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FEIfEP25: GEGHITHIH)
NEDITHIDRFI<ALA,, ... ApHEZONzLE, 175
A XA X XA,
EHETIOIC, BEREKER/NNITHITIEDIEFERD K.

pfT X qFIDITHI&£qfT X rFID

e % - @
o X (Bl FI DB DN S,

COLEDRE (RELME)

DE#EIEpxgxr. 317 x 451 49T x 351 31T x 351

5l A;=109T x 2031, A,=201T X531, A,;=51T X 255D L,
(A X A) X A)DIETFEE, (10 X 20 X 5)+(10 X 5 X 25)=2250
(A, X (A, X A))DIETEE, (10 X 20 X 25)+(20 X 5 X 25)=7500

BOT, FIEOHHIEERBIT VL.
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Problem P25: (Chained Matrix Product)

Given a sequence of n matrices <A,,A,, ..., A,>, find an order of
matrix products to minimize the number of operations to compute
the matrix product A; XA, X ... X A, .

Product of a p X g matrix and q X r
matrix is a p X r matrix using % X = @
p X g X r operations (multiplication

%3

and additioN).

3x4 4 3x3

Example:A;=10 X 20 matrix, A,=20 X5 matrix, A;=5 X 25 matrix.
((A; X A,) X Ay) require (10 x 20 X 5)+(10 x 5 x 25)=2250 ops.
(A X (A, X Ay)) requires (10 X 20 X 25)+(20 X 5 X 25)=7500 ops.

Thus, the former needs less operations.
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AHEDITHIDEL, MEBEYLFHEIEFLIHS.
(Ayx (A x Ag) X A,)
(AL xA) X A X A,
((Ayx Ag) X (As X AY))
(A X ((A; X Ag) X Ay))
(A X (A X (Ag X AY))

NHTRTOHEIEFICOVWTEERHZRONIE L.

For product of four matrices, there are many orders for their product.
(AL x (A x Ag)) X A,
(A x Ag) X Ag) X A,)
(AL X A X (Agx Ay)
(A X (A X Ag) X A))
(AL X (A X (A3 X A,)))

It suffices to obtain the number of operations fo,

of them.

SEERIREEL0-1: FEIND DT A LOAN32)EY 35 L& BAHE &
ChldCatalanF L THIDNTNSLD THS.
EVhELODFAMNPMNBEYHDET D FEDRINIZENT
kFEEB Lk+1EZEEH DB THBEILTEN TN DI I LTI
IZHEEDFHIEMNTES. £oT, ROFEXERS.

P(1)=1

P(n) = Z,,™* P(KP(n-K)

Exercise E10-1:Prove that there are O(4"/n32) ways for parenthe-
sizations. This is known as the Catalan number.
Hint: Suppose there are P(n) ways for parenthesization. In each
sequence we can parenthesize it by dividing it between its k-th and
(k+1)-st position into subsequences independently. Thus, we have
P(1)=1
P(n) = Z "™ P(P(nK)
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(BEROWEEREST, BEROBEERNCEETS. |

AMADTIDEDIGE
(A X (A XA XA, BRIRIZ(ALALA)EA,DTE
(AL XA XA XA)  BREIF(ALALA)EA,DTE
(AL X A) X (A X A) TRIRIF(ALA)E(ALA)DTR
(A X (A, XA XA)) RIZRIFAE(AALA,)DIE
(A X (A, X (AgXA) BREIZAEAAA)DTE
B RIIx T dmELEEIEF N> TN,
(ALA2A), Ag). (ALAY), (AsAY)), (AL(ALALA,)
DIEY DR BIEFASNIEELL.

—BIZIZ, BRIECTH BN,

(A, - AY, (Aer -+ AY)) k=1,2,...,n-1
ZTNTROEMA R T IRETHEIEF A H>TLRIE
ERORBELHEIEFLLAD.
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Characterize structure of an optimal solution and define the value
of an optimal solution recursively.

