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1. prog TR(input x: string on X): integer;

2. label LOOP;

3. var n: num,; c: string;

4. %EB|stringEBIETE L& (Estring on TRZERT 5.

5. begin

6. if X # 0 A head(X) = 0 then LOOP: goto LOOP: end-if;
7. Y2ERFETEVLDONANSNDEERIL—TIZAS.
8. n:=0;

9. whilex>gdo % el&ZEFNERT EH

10. c:=head(x);

11. if c=1 then n:=2*n+1

12. else n:=2*n end-if;

13. x:=right(X)
14.  end-while;
15.  halt(n)

16. end.
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1.2.2. Algorithm Description :

PASCAIL -like

L XN L NL 1IN\ p 1V

Ex. Conversion from a binary natural number into an ordinary one.

1. prog TR(input x: string on X): integer;

2. label LOOP;

3. var n: num,; c: string;

4. % string implies a type of stringon I'.

5. begin

6. if X # 0 A head(X) = 0 then LOOP: goto LOOP: end-if:
7. %if non-binary expression is input then goto infinite loop
8. n:=0;

9. while x > ¢ do % ¢ 1s a constant for an empty string

10. c:=head(x);

I11. if c=1 then n:=2*n+1

12. else n:=2*n end-if;
13. x:=right(x)

14.  end-while;

15.  halt(n)

16. end.
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FEEIE:
- A BIZEET SRk (&<
TR: 705 35L%8 ( ADNANEHEZTDORIETE,
( Y OENEADE

f TR: TAJSLTRAEHE TS (E5) B
EERTEEREIL—T

HANBENEDIFhalt XX TIELLFIETEHEEDH.

-HANBEONGEWNMGES, TOJSLNEE T HEHE

EIXREEEHET.
f TR(001) = L

1hinl




13/23

Remarks:
* description concerning input and output are omitted.
*TR: program name (input variable and its type declaration)
the type of output follows

f TR: the (partial) function computed by the program TR
‘normal termination and infinite loop

* Output 1s obtained only when it terminates correctly

by a halt sentence.
* When an output is obtained, the function value computed
by the program 1s considered as "undefined"
f TR(001) = L
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=R il I ||
EHAsEZEX=T=. LUulll=

XF5|3: stringZY
MCFHERERT D" XF ELTHSNDRESO0, 1,2, ...,4,D, ...

DERET L5

XFIETF—ADEKEE

head(X) X DEWRFDIXF

right(X) X D2XFEHMLEDENS

tailX) X DwRBEDIXF

left(xX) X DFEEBENOREBD2XFHEFTOIBS
X#Y x &y DiERE

x<y RSBEOHEXIEFIZELHRK/MLEE

f=1=L, head(e)=right(e)=tail(e)=left(c)= ¢
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Types of variables
natural number type: type num

string type:
Let I"be asetofall symbols 0, 1,2, ...,4a,b, ... used in strings

Elementary operations on strings

head(X) the first letter of X

right(x)  the part of X after 1ts first letter
tail(X) the last letter of X

left(x) the part of X before its last letter

X#Y concatenation of X and y
X<y comparison based on lexicographic order with length
preferred

where, head(e)=right(e)=tail(e)=left(e)=¢



_ n : BRI n

_
HARMDI1ERED

BN > 02 n FHIERS

n]: BR#n 2R [4]> 100

D1HEFRED

4 > 00000,
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Bi2.2. —f&DXFH (T LDOXFH)BZEDXFITRIRARE.

e.g. SEVRM2EF| THOI—FE(ASCIIO—F7EE)

FER (IR TRIETSES.

FHRE2.2. T RT D



— ~
Unary representation of a natural number

natural number n->sequence of n 0s
In]: binary representation 1413 100

_ n : unary representation 4 = 00000

Ex. 2.2: Ordinary letters are also represented by binary strings

e.g. each letter 1s coded 1n 8 bits

Lemma 2.2. All structure types are represented by X* type.

16/23
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EHE23. HbhonDTOT SV EFEDIATOT—3EL
FTOLDEXRBRFSBEZD LOEKRERELITTREHTES.

