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CDEENEHR(FEEEME)
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31T x 45| 417 x 351 31T % 35

{5l : A;=101T X 2051, A,=209T X 551, A,=51T X 255D LZF,
((A X A,) X A3)0)JILE7Zt (10 X 20 X 5)+(1o X 5 X 25)=2250
(A X (A, X A))DIET=&, (10 X 20 X 25)+(20 X 5 X 25)=7500
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Problem P25: (Chained Matrix Product)
Given a sequence of n matrices <A,,A,, ..., A,>, find an order of
matrix products to minimize the number of operations to compute

the matrix product A; X A, X ... X A_.

Product of ap X g matrixand g Xr
matrix Is a p X r matrix using X
p X g X r operations (multiplication
and additioN).

3X%X4 4X3 3X%X3

Example: A;=10 X 20 matrix, A,=20 X 5 matrix, A;=5 X 25 matrix.
((A; X A,) X A;) require (10 X 20 X 5)+(10 X 5 X 25)=2250 ops.
(A; X (A, X Ay)) requires (10 x 20 X 25)+(20 x 5 X 25)=7500 ops.

Thus, the former needs less operations.
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MEDITHIDFEE, MIBRYLETREIEFHHS.
(Ap X (A X Ag)) X Ay)
((Ag X AY) X Ag) XAy
(Ap XAy X (A3 X Ay))
(Ay X (A X Ag) X Ay))
(AL X (A, X (A3 X AY)))

NBITARTHDEREIERIZOWTERE R

(AFENAY

EEEREEL-1: D DITAIXO(@4N2)EY 3Hh5H EEFAE L.
—hldCatalanFiEL THIGNTLNBED TH 5.
EVREIMDDITANPNBYHAHETH. EFEDRINIZENT
kTFEBELKHIBHDORBITHEILTENZENDER DS LTHIL
[CHRIIEDITAIEMNTES. £oT, XROEFHIEKXESFS.

P(1)=1

P(n) = 2, P(K)P(n-K)

5/40



For product of four matrices, there are many orders for their product.

(A X (A X Ag)) X Ay)
(A X Ay) X Ag) X Ay)
(A X Ay X (A3 X Ay))
(Ap X (Ay X Ag) X A,))
(A X (A X (Ag X Ay)))

It suffices to obtain the number of operations fo of them.

Exercise E10-1:Prove that there are O(4"/n32) ways for parenthe-
sizations. This Is known as the Catalan number.
Hint: Suppose there are P(n) ways for parenthesization. In each
sequence we can parenthesize it by dividing it between its k-th and
(k+1)-st position into subsequences independently. Thus, we have
P(1)=1
P(n) = 2 4™ P(K)P(n-K)
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REROEBEZTHE DT, REROEZHRRNICEERY .

MEDITHIDFEDIEE
(AL X (A X A)) XA, ERRIT(ALALA)EA,DIE
(A X A)XA)XA) TmRIZ(ALALA)EA,DTE
(A XA) X (A XA)) RRIXALA)EALA)DIE
(AL X (A, X A) X AY)) TRIFAEA,ALA)DIE
(AL X (A, X (AgXAY)) mBRIFAEA,LALA)DIE
o RI T HRBELEFEIEFENSMo>TLINIL,
(ALALA), Ay ((ALAY), (AsAY)), (AL(ALALAY))
D3BY DR ENZFFRNIE KN

—RRZIE, BRI ESTHITAM A RRE.

(A A (A 0 A)) k=1, 2, .., n-1
TNENDE DRI T SmBELETREIEF N Mo>TLwnIE
RN HELHEIEFLHMNS.
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Characterize structure of an optimal solution and define the value
of an optimal solution recursively.

To compute the product of 4 matrixes
((A; X (A, X Aj) XA, lastisthe product of (A;,A,,A;) and A,
(((Ay XA, XA;) XA, lastis the product of (A,A,,A;) and A,

((A; XA, X (A3 xA,)) lastisthe product of (A;,A,) and (A3,A,)

(A; X ((A, X Az) X A,)) lastis the product of A, and (A,,A3A,)
(A X (A, X (A;xXA,))) lastisthe product of A; and (A,,A3A,)
If we know an optimal orders for subsequences, it suffices to check

the three ways of partitions.
((A11A2iA3)1 A4)’ ((A11A2)1 (A3’A4))1 (A11(A21A3’A4))

Generally, the problem is the place for the first partition.