To compute the product of 4 matrixes
(A X (A, xAz)) X A,) lastis the product of (A;,A,A;) and A,
(AL xA) X Ag) X A,) lastis the product of (A;,A,,A;) and A,
(AL XAy X (AgxA,) lastis the product of (A,,A,) and (A,A,)
(A X ((A,x Ag) x A,)) lastis the product of A, and (A,,A3,A,)
(A X (A, X (Agx Ay)) lastis the product of A, and (A,,A3A,)
If we know an optimal orders for subsequences, it suffices to check
the three ways of partitions.
(ALALA), A, (ALAY), (AsA), (AR ALA)

Generally, the problem is the place for the first partition.

(A A), Ay -, AY)) k=1,2,...,n-1
If we know an optimal order for computation for each subsequence,
then an optimal order for computation is obtained.

BRI DY A XEp(T051ETBE, THBMNERINDF=DIZIL,
91=P2, A2=P3; -+ » Gy =Pn+1
THIINIEESEELN.
L1=A2T, AATIE, py Py - Py Py EITERET 5.
F=, ADDAFETOTHIOEZELSE, piT0=p LTI DITHIH
Bonsd.
ANDAETOTSIOHEDHEICRELR/IDERERKE
M[ijlET 5. COBEHET IO, KEIDLJETEILIET
ADBAETOEEA MOAFTORET R THET LIFLL.
AMBAETOREIIP TP FIDITHITHY, A MDAFETOIR
1Pt TP FIDITIIED D, ENDDITHIEIS
PiPk+1Pj1
@@iﬁﬁb“;%%fﬁé. LT=>T, M[ijlZROBHER (&
MIi, j] = min{M[i,K]+M[K+1,jl+pipys1Pjsp, K=1,i+1, ..., j-13
&%,
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Let the size of each matrix be p; X g;. Then, only if we have
017P2 U2=Ps; - s 4n =Pt

the product of those matrices is defined. Thus, we only specify

Py Par - s P Py For input.

If we take the product of matrices from A; to A
then the p; X g;=p;,,matrix is obtained.

M[ij] = the smallest number of computations to calculate the product
of matrices from A; to A;. For the computation it suffices to evaluate
all possible productions of matrices from A, to A, and those from
Ay to A, for each k between i and j.

The product for A; through A, is a p; X p,,, matrix, and that for
Ay, through Ay is a py,q X pj,, Matrix.
Thus, the number of operations we need to compute them is
PiPy+1Pj1 -
Therefore, the recurrence equation for M[i,j] is
MI[i, j] = min{M[i.K[+M[K+L]+ppyaias, k=iii*l, ..., -1}

10/40

7 =Y X LP25-A0:
A B :nfBDFTHIDH A X(p,Tp,51), (p,1TP351), ... ,(PnFTPre1 ).
for(i=1; i<=n; i++)
M[i,i] = 0;
for(d=1; d<=n; d++)
for(i=1; i<=n-d; i++)
j=i+d;
msf = M[i,i]+M[i+1,j]+pip;,1Pj.1;
for(k=i; k<j; k++)
i MK+ MIK+Lj]+Pipaje < Msf)
msf = M[i,KI+M[k+L1,jJ+PiPys1Pjs1
M[i,j] = msf;

return M[1,n];

SEERIREEL0-2: LD T IILTYXLTIEIRERDELN D NS

algorithm P25-A0:
input: matrix sizes (p,rows p, columns),(p,, Ps), - ,(Pns Pns1)-
for(i=1; i<=n; i++)
MIi,i] = 0;
for(d=1; d<=n; d++)
for(i=1; i<=n-d; i++)
j=i+d;
msf = M[i,i[+M[i+1,j]+PiP;s1Pjs1
for(k=i; k<j; k++)
if( ML +MK+LJ]+PPy1yeq < MSF)
msf = Mi KI+M[K+L]+PPyiPios;
M[i j] = msf;

return M[1,n];
Exercise E10-2: The above algorithm only finds the value of an

optimal solution. Modify it so that an optimal order of computation
is also obtained. 12140
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RiREP26: (Fy T By RRE)

nBO#0i=1, ..., n)I=HT B EEw,L{fifEyv, FvTHvoD
FIREECHEALNT-LE, FYDEHOESHNCEBAAL
FOHFYDEDAAF DR TRENRKELEDIEDERD .