[hhbhhDOa—K{bi% ]
x| F—axZRTDIT(x DI—FK)
lw|: DT wWwAERLTWNET—4

f52.6. 700 5L (EITI—FAYD) XFHIERLZLTIa—FE.

prog A ... A =0111000 01110010 01101111 ....
begin p r 0 ...
end. 01100101 01101110 00101110 ...
c n d HoL LT

O—K{EtH B,
LEIESNIT.
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Theorem 2.3. All the data types and elementary operations in our
programming language can be realized on X*.

“Our encoding method”

| x |: an element of =* representing a data X (a code of X)
|w |: adata represented by an element w of X*

EX.2.6. Programs are also coded by considering them as strings

prog A ... A =0111000 01110010 O1101111 ....
begin p r 0 ...
end. 01100101 01101110 00101110 ...
o n d We could use a

different coding
method, but ...
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2.5 EOERER [F—A2 1070455 L5 5R/MEOEETRE
R RERAILTEREREMIETS
222, HIEHEED-HDOEARER

24 BT 0 S L(EREREBHFEVHL)E,
I ARTifX EgotoXIZEH>TEIHTES.
(RS EE)
J0—Fv—k 2> ifXXEgotoX
BIFFUHL > RAVIZAVWTESZTLRT

fHRE2.5. T ANTOHIEEE LI EgotoXIZTKH>TEIHTES.

TFIE2.6. TR TOFEHEE LI Ewhile X IZLH>TEIHTES.
(BIZEDUNTEER)
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2.2.2. Elements for Control Mechanism

Lemma 2.4: A function (definition and call of function) can be
Implemented by if and goto statements.

(Proof sketch)
flowchart -> if statement and goto statement
recursive call -> can be rewritten using a stack

Lemma 2.5. All the control mechanisms can be realized by if and
goto statements.

Theorem 2.6. All the control structures can be realized by if and

while statements.
(Proof based on examples)




19/23
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nrao Alinniit v Y. T*.
PLiUg AUpulL A o o ~

label LOOP; var a: 2*;
begin
LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x);
if a=1 then halt(0) else goto LOOP end-if
end

NZTRDEOZERT 5.
() 7AT S LDBTIERDLNG b
(a) X A X &gotoX
(b) if Z* EMLLEL then goto ... else goto ... end-if
(c) halt (ZE %)
2) TRT I LAEDEITIZIE, L1ABIREY, L2, L3,...LlEIC
INILDIFENTLNS.
3) =L, (o) DRDATIFTAT S LD &EICTERLMARENT,
ZTNITLOETANILEFITFENTULNS.



% program to determine whether x is 0* or not
f e TF) T*.

prog A(input x: 2*): X*;
label LOOP; var a: 2*;
begin
LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x);
if a=1 then halt(0) else goto LOOP end-if
end.

Convert 1t as follows.
(1) Each line of a program 1s one of the followings:
(a) substitution, goto statement
(b) if comparison on X* then goto ... else goto ... end-if
(¢) halt(variable)
(2) Each line in the program body 1s labeled as L1, L2, ...
(3) The line of the form (c¢) above appears only once 1n
the program and 1t 1s labeled as LO.

19/23
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prog A(input x: 2*): 2*;

label LOOP; var a: X*;
begin
LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x);
if a=1 then halt(0) else goto LOOP end-if

.

prog B(input x: X*): X*;
label LO, L1, L2, L3, L4, L5, L6;
var a,c: 2%;

begin
L1: 1f x= ¢ then goto L5 else goto L2 end-if;
L2: a:=head(x); goto L3;

L3: x:=right(x); goto L4;

L4: if a=1 then goto L6 else goto L1 end-if;

L5: c:=1; goto LO; _’
o bt — TS
LO: halt(c)

end.

end.
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prog A(input x: 2*): 2*;

label LOOP; var a: X*;
begin
LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x);
if a=1 then halt(0) else goto LOOP end-if

B

prog B(input x: X*): X*;
label LO, L1, L2, L3, L4, L5, L6;
var a,c: 2%;

begin
L1: 1f x= ¢ then goto L5 else goto L2 end-if;
L2: a:=head(x); goto L3;