(A A, (A A)) k=1,2,...,n-1
If we know an optimal order for computation for each subsequence,
then an optimal order for computation is obtained.

8
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FITH DY A XZp AT 0 ET HE, TIHBEMNERINS=OIZIL,

J1=P2 U2=P3; -+ s Gn=Pn+1
THRIEEBAEL.
L= >T, AATIX, py, Por o Py Prot T2ITEIETET 5.
Fl=, ADBAFE TS IS DHELDE. piAT=p; B DITHI M
"FToNnd.
Ah\bAi’CO)ﬁ?HO)/ﬁO)nJrﬁl WELGR/NMNDERRBIZHZ
M[lj]&?'é ZDREEHETIDIZ, kFEIDDJETEILSET
ADBAFTODIEEA L MOAFTTODRZET N TEET 1T KU
ADBA ETODIEIEp T pk+1§IJOD T5ITHY, AL DBAFETDIE
[P ITP B DT RS D, TN DITHIFRIC
ppk+1pj+1
o DEENDETHS. LI=A>oT, M[lj]’éik&b%aliﬂt‘t(i
M[I, j] = min{M[1,K]+M[k+1,]]+PiPxs1Pje1, K=11+1, .., J-1}
L3 B.
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Let the size of each matrix be p; X g;. Then, only if we have

q1=P2; 42=P3s -+ s Un=Pn+1
the product of those matrices is defined. Thus, we only specify

Py P2y -y Py Prsy fOF INpuUL.

If we take the product of matrices from A; to A,
then the p; X g;=p;,,matrix is obtained.

M[i,j] = the smallest number of computations to calculate the product
of matrices from A; to A;. For the computation it suffices to evaluate
all possible productions of matrices from A, to A, and those from
Ay 10 A, for each k between 1 and J.

The product for A; through A, is a p; X p,.,, matrix, and that for
Ay through A, Is a py,; X p;, matrix.
Thus, the number of operations we need to compute them is
pipk+1pj+1 '
Therefore, the recurrence equation for M([i,j] Is
M, j1 = min{M[i KI+M[K+1,jl+ppysyPie, k=141, ..., -1}
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7 L3 X LP25-A0:
AF BEDFF DY A X (p,47p,51),(p,4705), ... (0, 1TP,..5).
for(i=1; i<=n; i++)
MT[i,i] = 0;
for(d=1; d<=n; d++)
for(i=1; i<=n-d; i++)
J=1+d;
msf = M[i,i]+M[i+1,j]+PiPis1P;41;
for(k=i; k<j; k++)
If( M[1,k]+M[k+1,]]+p;ipy.1Pj.q < MsT)
msf = M[1I,K[+M[k+1,]]+PiPy.1Pj+15
M(i,j] = msf;
}
return M[1,n];

SRR MREEL0-2: L7 IO X LATITREHEDIBELN DD
\ RBETEEIEFRLROONSAESICTZILTYALEZEETH L.
1

1
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algorithm P25-A0:
input : matrix sizes (p,rows p, columns),(p,, Ps), - »(Py, Prse)-
for(i=1; i<=n; i++)
MI[i,i] = O;
for(d=1; d<=n; d++)
for(i=1; i<=n-d; i++)
J=1+d;
msf = M[i,i]+M[i+1,j1+piPis1Pjs1;
for(k=i; k<j; k++)
If( M[1,k]+M[k+1,]]+p;ipy.1Pj.q < MsT)
msf = M[1I,K[+M[k+1,]]+PiPy.1Pj+15
MIi,j] = msf;
¥
return M[1,n];

Exercise E10-2: The above algorithm only finds the value of an

optimal solution. Modify it so that an optimal order of computation

IS also obtained.
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[EIREP26: (Fv7THvIREE)

nE D Er#0.(i=1, ..., n)IZR T HESw, MgV, FvTHvoD
HIREECH G ZoN=EZE, FIYIDESTDESHACEEZ L
FOGRIDEHIAA T DR THIIENZKREGDIENDZERD K.

