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Developing Algorithms based on Dynamic Programming ‘

Objects: optimization problems
problem of finding an optimal solution among those satisfying
given constraints.

Problem solving by dynamic programming

1. Characterize a structure of an optimal solution.

2. Define an optimal solution recursively.
(construct a solution using solutions to subproblems)

3. Compute a value of an optimal solution in a bottom-up manner
(in the way to fill in a table)

4. Construct an optimal solution using information obtained.
(not only finding a value of an optimal solution but also
constructing an optimal solution by following in the table)
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FIREP24: (B2 FRADIERK)
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(DB BRI D RS2 IERAEERE &

EZHNEE: S={a, 8, ...}, 4= =" Za,
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Find(a;, S)MD HIRFEZE(Ep,
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BRADIRL= 3 p; X [level (a) +1]]
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Problem P24: (Construction of an optimal binary search tree)
When probability that each element is asked is given, store n data
in a binary search tree so that the expected number of comparisons
to locate a query in the tree is minimized.

Data to be stored: S={a,, a,, ..., a,}, ;< a,<--- = a,
A priori knowledge: Assume that only elements of S are retrieved.
probability for Find(a;, S) is p;
When S is stored in a binary search tree,
let the level of a node a; containing an element of S be level(a;).
the number of comparisons for searching g; is level(a;) +1
(assuming the level of the root node is 0)
Therefore, the cost of a search tree (expected number of comparisons)
is given by

Cost of search tree= = p; X [level (a;) +1]‘
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all] a[2] a[3] a[4]
2] 3 5] 8

2/10, 1/10 | 5/10 | 2/10
P1 P2 Ps P4

ORR=(2*142*2+5*3+1*4)/10

AR R=(2*1+1*2+5*3+2*4)/10 =25

=27
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Examlpe:
S

afl] a[2] 23] a[4]
2l 3 5[ 6

2/10 1/10 | 5/10 | 2/10
Py P2 Ps P4

cost=(2*1+2*2+5*3+1*4)/10

COSt=(2*1+1*2+5*3+2*4)/10 g

=27
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QR R=(1*14(2+5)*2+2%3)/10 =2.1
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SRR=(5*1+(2+2)*2+1*3)/10 = 1.6
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cost=(1*1+(2+5)*2+2*3)/10 =2.1 cost=(5*1+(2+2)*2+1*3)/10 = 1.6

If we enumerate all search trees and compute their costs, then
we can find an optimal search tree. But it is not efficient to
enumerate all of them.
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T[2,n], T[3,n], ..., T[1,2], T[4,n], ..., T[L,n-1]A3F R T
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‘ Construction of an optimal binary search tree ‘

Characterize structure of an optimal solution and define the value

of an optimal solution recursively.

T[i,j] = minimum-cost tree for a subset {a;, &, ..., aj}
i=1, ...,n, j=i,i+1, ..., n

Enumerating all possibilities:

s

TEn TL2] TN Tk TK+L,n]

If T[2,n], T[3,n], ..., T[1,2], T[4,n], ..., T[1,n-1] are all available,
costs of those trees can be computed. If we choose the minimum-
cost tree, we can determine its root a,.
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{T[i, i+1], =1, 2, ..., n-1}ERH D+ -+ 1
{Ti, i+2], i=1, 2, ..., n-2YERH D=+ E2

{TTL i+K], =1, 2, o, nkER DB+ 2K
BHITIL nARENIE, ChABBEROIE.

T[1,n]

13/38

‘ Computing the value of optimal solution in a bottom-up fashion

{T[i, i+1], i=1, 2, ..., n-1} is computed= == = = difference 1
{T[i, i+2], i=1, 2, ..., n-2} is computed=== =+ difference 2

LTI, i+K], i=1, 2, ..., n-k} is computed- - - - -differencel k
Finally, We compute T[1, n], which is the value of optimal solution.