L3: x:=right(x); goto L4;

L4: if a=1 then goto L6 else goto L1 end-if;

L5: c:=1; goto LO; _’
o bt ) ) Addhalt |
LO: halt(c)

end.

end.




prog B(input x: 2*): X*;
label LO, L1, L2, L3, L4, L5, L6;

var a,c: X*; ‘
begin
L1: 1f x= ¢ then goto L5 else goto L2 end-if;

L2: a:=head(x); goto L3;
L3: x:=right(x); goto L4;
L4: if a=
L5: c:=1; goto LO,
L6: ¢:=0; goto LO;
LO: halt(c)

end.

goto Lk =>» p.c:=k;
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prog C(input x: X*): 2*;
var pc: num; a,c.Z*,
begin
pc:=1;
while pc !=0 do
case pc of
1: 1f x= € then pc:=5 else pc:=2 end-if;
2: a:=head(x); pc:=3;

x:=right(x); pc:=4;
: if a=1 then pc:=6 else pc:=1 end-if;
: ¢.=1; pc:=0;
: ¢:=0; pc:=0;
end-case;
end-while;
halt(c)
end.

=1=L, caseXI&
(1L D
HAEHHETEI.
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prog C(input x: X*): 2*;

var pc: num; a,c:x%;

begin

pc:=1;

prog B(input x: 2*): X*; while pc !=0 do
label LO, L1, L2, L3, L4, L5, L6; case pc of
var a,c: X*; ‘ 1: 1f x= € then pc:=5 else pc:=2 end-if;
begin 2: a:=head(x); pc:=3;
L1: 1f x= ¢ then goto L5 else goto L2 end-if; 3: x:=right(x); pc:=4;
L2: a:=head(x); goto L3; 4: 1f a=1 then pc:=6 else pc:=1 end-if;
L3: x:=right(x); goto L4; St e=1; pe:=0;
L4: if a=1 then goto L6 else goto L1 end-if: 6: ¢:=0; pc:=0;
L5: c:=1; goto LO, | end-case;
L6: c:=0; goto LO; ' end-while;
L0: halt(c) halt(c)
end. end. " Remark: case statement

_
ooto Lk -)‘.pc —k: 1s realized by combination
of 1f and goto
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BonJSL: TOERDAHTHERINGTOTSL

T—3E: SEOXFHEGCH, »F)
EXEE: XFIRHOEKER
EITX: KA, ifX(caseX), while3X, haltX

TFIE2.7. EATTOTSLLFNERMELGBEHM OO S LIZEMRZ
BLENTES. LB RDEIOILGIZERTOTSLIZETEES

prog 7045 5 L% (input ...) ;
varpe: 2% ... 25 L 2% %peDIEIX B AR D2 ERED
begin
pc:=1;
while pc =0 do
case pc of S
1: (j() : & () Dl
2: (37) - - if EEERX then pc:=kl else pc:=k2 end-if
; - XA X ; pe=k;
k: (30); DLT N

end-case
end-while;
halt(c)
end.




22/23
Simple program: a program consisting only of the following elements.

data type: string type on X (X type, X* type)
clementary operations: elementary operations on strings
execution statements:  substitution, if (case), while, halt

Theorem 2.7 Any program can be rewritten into its equivalent
simple program of the following form:

prog Program name(input ...) ;
var pc: 2% ... 2; ... X*; % value of pc 1s a binary representation of an integer

begin
pc:=1;
while pc =0 do
case pc of
1: (statement) : €ach statement is one of the two:
2: (statement) : 1f comparison then pc:=kl1 else pc:=k2 end-if

: “substitution ; pc:=k;
k: (statement) ;
end-case
end-while;
halt(c)
end.
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EH2.8. TARTOFErRIEEEZICHL,
TNZEEITLERERTOT S LAFET S.

JO0SLhO3DNEEEEZZTHED.
BEAHIH (TEXFRAR01IR—)

[ZXIEEREHFH TETTESEDEIT]
wu: XBEOEH, X BEOETH

c:IEOEH, s: 2B D TEH
(FXAX)
(1) u=c; (2) ui=u’;

(3) u:=head(v); (4) u:=tail(v);

(5) v:=s; Torv=v— ?