AAEI={w,, ..., W, Vy, .., v, C}T B, FRIE{L,2,...,n}D
MAEESTRETED. BRI,
BEHH = w=C
F@m=3sSOhT
EEORI =,V
EFRKIZTELOTHS.

RE: EDQRPIIONTE, TOESIFCEBRRLENEDLET S,
CEBADRMERLTEINDIENENNETHD.
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Problem P26: (Knapsack Problem)

Given n objects o; (i=1, ..., n) and their weights w;, prices v;, and
the capacity (or weight limit) C of a knapsack, find an optimal way
of packing objects into the knapsack to meet the capacity constraint
in such a way that the total price is maximized.

Input: I ={w,, ..., W,; vy, ..., V,;; C}. A solution is represented by
asubset S of {1,2,...,n}.
An optimal solution is such a set S satisfying the
Capacity constraint = ,cs W, =C
and maximizing
total sum of prices ;g V;.

Assumption: Assume that weight of any object does not exceed
the capacity C because any object with weight exceeding C is
never selected.
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BIRE: (wy, ..., w5)=(2,3,4,5,6), (vq, ..., V5)=(4,5,8,9,11), C=100D
BEEEZLD.

VIK] = kEB £ TORYPIEFTERRICLI-EEDRBRDE
E9BHE FEREYBALMIC

V[1]SV[2] S---=V[n]
MREYIID. COBITIE, RDESI124S.

V[1] = v,=4, w;=2=C,

V[2] = v, +V,=4+5=9, W +W,=2+3=C,

V[3] = V,+V,+V;=4+5+8=17, W, +W,+W,=2+3+4 =C,

V[4] = v, +V,+v,=4+5+9=18, w;+W,+W,=2+3+5 =C,

V[5] =v4+v;=8+11=19, w,+W;=4+6 =C.
CCT, {123 4HIMTIE L. BEES, ESOAHMNEEL0E
BBLTLEIDLTHS.

COfITE, BaHEICHISBAREMBIEFTII.

L=AoT, EDRSTIERF THEERDHDICBIRIFTE AL
BRATERL.
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Example: Consider the case in which (wy, ..., wg)=(2,3,4,5,6),
(vy, .., V5)=(4,5,8,9,11), C=10.

V[k] = value of an optimal solution for objects up to the k-th one.
Then, by the definition

V[1]=V[2] =---=V[n].
In this example, we have
V[1] = v,=4, w,;=2=C,

V[2] = v;+V,=4+5=9, w,+W,=2+3=C,

V[3] = v, +V,+v;=4+5+8=17, w;+W,+W,=2+3+4 =C,

V[4] = v, +V,+v,=4+5+9=18, w,+W,+W,=2+3+5=C,

VI[5] =v4+v5=8+11=19, w,+W;=4+6 =C.
Here, {1,2,3,4} is not a solution since the total weight exceeds
the capacity 10.

In this example, an optimal solution to a subproblem may not be
included in an optimal solution. Thus, we cannot apply Dynamic
Programming to find a solution in the above order.
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TIE, FIDBVHEST R THELTRERDENIF AT
ESEB5?

ENEROFEAITONT, EIEMBEFEGVN2EBYHD.
S>HEPDRVA EEEBT2NEY
FTRTDRVAEANDEIRREMALO>TLES.

BMEEEEER T =021, B EREICH T SEA RIEMR
I2EFIALSICEBRERRAICEELTTAIEEEEL.

D[i,j] = 5#0L,... i S BIZF P EBA TESOFMjE
BAEEMOME LD FTOMEEDORAKIE,
2L, ESOMA L LSEEEIMEEIRITNIEET S.

L, U T AREEN D MO TVDEE, TRENDARIC

FMIEMZ BDIEAEMALBMEEDRVAZENIERLMD,

D[i,j] = max{D[i-1, j], D[i-1 j-w]+v;}
ZNITSBAEEOBREENRYIDIEERLTNS.