ANzl ={w,, ..., W, Vv, ..., V., C}&T 5. EIE{12,.,n}D
M EESTRIETSS. mEfEL,
BEMK X w=C
=9 SOFRT
MIED#EM =<5V,
ZRKICTHLDTHS.

RE: EDRIDONTEL, TDESIFICEBALZNELNDET S.

CTHAAMMIRLTEIEINDAIENGENLDLTHS.
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Problem P26: (Knapsack Problem)

Given n objects o, (I=1, ... , n) and their weights w;, prices v;, and
the capacity (or weight limit) C of a knapsack, find an optimal way
of packing objects into the knapsack to meet the capacity constraint
In such a way that the total price is maximized.

Input: I = {wy, ..., W,; vy, ..., V,; C}. A solution is represented by
a subset S of {1,2,...,n}.
An optimal solution is such a set S satisfying the
Capacity constraint 2. w,=C
and maximizing
total sum of prices 2.;. V..

Assumption: Assume that weight of any object does not exceed
the capacity C because any object with weight exceeding C is
never selected.

14/40



%R : (Wy, ..., W:)=(2,3,4,5,6), (vy, ..., V:)=(4,5,8,9,11), C=10D
BRTEALD.
VIK] = kBB EFTOEIZ T RICLIZESDmEFREZDE
LT BE, E%J:L)Eﬂfoh\(:
V[1]=V[2] =---=V[n]
AYILD. -_0)15'1’0:1: RD X755,
V[1] =v,=4, w,=2=C,
V[2] = v, +V,=4+5=9, w,+W,=2+3=C,
V[3] = v, +V,+v,=4+5+8=17, W +W,+W,=2+3+4 = C,
V[4] = v,+v,+v,=4+5+9=18, W1+W2+W4 =2+3+5=C,
V[5] =v,+v=8+11=19, wy+w=4+6 =C.
CCT, {123 4HIBETITEL. GELEL, ESDEHNBEE10%
HBLTLEINLTHS.

ZDHITIE, BB T SENEREREICETENLGL.
L=D>T, LEDIILNEFTHEZKOHADIZENRIETE LT
& A CEARLN.
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Example: Consider the case in which (wq, ..., wg)=(2,3,4,5,6),
(Vq, ..y

v:)=(4,5,8,9,11), C=10.
V[K] = value of an optimal solution for objects up to the k-th one.

Then, by the definition
V[1]=VI[2] =---=V]n].

In this example, we have

V[1] = v,=4, w,=2=C,

V

V[2]
VI[3]

V

2
3
4
S

= v, +V,=4+5=9, w,;+W,=2+3=C,

=V, +V,+V,=4+5+8=17, w+W,+W,=2+3+4 = C,
= v, +V,+Vv,=4+5+9=18, W1+W2+W4 =2+3+5=C,
=V, +Vv =8+11=19, Wy+tw =4+6=C.

Here, {1,2,3,4} Is not a solution since the total weight exceeds
the capacity 10.

In this example, an optimal solution to a subproblem may not be
Included in an optimal solution. Thus, we cannot apply Dynamic
Programming to find a solution in the above order.
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TlE, BHYDBUAET R THELTRHARBENSHEIL
L5125 7

FNEFNDEZDONT, ESNZEITGZWLWHI2EBYHS.
=SHEYOEVHITEET2EY
TARTOEVAZRARBEFEHFRMANOTLES.

BIRIETEEZTE AT 51-0I2IE, S BREICx I 5@ miEfE
ICEFNSRIICHRERZHIRMICERLEITNIETESEL.

DIi,j] = FHL,...iD A B E L I H %R A CES ORI E
RAEMDME DD TOMEDBAIE |
1L, BSOS ESELLBEEEAEITNIEET S,

"1, -lLICBA T AREEN D MO TLNDESE, TNTNDHEEIC

T MZAIGEEEMAGEWNMEEDRWNAZENILILID G,

D[1,j] = max{D[i-1, j], D[i-1,J-w;]+Vv;}
NIEEDIEEDFEBEEIRY LD EEFRLTULNS.
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Then, what about a method to examine all possible ways of
choosing objects?