(7) vi=right(v); (8) v:=left(v);

(9) vi=u # v; (10) vi=v # u;
(HLERX)

(11) u=c (12) v=s
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Theorem2.8 For every computable function, there is a program in

~ 'F | Tl

ad 1UI

Consider a behavior of program counter.

Further constraints (refer to 101 page of the textbook)
“each statement must be implemented in constant time”

u, u’: variables of 2 type,  v,v’: variables of 2* type

c: constant of X type, s: constant of X* type
(Substitution)

(1) w:=c; (2) u=u’;

(3) ui=head(v); (4) u:=tail(v);
(5) vi=s; ore=e— 7
(7) vi=right(v); (8) v:=left(v);
(9) vi=u # v; (10) vi=v # u;
(Comparison)
(11) u=c (12) v=s
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2. ETEFTEEE AP

HE LXK A ?
[ETR TEAICEEIEGTETELRLICEDEL
> R IOEXREREIE)
> [EHE TSV CEDEEH. . S ARHEER)

1. AR A B SR AR &R
J'Fﬁ' FHEY F';E] ;& 1 (recurswe function theory)

o=l

@ “BTE7EIXEMNZDNT DL

@ FHEATFBEMDEIER

@ ETEAFBELREAM DI RADIEERH
@ OB ELEDOBEELFT

i
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Chapter 2: Introduction to Computability

What “Computation™ i1s...

e Difference between “computable” and “incomputable”
e Basic factor of a “computation” (Done)
* Proof of “incomputable”...diagonalization (Today)

2.1. Studies on recursive functions
recursive function theory
(1) studies on what 1s "computation"
(2) proof of incomputability
(3) structural studies on a class of incomputable functions
(4) related mathematics fields
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2. TEFIEETE APY

D HEELIZAMIZDLNTDORRZE
Ma]Z 4> CETE rIEEZARAE LS h 2

|-

1) =R NTEZELI=IFHNEYEE 2 (recursive function)
Fa— T NEZI=F 1—") 7 #Hi(Turing machine)

DIFHHIE SR =T 12— U M CErE T s B £k
- -
At RO EEMEDERE... Fv—F DIRIE (Church’s Thesis)




Chapter 2: Introduction to Computability e

(1) Studies on what is computation.
"When do we call a function computable?“

"recursive function theory by Kleene
* Turing machine theory by Turing

=»the whole set of recursive functions
=the whole set of functions computable by Turing machines

Church's Thesis on the definition of “computability”
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@ FHEARTTEEE D LA
ETERREMDEIATIET AT S LEENIL KLY
ETEAAIREE DELEATIX
EARTOTSLEENLGWNEDEEA:

[ XTAfRIRE RPN
IR R T ) -
3 SHE R AR DS R DR MRS
LSS ETRBIE NS5
S E

L

|-

-

@ D F EDREES TF
#4158 5 B 57 (mathematical logic)’d &
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(2) Proof of incomputability

* Proof of computability is easy: just give a program
*to prove incomputability
must prove that no program exists. . .

proof tools: diagonalization ©
recursive reducibility

(3) Structural studies on a class of incomputable functions
hierarchical class depending of hardness
—> structural studies

(4) Related mathematics fields
mathematical logic



4/13

2. ETERIEETE APT

2.4. ST E AT RETE D REEA &) A $R 5w &
(=1 RE ((E 1L T3 F R RE)
AN TOT5LAEFNAD AN X
H: ANXZEZTETSELEWV DO FLETHM?

CCTIFIAATOTSLDELEBBEOHFEZSLMN, D
ffkﬁ%’&%’?]\ﬁ@%él:?ﬁ%ﬁ?’é:tliﬁlﬁé‘

GEE)TnysSLE3 EIZa—KR{EaTEE.
DFY, AR X I EDOXFHNEEZEZDENTEAS.



Chapter 2: Introduction to Computability e

2.4. Incomputability Proof and Diagonalization
Halting Problem (Problem of deciding whether it halts)
Input: a program A and an input X to it.
Output: Whether does it stop 1f X is given to A?