Then, what about a method to examine all possible ways of
choosing objects?

For each object there are two ways, to choose or not to choose.
—there are 2" ways to choose objects.
1t takes exponential time if we examine all possible cases.

To apply Dynamic Programming, an optimal solution must be defined
recursively so that it includes a solution to a subproblem.

DIi,j] = the largest total price among all possible ways to choose
objects from objects 1, ... , i so that the total weight is j.
Itis O if there is no way to choose them so that the total weight is j.

If an optimal solutions for objects 1.,...,i-1 is known, we just consider
two cases, to add an object i and not to add it. Thus, we have
D[i,j] = max{D[i-1, j], D[i-Lj-w]+v}

This implies the property of Optimal Substructure.




BIRE: (Wy, ..., We)=(2,3,4,5,6), (Vy, ..., V5)=(4,5,8,9,11), C=10D 15 &
i=1D&E, FMIEESMEITGEVLHD2BYETEMD,
D[1,w,]=D[1,2]=v,=4, D[1,j]=0, j#2,
i2m&E, 3, {13, {2}, {12} DA E I HIMD,
D[2,2]=4, D[2,3]=5, D[2,5]=9, D[2,j]=0 j#2,3,5

Hliagirizes
2| 3] 4] 5] 6] 7] 8] 9]10 il il

0| 0] 0| O] O O] O O

w,=2,v,=4

W,=3,V,=5

W;=4,v;=8

w,=5,v,=9

AWML |O|X

W5=6,v5=11

EE2FINC=10ZBZ 2 ESITHLMEE EJ|BRLTKL. 19/40

Example: Let (wy, ..., w5)=(2,3,4,5,6), (vy, ..., V5)=(4,5,8,9,11), C=10.
i=1=>»only two ways to choose object 1 or not choose it:
D[1,w,]=D[1,2]=v,=4, D[1,j]=0, j#2,
i=2=>there are four cases: {}, {1}, {2}, {1.2}
D[2,2]=4, D[2,3]=5, D[2,5]=9, D[2,j]=0 j#2,3,5

.indicates anew

2| 3| 4/ 5| 6| 7| 8 )
solution

©

10

w,=2,v,=4

W,=3,v,=5

W;=4,v;=8

k
0
1
2
3
4

w,=5,v,=9

5

We can ignore a set of objects if their total weight exceeds 10.  2uo

W5=6,vs=11

F LAY X LP26-A0:
AF:nBOREHo(=1, ..., nNDESw,LffifEv, FIREEC
for(i=1; i<=C; i++)
DI[0,i] = 0;
for(k=1; k<=n; k++)
for(i=1; i<=C; i++)
if(i<w;) D[K,i] = D[k-1,iJ;
else {
if(D[k-1,i-w;]+v; > D[k-1,i])
DIk,i] = D[K-1,i-w;]+v;;
else
D[k,i] = D[k-1, i];

max=0;

for(i=1; i<=C; i++)
if(D[n,i]>max) max = D[n,i];

return max;
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Algorithm P26-A0:
Input: n objects o,(i=1, ..., n): weight w; and price v;, capacity C.
for(i=1; i<=C; i++)
DI[0,i] = 0;
for(k=1; k<=n; k++)
for(i=1; i<=C; i++)
if(i<w;) D[K,i] = D[k-1,i];
else {
if(D[k-1,i-w;]+v; > D[k-1,i])
D[k,i] = D[k-1,i-w;]+v;;
else
D[k,i] = D[k-1, i];

max=0;

for(i=1; i<=C; i++)
if(D[n,i]>max) max = D[n,i];

return max;

22140

| BRI TS, BBRLERLIL. |

D[i,jlo&RZI1TTHL, DijIDEEZSASFEYDHEEELEE
ERGY Sl e v oN

D[i,j1 = max{D[i, j-11, D[i-w;,j-1]+v;}

Tijl =] D[i,j]:D[i-wJ,j-l]w,a)t%

T[ijl=0 D[ijl=Dlij-LidEZ
CDESITRD B EREMHEE S ZBHD[i, NIMSHITILBI &I
FYRBEBERDDIENTES.

k| 2] 3] 4] s[ 6] 7] 8] o] 10

50] 80| 9] 12/0] 130
D[i,j)/T[ijlD &
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‘ Want to construct an optimal solution with the value of optimal solution.