[] T[1,n]
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T, i+K|DRHF

T[i,i+k] = BB EE{a, 8y, - » QI TIR/DIRRK
=i, ZORIE, a,a,,, ., a,Dk+LEYHS. @)
aERELTRALLS,

EBHARZET[j-1], BEAARET[+1,i+K]

LT BHOH R,

T[i,j-11ET[+1,i+K] COARCDETE LY S T THFLi+k]

LA DEFHER TSI LITEER.

T[ij-1]= Z p,, % [level (a,) +1]
LANLFEILEZITE T L,
T[ij-11= Z p,, x [level (a,) +2] = T[i,j-1] + = p,,
DFEY, T[ij-1]IZp; + piyy +... + P EMANIE
TLANLTIFAEARES. T[j+1,i+K]I2 2L TEHREL.
F2oT, ZRETHEEDARMIRATERAONS:
P+ T [1J-11+ T [+1,i+k]
= TJ-1HTI+LiKT+ P+ Piag +.+ P
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‘ How to compute TTi, i+k] ‘

TI[i,i+k] = min-cost tree for a subset {a;, aj,,, ... , &, . Thus,
k+1 different roots a;, a;,,, ... , 8, are possible. @)
If we choose a;as a root,
an optimal solution has T[i,j-1] as its left
subtree and T[j+1,i+k] as right subtree.
Note that one level is increases than when =y T vk
computing the costs for T[i,j-1] and T[j+1,i+k].

T[ij-1]= Z p,, % [level (a,) +1]
If we increase the level by one,
Tfij-1]= Z p,, * [level (a,) +2] = T[i,j-1] + = p,,
That is, we have the value one level down by adding
Pi + Pisg +-o + P to T[ij-1]. Same for T°[j+1,i+k].
Thus, the cost with a; at the root is given by:
pi+ T [1J-11+T [+1,i+k]
= T[ij 1+ T+ LK P+ Piag +- + P
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T[i, i+k] DR F

Cli,jl = {a;, a1, ..., aHIX T BER/NAKTLjJOIR K
W] = pi + Piay +.. + 1
ETBHE
aZiRETHEEDIRMIRATEZ LN D
Cli,j-11+C[j+1,i+Kk]+ WIi, i+Kk]

EELESE T LR DEOS/IMEZIRANILC+KINRES.
aka, MIRLEDHELERT DL, ROXEHS:

C[i,i+k] = min{ C[i+1,i+k]+WI[i,i+k],
min{C[i,j-1]+C[j+1,i+K]+WT[i,i+K], j=i+1, ... , i+k-1},
C[i,i+k-1]+WT[i,i+k]}

k=1,2,...,n-i

ELTIBITROZZENTES.
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‘ How to compute TTi, i+k] ‘

C[i,j] = cost of the minimum-cost tree T[i,j] for {a;, &y, ..., a}
WL =p; + oy +. + B
Then,
the cost when g is the root is given by the following:
C[i,j-1]+C[j+1,i+K]+ WIi, i+k]

CIi,i+K] is obtained by taking the minimum value while varying j.
Considering the cases where a, and a;,, are roots, we have
CIi,i+k] = min{ C[i+1,i+k]+WI[i,i+k],
min{C[i j-1]+C[j+1,i+k]+WI[i,i+K], j=i+1, ..., i+k-1},
Cli,i+k-1]+WT[i,i+k]}
k=1,2,..,n-i
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Cli] = € B, - a}f"i‘?“éna—ll‘*T[iJ]@:lRF
W[u] =p+ p.+1 et

A AR R ﬁﬁgg

T[] T2.2] T[3.3] T[4.4]
C[1,1]=02 C[22]=0.1 C[33]=05 C[4,4]=0.2

£ i

1 2
T[2.2] T[,1]
axk =hq

=0.2+C[2,2]+W[2,2] =0.1+C[1,1]+W[L1]
=0.2+40.140.1=0.4  =0.1+0.2+0.2=0.5
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C[i,j] = cost of minimum-cost tree T[i,j] for {a;, a;,4, ..., aj}
WIi, J] =pit p.+1 totp

P ﬁﬂf

TILA] T2.2] T[3,3] T[4.4]
C[1,1]=02 C[22]=0.1 C[33]=05 C[4,4]=0.2

A

T[2.2] T[,1]
=>4 =>4
=0.2+C[2,2]+W[2,2] =0.1+C[1,1]+W[1,1]
=0.2+0.140.1=0.4  =0.1+0.2+0.2=0.5
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FiREP24: (RE=AKSE)
MBARAERDRIELTERON=LE, 2DDTERADMIC
FESIKCEICKYZARONEE=AMICHEIT HENT
=N, RORSOBMER/NMFE=AMAEIZRD L.