Here we only consider the problem only for one-input programs,
but we can generalize the argument into the cases of multiple

inputs . ‘

(Remark) Programs are also encoded into strings on X*:
That 1s, A and X are also considered as strings on 2*.
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I Gg“a“’i\a)
< [alXIAADIGEMICELLMEER T DT S LDI—K]
eval(a, X)
f a(x), IsProgram(a)®d &,
=15 zofors

f ax):a—FahRITATILICAAXEMAIZLEZD
HADE. (Ff aX)IFER7BEED)

TEIE2.16: IsProgram & eval (dT7 09 5 LA TEIRAIRE

IsProgram : 327\AS5(lint)
eval(a,X) : A—FahMRITTATSLICxEANLI=EED
ETEIIal—rF (XKL
DFY, /13 —T1)3. (T2l —4)

EEHAIL4.3E0
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fora,xe

IsProgram(a)
— [ais a one-input grammatically correct standard program]
eval(a, X)
_ { f a(x), if IsProgram(a),
?, otherwise.

f a(x): output value when an input x is given to the program
represented by the code a

Theorem?2.16: IsProgram and eval are computable (programmable).

IsProgram : compiler(lint program)
eval(a, X) : 1t suffices to simulate the behavior of the program for
a code a with an input X, 1.e. interpreter or emulator

refer to Section 4.3 for detail
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'RE.:. H&lt@i%
oxes [HL —
Halt(a, X)
& [IsProgram(a) » [AFI x [CHL | a | IFFIET S. ]]

BI21 L—TZEATOWTLELEMZEEICHETEDEHE.
prog B(input w: X*): Boolean;

i"'

label LOOP;
begin EEDOITOT S LIF
if w# € then LOOP: goto LOOP ZERTHINTLSERTE

else halt(0) end-1f
end.

‘Halt(B 7, ¢ ): ARel2wLTBT 5L B [EF1E
SEED XET*-{e}zHL, —Halt([B], x)

GEE) eval(|B|,e)=0 =A%, X# ¢ ITHLTIE
eval(| B|,x) =L (RER)
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Definition of a predicate Halt

for a,xeX
Halt(a, x)

< [IsProgram(a) » [ | a |stops for an input X]]

Ex.2.1 Halting 1s sometimes easily checked even with loops
prog B(input w: X*): Boolean;

label LOOP;
begin Assume that the program is written

else halt(0) end-1f
end.

+Halt(| B |, ¢): program B stops for an input &€

* —Halt(| B|, x) forany XeX*-{e}
Thus, we can easily check whether B halts or not.

(Remark) eval((B_|,g )=0 but, for X # &
eval(| B|,x)=L (undefined)
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EHE2.17 Haltl X5+ EF AT BE
(FIEBA)
BIE Hath ST E AR ERELTF BT EL.
HaltA\ 3t B AIgeDHaltz 5t H I 5707 S LHNFET 5.
ZDOHZRAWT, ROKIGETAT I LXEED.
prog X(input w: 2*): X*;

label LOOP; ERICIFBRERTEMIN TS ERE.
begin
if H (w, w) then LOOP: goto LOOP
else halt(0) end-1f

end.

JO9SLWITWEAALIZESELETEINESIIE
045 S LHEEUVHLTHIEL,

ZhY true LS ERIL—TIZAY,

Zh false HH0EH AL TELET S, ELNHTOT 54

H:>’O4' 5./, Halt:iiiE




7113
Theorem 2.17: Halt is incomputable.

(Proof)
By contradiction: Assume that Halt 1s computable.
Halt is computable=» There is a program H to compute Hallt.
Using the H, we obtain the following program X.
prog X(input w: 2*): 2%;

label LOOP;
begin Assume that it 1s written in the standard form

if H (w, w) then LOOP: goto LOOP
else halt(0) end-1f
end.

Using the function H we check whether the program|w stops
for an input w. If the answer 1s “HALT” then the program X
enters infinite loop, and if 1t 1s “DO NOT HALT” then 1t stops.