For each object there are two ways, to choose or not to choose.
—there are 2" ways to choose objects.
It takes exponential time if we examine all possible cases.

To apply Dynamic Programming, an optimal solution must be defined
recursively so that it includes a solution to a subproblem.

D[1,j] = the largest total price among all possible ways to choose
objects from objects 1, ..., 1 so that the total weight is j.
It is O if there Is no way to choose them so that the total weight is j.

If an optimal solutions for objects 1,...,I-1 is known, we just consider
two cases, to add an object i and not to add it. Thus, we have
D[i,j] = max{D[i-1, j], D[i-1 j-w]+V;}

This implies the property of Optimal Substructure.

|.A
o
—




BllRE : (wy, ..., we)=(2,3,4,5,6), (v, ..., V5)=(4,5,8,9,11), C=10D &
=1 EE, YL ESHELGZULDD2BYTZIT=h b,

D[1,w,]=D[1,2]=v,=4, D[L1,j]=0, j #2,

=20 &E, {3, {1}, {2}, {12} D EEH B H D,

D[2,2]=4, D

2,3]

kK| 2| 3

A

5

6

-

8

9

10

0

0

0

0

0

0

0
1
2
3
4
5

ST HHEEEITE

=5, D[2,5]=9, D[2,j]=0 j#2,3,5

AR
NI-fRZTR7

w;=2,v,=4
W,=3,V,=5
W;=4,v,=38
wW,=5,v,=9

W:=6,v:=11

EfRL TKLN.
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Example: Let (wy, ..., Wwg)=(2,3,4,5,6), (vy, ..., V5)=(4,5,8,9,11), C=10.
I=1=>»only two ways to choose object 1 or not choose it:

D[1,w,]=D[1,2]=v,=4, D[1,j]=0, j#2,

I=2=>there are four cases: {}, {1}, {2}, {1,2}

D[2,2]=4, D

2,3]

kK| 2| 3

A

5| 6

-

8

9

10

0

0] O

0

0

0

0

0
1
2
3
4

5

=5, D[2,5]=9, D[2,j]=0 j#2,3,5

.indicates a new
solution

w;=2,v,=4
W,=3,V,=5
W;=4,v,=38
wW,=5,v,=9

W:=6,v:=11

We can ignore a set of objects if their total weight exceeds 10. 2040



7ILa) X LP26-A0:

A :nBOREM0 (=1, ..., n)DE

for(i=1; i<=C: i++)

D[0,i] =0;

for(k=1; k<=n; k++)
for(i=1; i<=C; i++)
If(i<w;) D[k,1] = D[k-1,i];

else {

if(D[k-1,i-w.]+v; > D[k-1,i])

D
else
D

¥

max=0;

K]

Kl

=D

=D

K-1,1-wi]+v;;

k-1, 1];

for(i=1; i<=C; i++)
if(D[n,i]>max) max = D[n,i];
return max;

2 Sw; el fBv;, HIFRE
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Algorithm P26-A0:
Input: n objects o;(i=1, ..., n): weight w; and price v;, capacity C.
for(i=1; i<=C; i++)

D[0,i] = 0;
for(k=1; k<=n; k++)

for(i=1; 1I<=C; i++)
If(i<w;) D[k,1] = D[k-1,i];
else {
If(D[k-1,i-w;]+v; > D[k-1,i])

D[k,1] = DIk-1,i-w;]+v;;
else
Dik,1] = D[k-1, 1];
}
max=0;

for(i=1; i<=C; i++)
if(D[n,i]>max) max = D[n,i];
return max;
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FIERROERITTELS, REFOERLEL.

D[i jJOR=1T TS, Dlij]REZEZH5FRMDHEEELEIE

?é&jl?%

D[i,J] = max{D[l, j-1], D[i-w;,J-1]+v;}
Tlij1 =) D[j]=Dli-w;J- v, D &
T[J]=0 D[i,j]:D[i,j-l]wé_—%

CDRIITROBDEFEBHEZT S ZHD[i, n)MhoFEITWHI &I

FYURBBRZTRHLIENTES.