VO
Vo Vi Vg
vy A
- v,
V.,
v, 2 A
v, v,
Vs ~\,
1 Vg
4
Vv,
Vs 21/38

Problem P24: (Optimal triangulation)

Given a convex polygon as a vertex sequence, we can partition its
interior into triangles by drawing chords between two vertices.
Find a triangulation so that the total sum of lengths of chords is

minimized. \A
Vo vy Vg
vy A
-~ v,
Vs v Vs
V. v,
2 Vs a vy v,
¥ 4
’ V3 22/38

[BEROBELHEST, BEROBEARNICERTS. |

B EREP(V,, Vi, Vo, Vi, Vg, V) DEIICTER D RFITKRIR.
AV ICONTELBL,
TR, BRI DTE RV T 1+ TEEESIK.
T —R2:V |2 DM BKIEARLN.
v

]

EEMIREES-1: y—R2MD &E,
WHYHEBEDERM L THEEN
BT EEFIBRE K.

vy A

Vy
V.
2 v,

BE1ARBIKCEITKH>TELSIMA ZAMIOEYATHY,
EREFInNKEBIEND, TATORRZABIIOVTRER
EROTHITE, TOMBEORERLNFOND.
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Characterize structure of an optimal solution and define the value
of an optimal solution recursively.

Represent a convex polygon as a vertex sequence like
P(Vy, V4, Vy, V3, Vg, Vi) Considering a vertex v,,
Case 1:draw a chord from v, to another vertex v;.
Case 2: there is no chord incident to v,,.
VO

Exercise E9-1:Prove that two
adjacent must be connected by
a chord in Case 2.

vy A

Vs
V.
2 V3
When we draw a chord, two resulting subpolygons are convex.
Since it has less than n vertices, if we have all optimal solutions

for all subproblems, then we can obtain an optimal solution.
24/38




[CnBRENBIT LA EAMEYHEE257 |

BNV, ..., V) EREITHEAL(N)EBYHEETS.
=21 :v, MBI DIERVICE T TEESIK.
FEELTIE(VpV,), (VoiVa), oo s VoV ) IEZDND.
B (Vo Vo) = 3E T (Vovy,V,) + (-1 TS (V. Vo Vs,V )
R (Vo Va) AR (Vo, V1V, V) + (-2) TS (Vo,Va Vs, Vi p)
gz(VO,VA)_’Sﬁ ﬁz(vovlevzgvavvd + (""3)ﬁ ﬁZ(VO,V4,V5,...,Vn_1)

5L (Vo V)= (N-1) BITE (Vo V1, Vs Vi) + 3ETE(Vo, V20 Vi1)
=22V |2 DA BIKIEARL.

(VLYo 2 3A T (Vo1 Vi) + (1) ETE(VL VoV, V)
FCL=ARSENAELRNSILEERDL

f(n) = 3f(n-1) + 2f(n-2) + 2f(n-3) + ==+ + 2f(4) + 3f(3)

f(3) = 1.
g(n)=2g(n-1), g(3)=1%idg(n)=2"32m5, f(n)HIEEBISK.

Thbb, COFETESEXKER T !

25/38

‘ How many different triangulations of a convex polygon? ‘

Suppose that there are f(n) ways to triangulate a convex polygon
(Vor v+ + Vi)-
Case 1: Draw a chord from v, to v;.
possible chords are (vo,V,), (Vo,V3), -+ (Vg,Vi0)-
(Vo,vp)=>triangle (Vo,V1,V,) + (N-1)-00N(Vg,V, Vs, Vi g)
(Vo va)=>quadrangle(Vy,V;,V,,V3) + (N-2)-goNn(Vy,Va, Vg,V )
(Vo,V,)=>pentagon(Vo,Vy,V, ,V3,V,) + (N-3)-gon(Vy,Vy,Vs,....Vy 1)

(VoiVn.2)=>(n-1)-gon(Vo,Vy,Vy,...,V,.5) + triangle(Vo,V, 5,V,.1)
Case 2: there is no chord incident to v,.

