERP(,, ..., v, )EB(V,, vV, )ESO =AY
(Vo, Vio Vo )IZKDTHEIT B L,

gﬁﬁ/P(V AT Vk)tlﬂ'lﬁﬁﬁxp(vk Vice1s wooy n_l)':ﬁj\b\’h»é.
i, [0,n- 1]tl,\') XF'aE]é‘—[O Kl&[k,n- 1R BT B EITHT .
£2T, BEIDEA I REDE, O(N)BEYLHGEL !
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Recursive representation of a solution in a different way

The edge (v,, vg) of the convex polygon P(v,, v, V,, V3, V,, Vc)
must be included In at least one triangle. Such a triangle is one
Of (Vs Vi1s V), (Vo Vo, Vi)i(Vou Vg, Vi), and (Vg, Vy, Vs).

Vo

Vi v:  For the triangle (v,, v5, V¢), the
remaining part is partitioned into
two convex polygons.

V4
Y
2 V3
In general, when we partition the polygon P(v,, ..., v,;) by a triangle
containing the edge (v,, v,_;), we have two convex polygons:
P(v,Vy, ..., Vi) and P(V,,Vy.4, ..., V,.1). This corresponds to a partition
of an interval [0,n-1] into [0,k] and [k,n-1]. Thus, the number of

different partitions is that of different intervals, that is, O(n?). -



[0,5]

[03]| | A(035)| |[3.5]
A0,1,3) || [1,3] A(3,4,5)
A(1,2,3)
[0,5]
[04]| | A(0,4,5)

[1,4 A(0,1,4)

[1,3]

A(1,3,4)

A(1,2,3)
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[0,5]

[03]| | A(035)| |[3.5]
A0,1,3) || [1,3] A(3,4,5)
A(1,2,3)
[0,5]
[04]| | A(0,4,5)

[1,4 A(0,1,4)

[1,3]

A(1,3,4)

A(1,2,3)
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[0,n-1]DER 5

X i jlI=d T 52 AR SE

B APV Visy, -0 V)T
=AMV, Vi, V),
MZ ARV o0 V)
M AR (VioVieys - V)
1257,
==L, k=i+1D LS Ek=j-1D EE T
ZHARERYDZSATD2DIZ7E.

L[i,j] = TEEFIV, Vi, o V)IZEDTEEDES 2 AT D MRS
EENDZEORSDARI.

wli,j] = ERVETERVERSAZD RS

E9 58, b= IE

L[i,J]] = min{ L[i+1,j]+w[i+1,j],

min{ L[i, K]+L[K,j]+w[i, K]+w[k,j] | k=i+2, ... , j-2},
L[1,J-1]+wl[i,J-1]}
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Partition of a polygon corresponding to a subinterval [i,j] of [0,n-1]

Partition a convex polygon
P(V;\Vis1s - V) INtO
a triangle (v;, vy, V),
a convex polygon(v;,vi,4, -.-, V) and
a convex polygon(v,Vy,;, - Vj),
If k>1+1 and k<]-1, and
v a triangle and a convex polygon
K If k=i+1 or k=j-1.

V.,

L[1,j] = the sum of lengths of chords contained in the interior of the
subpolygon determined by vertex sequence (V;,Vi,q, .., Vi).
wl[i,j] = the length of the chord between vertices v; and v;
Then, we have the following recurrence equation:
L[1,)] = min{ L[1I+1,j]+w[i+1,],
min{ L[i,K]+L[K,j]+w[i,K]+w[k,j] | k=1+2, ..., ]-2},
L[1,J-1]+wl[i1,J-1]} 32/38



7IL31) X LP24-A0:
RORSDEMER/NMTEH=AR7E
AF:hEBARP(V,V, ooy Vo)
H N REGE=ZARLENHTEH5EDORSDEI
for(1=0; I<n; I++)
for(J=1+2; j<n; j++){
wli,j] = ERVETERVZERSKD KRS,
L[i,j] =0:}
for(d=3; d<n; d++)
for(1=0; I<n; I++)
for(J=i+d; j<n; j++){

msf = min( L[i+1,j]+w[i+1,j], L[i,j-1]+w[i,j-1]);

for(k=1+2; k<=J-2; k++)
If( L[1,k]+L[k,j]+w[i,K]+w[K,]] < msf)
msf = L[i,k]+L[K,j]+w[i,K]+w[K,j];
¥
return L[O,n-1];
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Algorithm P24-A0:
Triangulation to minimize the sum of lengths of chords
Input: convex polygon P(v,,Vy, ..., Viq)
Output: the sum of lengths of chords in an optimal triangulation
for(1=0; I<n; I++)
for(j=1+2; j<n; j++){
wl[i,j] = the length of the chord between vertices v; and v;
L[1)]=0:}
for(d=3; d<n; d++)
for(1=0; I<n; I++)
for(j=1+d; j<n; j++){
msf = min( L[i+1,j]+w[i+1,j], L[i,J-1]+W[i,j-1]);
for(k=1+2; k<=J-2; k++)
If( L[1,K]+L[k,j]+w[i,K]+w[k,j] < msf)
msf = L[i,K]+L[k,j]+w[i,K]+w[k,j];
h
return L[O,n-1];
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BB MIREES-2: RBP4 TIIZ D RSN BMER/NMNTH=AR
PENZERDOT=D, RORID2EFEMNEZH/NTHIEEIFESIH.

EEEEE-3 . F=AOEEN 2T IETHR/NNITIHIEEIEED
hHY.

EEEBES-4 E=ZARDOEBEOMZR/NIT HIHEEITEIA.

EEMREEY-S: EMBEDER T TGS, mEfE (RE=ARS
FNZEDELDERDDIIIZTILIVXLEEETE L.
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Exercise E9-2:In Problem P24 we tried to find a triangulation to
minimize the sum of chord lengths. What about the case where
the sum of squared chord lengths is minimized?

Exercise E9-3: What about the case where the sum of squared area
of triangles?

Exercise E9-4: What about if we want to minimize the sum of area
of triangles?

Exercise E9-5: Modify the algorithm so that not only the value of
an optimal solution but also an optimal solution itself (optimal
triangulation) is obtained.
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MZALRTIILGL, —ROZAO=AH
TEAZAOM"?

AXXN

B DIGHE I1ZHR

EWVNME, hZEABEOEZEICIEED2RMBIZEHRZE5ITT=HY,

— D Z AR TIIZREEFEWNZENHS.

W DEERZEET S
AV ETBRVERSEO NS AT ONEETERD LS
ZORSEWiEL, TITRVEE(Y, &7 3.

#®lE, FoKRILT7 TV XL THREBERDEIENTESD.

BOMEINEFIET DAEEF AL

HERIEEY-6: THAV,ETHAVER SBA NS BHONELETE
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Is it possible to extend it to the case of triangulation of a general
polygon instead of a convex polygon?

One difference is that we could connect any two vertices as chords in a
convex polygon but a general polygon may not allow it.

Modify the definition of w]i,j] :
Only if the segment between vertices v; and v; Is contained In the interior of
the polygon, its length is defined to be wfi,j], Otherwise, wli,j] is oo.

Only with this modification we can find an optimal solution.

Exercise E9-6: Devise a method for determining whether a segment

between vertices v; and v; Is contained in the interior of a polygon.