We maintain not only the table D[i,j] but also the combination to
give the value of D[i,j].

D[i.j] = max{D[i, j-1], D[i-w;,j-1]+v;}

T[i.jl =] if D[i,jl=D[i-w;j-1]+v;

TI[i,j1=0 if D[ij]=DIij-1]

Then, we can construct an optimal solution by tracing back the
value of D from D[i,n] giving the optimal solution.

kK| 2] 3] 4] s] s] 7] 8] 9] 10

50| 8] o] 1210] 1300
values of D[i,jl/T[i,j]
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k| 2] 3] 4] s[ 6] 7] 8] o] 10

500] 80| o] 120] 1300
D[i j/Ti 11

READEIED[5,10]=19

D[5,10]=19, T[5,10]=50, &#5% £ 5.

ws=612hVi5, £ DHTIED[4,10-6]=D[4,4],

D[4,4]=8, T[4,4]=0, fAl£H ALALY. ZDHE1IED[3,4]=8
D[3,4]=8, T[3,4]=3#0, m¥3&H N1.

wo=41E NS, FDRTIED[2,4-4]1=D[2,0].
BEDMMN0IZHES=DT, STTERDHY.

#R, HEREBRTIRMOESE{35)
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50 80| o] 1200] 130
D[ijI/Tli 1D 1E

The value of an optimal solution is given by D[5,10]=19.
D[5,10]=19, T[5,10]=5#0, output object 5.

Since w=6, its predecessor is D[4,10-6]=D[4,4],

D[4,4]=8, T[4,4]=0, output nothing. The predecessor is D[3,4]=8.
D[3,4]=8, T[3,4]=3#0, output object 3.

Since w,=4, its predecessor is D[2,4-4]=D[2,0].

Now the total weight becomes 0, and thus this is the end.

After all, the set of objects for an optimal solution is {3,5}.
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F IV X LiP26-Al:
AR :nfBOE0,(i=1, ..., n)DESw,L1fifEY, HIREZC
for(i=0; i<=C; i++)
D[0,i] = T[0,i]=0;
for(k=1; k<=n; k++)
for(i=1; i<=C; i++)
if(i <w){ D[k,i] = D[k-L,i]; T[k,i]=0;}
else {
if(D[k-1,i-w,]+v, > D[k-1,i])
{DIk,i] = D[K-1,i-w,J+v,; T[k,i]=k;}
else
{D[k,i] = D[k-1, i]; T[k,i]=0;}

k=0;
for(i=1; i<=C; i++)
if(D[n,i]>D[n, K]) k = i;
for(i=n; i>0 && k>0; i--)
if( T[i,k] > 0) {
Tl KIZEEA k=k-w;
}
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Algorithm P26-Al:
Input: n objects o,(i=1, ..., n): weight w; and price v;, capacity C.
for(i=0; i<=C; i++)
DI[0,i] = T[0,i]=0;
for(k=1; k<=n; k++)
for(i=1; i<=C; i++)
if(i <w){ D[k,i] = D[k-1,i]; T[k,i]=0;}
else {
if(D[K-1,i-w,J+V, > D[K-1,i])
{DI[k,i] = D[k-1,i-w,]+v,; T[k,il=k;}
else
{DI[k,i] = D[k-1, i]; T[k,i]=0;}

k=0;
for(i=1; i<=C; i++)
if(D[n,i]1>D[n, k) k= i;
for(i=n; i>0 && k>0; i--)
if( T[i,k] >0) {
Output T[i,k]; k =k - w;;
}
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BT BRI DR AT

FILT)XLOEESLY, FHHEERBIEHSHIC
o(nC)
THhs.
(1) E2FIHCHARHOEHNOLEREEDOLE
= COFHEBBIEnCETI2ER LS.
(2) COMEANICLERTIFIZKENEE
COEA&IFlog CE YR TRIZAIAE
=> AN DIEHEEIC BT DEER &5,
BUSEKBEM7 LTV LEES.