H:program or function, Halt:predicate
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x=|X]&EL, X% Aw) .
OS5 L XI= AT T055 L] [SwEA ALIEE LT B

| - - E5hETOY S LHERERHLTHEL,
(1) W—TITADTLED, or | &5 true HSERIL—FIZAY,

(i) 0ZzH AL TELL. 2 false 0% H AL TEIET S

(i) ZiIRETSE...
- TGS LNIL—TIZASH 6, H(x,, X, )=true
- DEY X(x) [EFLT S REIZFE

(i) ZIRET SE...
- TAY S LM T TS50, H(x, x,)=false
» DEY X(X) [TFELELEL: REIZFE

ELLDEELFEEELS,
L= o Tl HaltlEFH R R BE 1 ELVIIRE FERY.

A7~

E \Z O A —
AEBAH H:oao5.4
Halt: R EE
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Let X,= |_X_‘ and 1nput X, to the program X

(1) enters an infinite loop, or
(11) stops normally with the output 0.

Case (1)
- Since it enters infinite loop, —Halt(x, X, )
-at the if statement in the program X we have H (X, , X, )=false
So, halt(0) is executed (normal termination) : contradiction
Case (11)
-Since it stops, Halt(x,, X,) 1s true.
-at the if statement in the program X we have H (x,, X,)=true
So, 1t enters an infinite loop: contradiction

In either case we have a contradiction.
That 1s, the assumption that “Halt is computable” is wrong.
End of proof

H:program or function, Halt:predicate



TEIH2.18 RDBAEN diag [(LETE A Bl EE
diag(a)=f a(a) # 0, Halt(a, a)D &=
=g, TDDEE

AlEER -
STREAIRELZ (151 HD) ARERDEEEF LT 5.
7003 LOa—FIEZ O tzhin,

“SGEMICIELWWT AT S LOa—RZ/INEWEIZa, 3, ..., 4, ...

EiRBHIEMNTES. (RSEBEDHERIERF)
F.OBE#Bf a,f a,..,fa,. EHRHEIEHNTES.
a,,a,a,, ..., a, A Ao, 83, ..., Ay

fa [l € 00 0

f afE diag(a,) DB

diag(a) =w#0, f a (a)DEWNRERE LTHEESE
€, TDD L=

9/13



Theorem 2.18 The following function diag is incomputable.
diag(a)E f a(a) #0, if Halt(a, a)
€, otherwise

Proof:
Let F, be a set of all computable functions (with one argument) .

Since a code of a program 1s an element of 2*,

we can enumerate all grammatically correct program codes

a;, &,, ..., a ... 1n the psuedo-lexicographical order.
We can also enumerate all the functionsof F, .f a,,f a,, ..., f_a,,...

a,,a,,a,, ..., a4, A By, A3, ..., Ay

fa, |1 € 00 0
fa,|0 1 1 €
fa, |0 11 0 11

values of f_a; values of diag(a;)

diag(a;) = W#0, if the value w of (f_ &, , &, ) is not undefined | .
g, otherwise

9/13



diagldEDf abHED.
HE diagO)& f_aOlE, XIBREDFRTHT BD.

a4 diag(a;) = f _a;(a)
diag ¢ F,

DFEY, B#diagldETE RIGE TN,
° 0 aEAR#%
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* F SR ik :
HLIEZRNEBESICESLGEWNWCEZRITE=OHDME,
HAHEBMDES G HNEALNT-EE, TOESICEIALL
%k g 28R T DA EF5 AT\,

OLTHERBLI- g (. AR N DORIZELZLT-6.
BIEES G IZIXEEALY,
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diag is different from any f_a..

Why: diag() is different from f_a;() at its diagonal position.
diag(a;) = f _a,(a)

(two functions f,() and f,() are different if
a2 there exists an input x such that f,(x) #,(x).)

diag ¢ F,
That 1s, the function diag 1s not computable.
End of proof

Diagonalization
Given a set G of functions, construct a function g which does
not belong to G.
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>t 5 R 2

AEHEEES: BRBMEADESLORBIZIF I ENHIEETDIL.
AEES . ARE-IIFTEERTHIEEND L.
DFY, 1DFDEFRZMYHLTET, thGEZTHRSNDED

fll. EDOBHEAEDESEIIAEEETHD.
BAMEAERDEENDER i & EQER 2iFZRETHIXIRIEIHD.
2. BEAKDESZIINEEETHS.
11D HD. =&, 2={0, 1,-1,2,-2, 3, -3, ..} EHETES.
3. BEEMEADESIINEEETHS. (GEM?)