(Vy.Vpg)=>triangle (Vo,Vy, Vo) + (n-1)-90N(V4, V5 V3. Vi )
Considering duplicate appearance of triangles,

f(n) = 3f(n-1) + 2f(n-2) + 2f(n-3) + - == + 2f(4) + 3f(3)

f(3)=1.
g(n)=2g(n-1), g(3)=1 then g(n)=2"3, thus f(n) is also exponential.

That is, this method does not lead to polynomial-time algorithriss

(BB ETERNIHERET . |

T Z APV, Vy, Vy, Vg, Vy, Vo) DIL(V,, Vo) BT ENHD
EABICEFENLRTINIELESEL. ZOLIB=ARIE
(Vg V1 V), (Vs Vs Vis), (Vs Vg, Vs),(Vg, Vs V) DD —D.

VO
vy Ve =AMV, v, V) DIHE,
BYDEAF2DoDMB AT
DEEND.
Vy
V, v

—f2IZ, MBAMPWV,, .., Vo )EBV,, V) EEL =/

(Vo Vi Ve ) ISEDTHEIT B &,

HEAEP(VLV,, - VIERIZ APV Vg - Vo) ISR DB,
hlE, [0,n-1]EWSXEZE[0,K]E[K,N-1]IH BT B IR,
&£2T, FEIDRS LI REDE, OM)EY LML !
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‘ Recursive representation of a solution in a different Way‘

The edge (v,, vs) of the convex polygon P(v,, vy, Vs, V3, V,, Vs)
must be included in at least one triangle. Such a triangle is one
of (Vo, Vi, Vs),(Vor Vau V)i (Vo Var Vs), @nd (Vg Vi Vs)-

VU
Vi Vs For the triangle (v,, v, vs), the
remaining part is partitioned into
two convex polygons.
Va
v
2 V3

In general, when we partition the polygon P(v,, ..., v,.;) by a triangle
containing the edge (v,, v,.1), we have two convex polygons:

P(Vg:Vy, -os Vi) @nd P(V,Vysq, ..., Vi g)- - This corresponds to a partition
of an interval [0,n-1] into [0,k] and [k,n-1]. Thus, the number of
different partitions is that of different intervals, that is, O(n?).
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Vo [05]
Vi Vs
031] [2035)] | [3;,5] \
v, [2013)][1131]  [2@45)]
A v

o8]
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Vo [0.5]
\' Vs
031] [2035)] | [3‘,5] \
v, [a013)][123]  [AaE4s)]
V, Vs

A(1,2,3)
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[0n-1OHBHRMIHETEEABOIE |

BB ATP(V Vi, o VE
ZABV, Vi, V),
B Z AT (Vg -0 V)
DB AR (Vi Vi, - V)
1258l
f=1ZL, k=i+1D EE Ek=j-1D EF(E
ZABLEYDZAERD2DIZHE.

Lij] = ATV, Vi, -, VIS TEESHES B BIHO R
BENDEORSOMBTH.
wij] = ERvETERVERSEZORS
& 5HE, #HibRX
L[i,jl = min{ L[i+1,j]+w[i+1,j],
min L{i,K]+L[K ]+ Wi KI+WK,i] | K=i+2, ... , j-2},
L[ij-1]+w(ij-1]}
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Partition of a polygon corresponding to a subinterval [i,j] of [0,n-1] ‘

Partition a convex polygon
P(Vi,Vis1, ..., V;) iNtO
a triangle (v;, Vi, V),
a convex polygon(V;,Vy, ..., V) and
a convex polygon(Vy, Vi1, - Vi),
if k>i+1 and k<j-1, and
a triangle and a convex polygon
if k=i+1 or k=j-1.