TWBH, ZDI6N—HIF1RTEIICTESLETE.

EEMIEEL0-3: 7 L3 X LP26-A1TIZ 2R TTERFIZ 2 DL
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Analysis of Computation Time

From the structure of the algorithm the computation time is given
by
O(nC).

(1) If the capacity C is polynomial in the number n of objects

= this computation time is a polynomial in n.
(2) If C is much larger than n.

The value C itself can be represented by log C bits.

=Time is proportional to an exponential function in input si
It is called a pseudo-polynomial time algorithm.

Exercise E10-3: Algorithm P26-A1 uses two 2-dimensional
arrays. Show that one of them cab be replaced by a one-
dimensional array.

ze.
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RIEP27: (FTAARRE)
T OEEEESEREERTEADSTIINEIoN
EE, IRTOBTEFNTROIBH IR TLA BB D H
THRENLDERD L.

0101520

50 910
L=1613 012

8890
HMHiLjOMDERE
Lijled 3.

K &=10+9+12+8=39,
R &=10+10+9+6=35,
K &=15+13+10+20=58,

AWER(1,2,3,4,1) :
AiEg(1,2,43,1)
AR (1,3,2,4,1) :
RWER(1,3,4,2,1)

R &=15+12+8+5=40, H & 31/40

Problem P27: (Travelling-Salesperson Problem)

Given a weighted graph for a road network interconnecting n cities,
find a shortest closed tour starting from a city and coming back to
it after visiting every city.

0101520

50 910
L=1613 012

8890
L[i,j] is the distance between
city i and city j.

tour(1,2,3,4,1) : length=10+9+12+8=39,
tour(1,2,4,3,1) : length=10+10+9+6=35,
tour(1,3,2,4,1) : length =15+13+10+20=58,
tour(1,3,4,2,1) : length =15+12+8+5=40, etc. 2040

| BB LB TARYHS15. |

ED 28 ICHENH DM, (n-1)1EY OB BERNFAE.
Stirlingd A RIZ&bHE

n! =y (2 n)(nle)
CHIERHBICIEnE NS a3k %K.

#;EL 2, ., nEBSDT, BTHMHINSHEFELTHMHLZ
RoTK3bDET 5.
SEMTDEEEN={L 2, ..., n}eL, TDWHEEESET S.
BHLEEFLEVEAEESSITHLT,

g(i, S) = BHINSHFELT, SOMHET N TE>THMLIZ

RABBODITORERDOES,

f=12L, ilESIZB ST &,
EEDHDBE, ROIRERAMBORSE

9(1,{2,3,...,n})
ELTERBNSI LTS,

How many tours are there in total?

If there is a road between any two cities, then there are (n-1)! tours.
Using the Stirling’s formula, we have

nl =y (2 n)(nfe)".
This is roughly an exponential function n".

Numbering the cities as 1, 2, ..., n, and assume that we start at
city 1 and come back to it.
The set of all cities: N={1, 2, ..., n}. S is a subset of N.
For a subset S not containing city 1,
g(i, S) = the length of a shortest path from city i coming back to
city 1 through every city of S.
Note that i does not belong to S.
Then, the length of the shortest tour is given as
9(1,{2,3,..,n}).
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[0, SEBRBICERLES |

1 &]
@

i s

Let’s define g(i, S) recursively!

[¢]
1 [S]

i s

BMEFEEEERT 570213, B E—EICH T B RIER
IZEFIALSICRBRERRAICERELE T EESEL.

To apply Dynamic Programming, an optimal solution must be defined
recursively so that it includes a solution to a subproblem.