K 2 3 4 S

10

0 0 0 0 0 0

4/0 5/0 8/0 9/0 | 12/0| 13/0

g~ W|IN|(F|O

4/0 5/0 8/0 9/0 | 12/0| 13/0

D[i,j)/T[i,j]D1E
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Want to construct an optimal solution with the value of optimal solution.

We maintain not only the table D[i,j] but also the combination to
give the value of D[1,j].

D
-
T

1]

1,]]

i,j] = max{DIi, j-1], D[i-w;j-1]+v.}
=j if D[ij]=D[i-w;j-1]+v.
=0 if D[i,j]=D[i,j-1]

Then, we can construct an optimal solution by tracing back the

value of D from D[i,n] giving the optimal solution.

K 2 3 4 10
0 0 0 0 0
1

2

3

4 4/0 5/0 8/0 9/0 | 12/0

5 4/0 5/0 8/0 9/0 | 12/0

values of D[i,jl/TIi,j]
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5/0

4/0

5/0

C 80

12/0

4/0

5/0

8/0

9/0

12/0

Bt i D {E [ D[5,10]=19

D[i,j)/T[i,j]D1E

D[5,10]=19, T[5,10]=5#0, f¥5% H 1.
W=61=h\5, £ DHIIED[4,10-6]=D[4,4],
D[4,4]=8, T[4,4]=0, faAJ£, 8 AALELY. £ DHEIIED[3,4]=8

D[3,4]=8, T[3,4]=3#0, m#3%& L 7.

w,=4T=hv s, FDRINIED[2,4-4]=D[2,0].

E

R, REfEE

5= DFM0IZEH-T-DT, CZTRHY.
BT H5mPMDESIL{3,5}.
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5/0
4/0 5/0( 8/0 12/0
4/0 5/0 8/0 9/0 | 12/0| 13/0

D[i,j)/T[i,j]D1E

The value of an optimal solution is given by D[5,10]=109.
D[5,10]=19, T[5,10]=5#0, output object 5.

Since w:=6, Its predecessor is D[4,10-6]=DJ[4,4],

D[4,4]=8, T[4,4]=0, output nothing. The predecessor is D[3,4]=8.
D[3,4]=8, T[3,4]=3#0, output object 3.

Since w,y=4, its predecessor is D[2,4-4]=DJ[2,0].

Now the total weight becomes 0, and thus this is the end.

After all, the set of objects for an optimal solution is {3,5}.
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7ILaY X LP26-Al:

AT nBD Yo (=1, ..., NDESw, E{M{EY;, HiIpEE
for(i=0; i<=C; i++)
D[O0,i] = T[O0,i]=0;
for(k=1; k<=n; k++)
for(i=1; i<=C; i++)
if(i<w ){ D[k,i] = D[k-1,i]; T[k,i]=0;}
else {
if(D[k-1,i-w,]+v, > D[k-1,i])
{DIk,i] = D[k-1,i-w,]+v,; T[k,i]=k;}
else
{D[k,i] = D[k-1, i]; T[k,i]=0;}
¥
k=0;
for(i=1; i<=C; i++)
If(D[n,i]>DI[n, k]) k =1;
for(i=n; i>0 && k>0; i--)
if( T[i,k] >0) {
T[i,kK]ZH ; k=k - w;
}
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Algorithm P26-Al:
Input: n objects o;(i=1, ..., n): weight w; and price v;, capacity C.
for(i=0; i<=C; i++)
D[0,i] = T[0,i]=0;
for(k=1; k<=n; k++)
for(i=1; i<=C; i++)
if(i<w){ D[k.i] = D[k-1,i]; T[k,i]=0;}
else {
if(D[K-1,i-w,]+v, > D[k-1,i])
{D[k,i] = D[k-1,i-w,J+Vv,; T[k,i]=k;}
else
{D[k,i] = D[k-1, i]; T[k,i]=0;}
ks
k=0;
for(i=1; i<=C; i++)
if(D[n,i]>D[n, K]) k = i;
for(i=n; 1>0 && k>0; i--)
if( T[i,k] > 0) {
Output T[i,k]; k =k - w;;
by
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TR R O

FZILdYXLDEELY, STERRMIXBALGHIC
O(nC)
THb.
1) EEFHCHTYOREMNDZERIEREDEE
= COEtERMIInzETs2EK LS.
(2) COEMNCHEARTIEREIZKENESE
CO{EB Blflog CEwFTRIRA[HE
=> AN DB LBl T HBFRI &L D.
B ZIEARFREB7ZILTVXLEFES.