EE RPEHEDOKERIIFARTHS.
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Diagonalization

Enumerable infinite set: a set with one-to-one correspondence with the set of
all natural numbers
Enumerable set: finite or enumerable infinite set.
that 1s, a set whose elements are enumerable one by one.

Ex.1. The set E of all even positive integers is enumerable infinite.
one-to-one correspondence between an element i of the set of all natural
numbers and an element 2i of the set E

Ex.2. The set Z of all integers is enumerable infinite.

We can enumerate them as Z={0, 1, -1, 2, -2, 3, -3, ...}.
Ex.3. The set R of all rational numbers is enumerable infinite. (Why?)

Theorem: The set R of all real numbers is not enumerable.




EE RPEHRDOKERIIFARTHS.

OLLLIREDRBERDERSHIFRETHA LT AIRE

0.a;,@,a3...

12/13

A TILEAT 5.
AIETHAERET DL, TRNTHDERZETURDIIENTES:

O a21a22 a23...
O.a31a32 a33...
O.a41a42 a43...

0.8,,8,8,3... 1=f=L, a; ={0,1, ..., 9}
FRHUVTHAELEIC 373%’);& ISEBL, $if=GER/DEK
X =0.b,b,b;..

0.2,,2;,3...
0.8,,85, ,5...
0.8;,a3, a55...
0.84,a4, 3y3...

0.2,,3y, Ay3...

5165, OO,
if a, =1 then b, = 2 else b,=1
ELThZEEDS.

DI NT-FEE/NIBASHNIZ0EIDBIOEMTH S.
LML, EUADLS, EICHZELIEDBEREIHZF LGV HIAKBDORRT

nh9T RBE5).
DFEY, XIXSICBESHZW EIZHY, FETHS.
L7=M>T, SHAAIETHHEVREIZRYAH S.



Theorem: The set R of all real numbers is not enumerable. 12/13

Using the diagonalization we prove that the set S of all real numbers between 0

and 1 is not enumerable. By contradiction, we assume that it is enumerable:
O.a11a12 a13...

O.allalz a13...
O.a21a22 a23...
O O.a21a22 a23...
.a31a32 a33...
O O.a31a32 a33...
.a41a42 a43...

O.a41a42 a43...

0.8y,8y, 8y3... Wwhere a; {0, 1,...,9} 0880 -~ A
Define a new real number x by collecting those digits in the diagonal
X =0.b,b,b;...
where b, is defined by
if a,=1 then b, = 2 else b,=1

The number x defined above is obviously between 0 and 1, but it is different
from any number listed above since it 1s different at its diagonal position.
That 1s, X does not belong to S, which 1s a contradiction.

Therefore, our assumption that S is enumerable is wrong.
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512.17 Halt DE E AR AT REME DFEBAD H TRILV=T BT S LX
prog X(input w: X*): X*;
label LOOP;
begin
if H (w, w) then LOOP: goto LOOP
else halt(0) end-1f

end.
f X: TATSLXHFHET SR
fa(@)=Lo &t &, —Halt(a, a)
- f X(@)=0
fa(@)=Ld&Z, Halt(a, a)
sof X(a) =1
DFEY, f X=f alibf aldk
STEAIREGEABMDES FDFIZHEFRELGL.

* 70735 LDOERKIEFTEERIZH. BEHEOERILIETEER
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Ex.2.17 Program X used in the proof of incomputability of Halt
prog X(input w: X*): X*;
label LOOP;
begin
if H (w, w) then LOOP: goto LOOP
else halt(0) end-1f
end

f X: function computed by the program X
if f _a;(a;) =L then —Halt(a;, a,)

L X@)=0
iff _a(a)=Ll then, Halt(a, a)
sof X(a) =1

That is, there is no function f_a; in the set £ of functions
such that f X=f a..

% The number of programs is enumerable, while the number
of functions is not.