SOPTHHIDREGLIBMHADERHEjELI-EE,
MHLETORBTRBEORSIE
9, s-{i})
TE5EZbNS. £2T, g(i, S)Icd ¥ @it H&L T
g(i, S) = min; o {L[i il + 90, S-{iH}
185 1L, iIESOERTIIAL.
L[ 1 #R i e o> BE k.
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If j is a candidate among S for the city after city i, the length of an
optimal path to city 1 is given by
9. S-{i}).
Thus, the recurrence equation for g(i, S) becomes
g(i, 8) = min;<{L[i.j] + 9, S-{iH}.
where i is not an element of S.
L[i,j] denotes the distance between city i and city j. 3640




[SI=0
9(2, ®)=L[2,1]=5
o(3, ®)=L[3,1]=6
9(4, ®)=L[4,1]=8
ISl=1
9(2, {3})=L[2,3]+9(3, ®)=15
(2, {4})=L[2.4]+g(4, ®)=18
o(3, {2})=L[3.2]+9(2, ®)=18
(3, {4})=L[3.4]+g(4, ®)=20
9(4, {2})=L[4,2]+g(4, ®)=13
9(4, {3})=L[4,3]+9(3, ®)=15
[s|=2
(2, {3.4})=min{L[2,3]+0(3, {4}), L[2.4]+0(4.{3})}=min{29,25}=25
(3, {2.41)=min{L[3.2]+0(2, {4}), L[3,4]+0(4.{2})}=min{31,25}=25
(4, £2,3})=min{L[4,2]+9(2, {3}), L[4,3]+0(3.{2})}=min{23,27}=23
[S|=3
o(1, 2,3,43)=min{L[1,2]+9(2, {3.4}), L[1,3]+0(3, {2.43) L[L4]+9(4, {2.3}
= min{35, 40, 43} = 35.
£oT, ZRERBERDREIIIBTHS.
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[SI=0
g(2, P)=L[2,1]=5
g(3, ®)=L[3,1]=6
g(4, ®)=L[4,1]=8
[SI=1
(2. {3h)=L[2.3]+g(3, ®)=15
9(2, {4})=L[2,4]+g(4, ®)=18
9(3, {2})=L[3,2]+g(2, ®)=18
9(3, {4})=L[3.4]+g(4, ®)=20
9(4, {2h)=L[4.2]+g(4, ®)=13
9(4, {3})=L[4.3]+9(3, ®)=15
[S=2
9(2, {3,41)=min{L[2,3]+9(3, {4}), L[2,4]+9(4.{3})}=min{29,25}=25
9(3, {2,41)=min{L[3,2]+9(2, {4}), L[3,4]+9(4.{2})}=min{31,25}=25
9(4, {2,3})=min{L[4,2]+9(2, {3}), L[4,3]+9(3.{2})}=min{23,27}=23
[SI=3
9(1, {2,3,4})=min{L[1,2]+9(2, {3.4}), L[1,3]+9(3, {2.4}),L[1,4]+g(4, {2,3})}
= min{35, 40, 43} = 35.
Therefore, the length of an optimal tour is 35.
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7 L) X LsP27-A0:
AR :nEdmEOE#ERTIST
U={1,2,..,n}¢&5%.
for(i=2; i<=n; i++)
g(i, ®)=L[1,i];
for(k=1; k<n; k++){
for 1IZE8FEHNH A XKDTRTHDENESS{
for SIZEENLZNT RTDIITDNT
9(i, S) = min;s{L[i,jl + 9G, S-{ih)}

return g(1, {2, 3, ..., n});

EEMEEL-4: LROTILTUX LD EREETREEEZND
B TRE.
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Algorithm P27-A0:
Input: A graph representing distances among cities.

uU={1,2,..,n}
for(i=2; i<=n; i++)
g(i, ®)=L[1,i;

for(k=1; k<n; k++){
for each subset S of size k not containing 1 {
for each i not contained in S

g(i, S) = min{L[i.jl + 9G. S-{iH}
return g(L, {2, 3, ..., n});

Exercise E10-4: Express the computation time and amount of
storage of the above algorithm as functions of n.
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