SEERBEL10-3: 7L X LP26-A1TlE 2k TtER 5 ZF 2D ALY
TWAD, ZDOSEND—AHIX1RTEFIZTERILETHE.
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Analysis of Computation Time

From the structure of the algorithm the computation time is given
by
O(nC).

(1) If the capacity C is polynomial in the number n of objects

= this computation time is a polynomial in n.
(2) If C is much larger than n.

The value C itself can be represented by log C bits.

=Time Is proportional to an exponential function in input size.
It is called a pseudo-polynomial time algorithm.

Exercise E10-3: Algorithm P26-A1l uses two 2-dimensional
arrays. Show that one of them cab be replaced by a one-
dimensional array.
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MEEP27: (TR ARIRE)

nETT D EZHESERREERI EADSTI70EZ 00T

m

EE, IARNTOEBHZANTIRDETICR > T DB MR DH
TREDLDZERD L.

7010 15 20
50 910
L=1613 012
889 0

il jDRID IR %
L[i,jlEd 5.

Bt 8(1,2,3,4,1) : ’£&=10+9+12+8=39,
% (1,2,4,3,1) : f£&=10+10+9+6=35,
R (1,3,2,4,1) . &£E=15+13+10+20=58,
B8 (1,3,4,2,1) . £E=15+12+8+5=40, & &
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Problem P27: (Travelling-Salesperson Problem)

Given a weighted graph for a road network interconnecting n cities,
find a shortest closed tour starting from a city and coming back to
It after visiting every city.

7010 15 20
5 0 910
L=1613 012
889 0

L[1,j] is the distance between
city 1 and city j.

tour(1,2,3,4,1) : length=10+9+12+8=39,

tour(1,2,4,3,1) : length=10+10+9+6=35,

tour(1,3,2,4,1) : length =15+13+10+20=58,

tour(1,3,4,2,1) : length =15+12+8+5=40, etc. 29/40



FiEkg 28 TREYH D=5

ED2EHREIZHENHDHED, (n-1)LEY DB MR NFE.
StirlingD A2k DE

n! =4 (27t n)(n/e)
I RHEIL(Z(EnE LD FEEBE 24

#hEL 2, ., nEFESDTF, I EHHINGHFEL TETHILIC
RHOTLALNET 5.
SETDEESEN={L, 2, ..., n}¢L, FOHHEEESLETS.
HM1IZEFLEOVHLEASITHLT,

9(i,S) = BHIMLOHFELT, SO HEIT N TELOTHEFLIC

ROABEOPTOREBRDES,

=120, ilESIZB &L e,
ETEDHDHE, ROLHEFEHRDRSIE

0(1,{2,3,...,nH
ELTEZNSZEIZHS.
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How many tours are there in total?

If there Is a road between any two cities, then there are (n-1)! tours.

Using the Stirling’s formula, we have
n! =4 (2mn)(n/e)".
This is roughly an exponential function n".

Numbering the cities as 1, 2, ..., n, and assume that we start at

city 1 and come back to it.
The set of all cities: N={1, 2, ..., n}. Sisasubset of N.
For a subset S not containing city 1,

city 1 through every city of S.
Note that | does not belong to S.
Then, the length of the shortest tour is given as

9(1, {2, 3, ..., n}).

g(i, S) = the length of a shortest path from city 1 coming back to

34/40



g(i, S)ZBIRMICETRLELD

9
1 9
9

| S

BIRIETEEZTE AT 51-0I2IE, S BREICx I 5@ miEfE
ICEFNSRIICHRERZHIRMICERLEITNIETESEL.