L[i,j] = the sum of lengths of chords contained in the interior of the
subpolygon determined by vertex sequence (V;,Vi,4, ..., V;).
wli,j] = the length of the chord between vertices v; and v;
Then, we have the following recurrence equation:
L[i,j] = min{ L[i+1,j]+w[i+1,j],
min{ L[i,k]+L[k,j]+w[i,K]+w[k,j] | k=i+2, ..., j-2},
L[ij-1]+w[ij-11} 32138

FILTY R LP24-A0:
BORSOBHNER/NMNTE=ARHE
AT B APV, ) Vo)
HA: REGE=ZARSBIIETLZEORIOHLRM
for(i=0; i<n; i++)
for(j=i+2; j<n; j++){
wlij] = THRVEBAVER SO RS,
L[ijl=0}
for(d=3; d<n; d++)
for(i=0; i<n; i++)
for(j=i+d; j<n; j++){
msf = min( L[i+1,j]+w[i+1,j], L[i j-1]+w[i,j-11);
for(k=i+2; k<=j-2; k++)
if( L[i,K]+L[k,j]+w[i,k]+w[k,j] < msf)
msf = L[i,k]+L[k,j]+w[i,K]+w[k,j];

return L[O,n-1];
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Algorithm P24-A0:
Triangulation to minimize the sum of lengths of chords
Input: convex polygon P(vy,Vy, ..., V1)
Output: the sum of lengths of chords in an optimal triangulation
for(i=0; i<n; i++)
for(j=i+2; j<n; j++){
w[i,j] = the length of the chord between vertices v; and v;
L[ijl1=0}
for(d=3; d<n; d++)
for(i=0; i<n; i++)
for(j=i+d; j<n; j++){
msf = min( L[i+1,j]+w[i+1,j], L[i,j-1]+wI[i,j-1]);
for(k=i+2; k<=j-2; k++)
if( L[i,K]+L[k,j]+w[i,k]+w[k,j] < msf)
msf = L[i,k]+L [k, j]+w[i,K]+w[k,j];

return L[O,n-1];
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ETMEE-2: FIEPA T D REDRMER/NMNTI=AK
REIERDID, RORSD2FNER/NTIIHEEESIH.

HEREE-3: R =ARDOERD2RMER/NTHERITES
.

REMEEY-4: F=AROERONER/N-TEBAFED. |

EEMREEY-S: REMADEL T TIA, RER(RE=A1EH
ZN)ZDEDERDBESICTILVIVALEZEEE L.
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Exercise E9-2: In Problem P24 we tried to find a triangulation to
minimize the sum of chord lengths. What about the case where
the sum of squared chord lengths is minimized?

Exercise E9-3: What about the case where the sum of squared area
of triangles?

Exercise E9-4: What about if we want to minimize the sum of area
of triangles?

Exercise E9-5: Modify the algorithm so that not only the value of
an optimal solution but also an optimal solution itself (optimal
triangulation) is obtained.
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LA TEEL, —ROSARO=ARIEIOHSIHEE
TEHELIM?

BT, MEBAROGEIZIXED2AMICHIXES| T2,
— RO Z AW TIEZRES TN ENHS.

WijIOEBRELET S:
ERvERRVERSRANSARORRBLTEESEE
ZORIZEWIEL, EITRNEEE, 0&F 5.

%1%, FolKRAL7NTIYXLTRBEBERDDENTES.

Is it possible to extend it to the case of triangulation of a general
polygon instead of a convex polygon?

One difference is that we could connect any two vertices as chords in a
convex polygon but a general polygon may not allow it.

Modify the definition of w[i,j] :
Only if the segment between vertices v; and v; is contained in the interior of
the polygon, its length is defined to be w([i,j], Otherwise, w[i,j] is oo.

Only with this modification we can find an optimal solution.

EEMEE-6: HRVEARVERSRADNZARORNELITE
BAMEIDWEHET DA EETEZL 3713

Exercise E9-6: Devise a method for determining whether a segment
between vertices v; and v; is contained in the interior of a polygon. ..