SOFTHEHHINDREGHET DIEHZ|ELT-EE,
#MMIEFTHRETRBO RS
90, S-{})
TEZb6NS. £oT, g(i, S)ITITHEEXEL T
g(1, S) = minje{L[1J] + 90, S-{U})}
5. =1L, ilESHOER TITALN.
L[i,j](&&R i, jRE oD EE Rt 35/40




Let’s define g(i, S) recursively!

®
1 ®

O
| S
To apply Dynamic Programming, an optimal solution must be defined
recursively so that it includes a solution to a subproblem.

If j is a candidate among S for the city after city I, the length of an
optimal path to city 1 is given by
Thus, the recurrence equation for g(i, S) becomes
g(l, S) = minjeg{L[1.J] + 90, S-UH},
where 1 is not an element of S.
L[1,j] denotes the distance between city i and city j. 26/40



1S|=0
g(2, ®)=L[2,1]=5
g(3, ®)=L[3,1]=6
g(4, ®)=L[4,1]=8
S|=1
9(2, {3})=L[2,3]+9(3, P)=15
9(2, {4})=L[2,4]+g(4, P)=18
9(3, {2})=L[3,2]+g(2, P)=18
9(3, {4})=L[3,4]+g(4, P)=20
9(4, {2})=L[4,2]+g(4, P)=13
g(4, {3})=L[4,3]+9(3, P)=15
[S|=2
9(2, {3,4})=min{L[2,3]+9(3, {4}), L[2,4]+9(4,{3})}=min{29,25}=25
9(3, {2,4})=min{L[3,2]+9(2, {4}), L[3,4]+9(4,{2})}=min{31,25}=25
g(4, {2,3})=min{L[4,2]+9(2, {3}), L[4,3]+9(3,{2})}=min{23,27}=23
[S=3
9(1, {2,3,4})=min{L[1,2]+9(2, {3,4}), L[1,3]+9(3, {2,4}),L[1.4]+9(4, {2,3})}
= min{35, 40, 43} = 35.
FoT, REFEEBORSEIISTHS.
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1S|=0
g(2, ®)=L[2,1]=5
g(3, ®)=L[3,1]=6
g(4, ®)=L[4,1]=8
S|=1
9(2, {3})=L[2,3]+9(3, P)=15
9(2, {4})=L[2,4]+g(4, P)=18
9(3, {2})=L[3,2]+g(2, P)=18
9(3, {4})=L[3,4]+g(4, P)=20
9(4, {2})=L[4,2]+g(4, P)=13
g(4, {3})=L[4,3]+9(3, P)=15
[S|=2
9(2, {3,4})=min{L[2,3]+9(3, {4}), L[2,4]+9(4,{3})}=min{29,25}=25
9(3, {2,4})=min{L[3,2]+9(2, {4}), L[3,4]+9(4,{2})}=min{31,25}=25
g(4, {2,3})=min{L[4,2]+9(2, {3}), L[4,3]+9(3,{2})}=min{23,27}=23
[S=3
9(1, {2,3,4})=min{L[1,2]+9(2, {3,4}), L[1,3]+9(3, {2,4}),L[1.4]+9(4, {2,3})}
= min{35, 40, 43} = 35.
Therefore, the length of an optimal tour is 35.
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FILI) X LP27-A0:
AN nEZHEIDERERT IS5
U={1,2, ..., n}&9 5.
for(i=2; i<=n; i1++)
g(i, ®)=L[1,i];
for(k=1; k<n; k++){
for 1IZE8FHEWNVH A XKD T RTDEREES{
for SIZEENENT RTDIIZDNT
} g(1, S) = minje{L[1)] + 90, S-UB)}

return g(1, {2, 3, ..., n}):

TERMREELC-4: FEED7ILdVRXR LD ERBRMEEEEZND

FHTRYE.
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Algorithm P27-A0:
Input: A graph representing distances among cities.
U={1, 2, ..., n}.
for(i=2; i<=n; i1++)

g(i, P)=L[L,i];
for(k=1; k<n; k++){

for each subset S of size k not containing 1 {

for each I not contained in S

} g(l, S) = minjestL[1)] + 90, S-UH}

return g(1, {2, 3, ..., n}):

Exercise E10-4: Express the computation time and amount of

storage of the above algorithm as functions of n.
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